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Preface

It is difficult to over state the profoundly unexpected character of the properties that
have recently emerged in connection with optical beams having complex structures,
or indeed the astonishingly wide range of prospective applications for the noncon-
tact optical manipulation of matter. Extending well beyond the established methods
of focused laser trapping and tweezers, many of these methods offer new opportu-
nities for subwavelength resolution nanooptics, with potential applications extending
from biological cell handling, through microfluidics, nanofabrication and photonics,
to laser cooling, atom trapping, quantum informatics and the control of Bose—Einstein
condensates. Many of these new methods exploit the distinctive angular momentum,
nodal architecture, and phase properties of beams with a complex wavefront structure.

The interest in these topics is, however, by no means limited to technical applica-
tions. This is an area in which theory and experiment have a particularly vigorous dy-
namic: theory is constantly informing and suggesting new experiments, while exper-
imental results challenge and invite new theory. Just as the technology first advanced
through the application of fundamental theory, so too have the results necessitated
some significant shifts and developments in our understanding of photon properties.
The shock of discovering that photon angular momentum is not limited to intrinsic
spin has not yet entirely abated. To quote Rodney Loudon, writing in another con-
text in the millennium edition of his Quantum Theory of Light, “It is no longer so
straightforward to explain what is meant by a ‘photon’.”

Research on structured light and optical forces has cultivated a new, vigorous and
distinctive interdisciplinary area, with strong interest and activity worldwide. It is the
general objective of this volume to introduce and elucidate the key developments, and
to exhibit their growth and interplay. From its very inception, it was my delight to
receive enthusiastic agreements to contribute from many of the leading experts in the
field. I believe that the comprehensive and definitive work they have produced not
only serves as a benchmark of the subject matter—it also conveys in ringing tones the
excitement of those involved in the field. My indebtedness to them all will be evident,
and they have my very sincere thanks.

David L. Andrews
Norwich, October 2007
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Chapter 1

Introduction to
Phase-Structured
Electromagnetic Waves

Les Allen' and Miles Padgett?

YWniversities of Glasgow and Strathclyde, UK
2University of Glasgow, UK

1.1 INTRODUCTION

A cursory inspection of the indices of the classic books on electromagnetic the-
ory or optics shows that, in free space, propagation is generally investigated only for
spherical waves and the mythological plane wave. The fields of the propagating wave
discussed in such books have, in general, no detailed phase or amplitude structure. In
the early days of lasers, a beam was specified solely in terms of its polarization and
intensity profiles. Usually the profile of the laser was described in terms of the rec-
tangular symmetric Hermite—Gaussian modes of amplitude given by Allen and col-
leagues [1]

172
0.0 = () 2w expl k(s + ) 28]

wnlm!
x exp[—(x* +y?) /w?Jexp[—i(n +m + Dy ]
X Hy (x3/2/w) Hy (y3/2/w), (1

where H,,(x) is the Hermite polynomial of order n. Inspection reveals that each max-
imum of equation (1) is w out of phase with its nearest neighbor, and it is due to this
phase discontinuity that the lobes remain separated upon propagation of the beam. To

STRUCTURED LIGHT AND ITS APPLICATIONS
Copyright © 2008 by Elsevier Inc. All rights of reproduction in any form reserved.



2 Introduction to Phase-Structured Electromagnetic Waves

this phase structure is added that of the nearly spherical phase-fronts associated with
beam divergence or focusing.

In 1990, Tamm and Weiss [43] investigated the TEM(j; hybrid mode created by sta-
ble oscillation between frequency degenerate TEM 1o and TEMy; modes and found a
helical structure specified by an azimuthal phase. Subsequently, Harris and colleagues
[24] produced similar laser beams with distributions having a continuous cophasal
surface of helical form. The structures of these beams were displayed by characteris-
tic spiral fringes, when interfered with their mirror image or a plane wave. The exact
form of these fringes and how they change with propagation may be readily calculated
(Soskin and colleagues [41]). The phase singularity on the beam axis is an example of
an optical vortex, present throughout natural light fields and studied extensively from
the 1970s onwards by Nye and Berry [36].

1.2 LAGUERRE-GAUSSIAN BEAMS AND ORBITAL
ANGULAR MOMENTUM

The study of azimuthally phased beams and optical vortices took on an entirely
new form after the realization by Allen and colleagues [1] that such beams carried an
orbital angular momentum. It had been known for many decades that photons could
carry an orbital angular momentum. It had been well known in nuclear multipole
radiation, where it accounted for the conservation of angular momentum in decay
processes (Blatt and Weisskopf [47]). However, it had not been appreciated that light
beams readily created in a laboratory could also carry a well-defined orbital angular
momentum. It transpires that one can produce Laguerre-Gaussian modes as well as
Hermite—Gaussian, as shown in Figures 1.1 and 1.2. The helically phased beams gen-
erated by Tamm and Weiss and by Harris are related to Laguerre—Gaussian modes,
which comprise concentric rings and, more importantly, have an associated azimuthal
phase term.

) 1/2
utS@r, ¢, 2) = (W) min(n, m)!(1/w) exp[—ikr?/2R]

X exp[—(rz/wz)] exp[—i(n +m+ 1)1//]
x exp[—ilg] (=)™ (r/2/w) L0 (22 fw?),  (2)

min(n,m)

where L; (x) is a generalized Laguerre polynomial. This amplitude distribution, and
that of the Hermite—Gaussian modes given previously, are solutions to the parax-
ial form of the wave equation. The latter is derived from the scalar wave equation,
which for a monochromatic wave, ¥ (x, y, z, 1) x (x, ¥, z) exp(—iwt), reduces to the
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2n

0

patz=2z patz=2z I

Figure 1.1 Examples of the intensity and phase structures of Hermite—Gaussian modes (left) and
Laguerre-Gaussian modes (right), plotted at a distance from the beam waist equal to the Rayleigh
range. See color insert.

Helmholtz equation for the space dependence

(V2 + &) x(x, .2 =0. 3)
For a beam where x (x, y, z) = u(x, y, z) exp(ikz), which spreads only very slowly,
this gives
du 1 [ 92 N 82 @
i—=———4+— |u.
9z 2k \ 9x2 = 3y?

This paraxial form of the wave equation is identical to the Schrodinger equation with
t replaced by z. As the operator of the z-component of orbital angular momentum can
be represented by L, = —i%d/d¢p, the identification of orbital angular momentum is
strongly suggested by analogy between paraxial optics and quantum mechanics (Allen
and colleagues [1], Marcuse [48]).

It is easy to understand why orbital angular momentum is present, although why it
is quantized in integer multiples of /4 is not so obvious. In any light beam, the wave-
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Figure 1.2 Helical phase fronts corresponding to the exp(if¢) phase structure, and corresponding
intensity profiles of Laguerre-Gaussian modes. See color insert.

vector can be defined at every transverse position of the beam as being perpendicular
to the phase fronts and represents the direction of the linear momentum flow within the
beam of 7%k per photon. For a helically phased wave, the skew angle of the wave vector
with respect to the optical axis may be shown to be simply £/kr (Padgett and Allen
[38]). This gives an azimuthal component to the linear momentum flow of ¢/ /r, and
hence an angular momentum of £/ per photon. It follows that for a beam of maximum
radius R, the largest value of ¢ possible is £ < kR.

Unlike spin angular momentum that has only two independent states, spin up or
spin down, orbital angular momentum has an unlimited number of orthogonal states,
corresponding to the integer values of £. Although the link between spin angular mo-
mentum and circular polarization is well established, the link between orbital angu-
lar momentum and certain aspects of the structure of the beam is not so obvious. It
is tempting, for instance, to directly associate the orbital angular momentum to the
£-value of any optical vortex, but this is not correct. The center of the vortex is a posi-
tion of zero intensity, and consequently carries no momentum or energy. The angular
momentum is rather, associated with regions of high intensity, a fact best illustrated
in [34] by Molina-Terriza and colleagues, who showed that after the beam passes
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through the focus of a cylindrical lens, the azimuthal component of the linear momen-
tum near the vortex center is reversed, while the total orbital angular momentum of the
beam remains the same (Padgett and Allen [39]). The reversal of the vortex is simply
image inversion in geometrical optics and has no angular momentum implications.

As already mentioned, orbital angular momentum arises whenever a beam has
phase fronts inclined with respect to the propagation direction, and it is possible to
create vortex-free beams that contain a well-defined, although unquantized, orbital
angular momentum [15]. Within a geometric optics approximation, this is equivalent
to the light rays that make up the beam being skewed with respect to the axis. Al-
though seemingly simplistic, this skew-ray model predicts the correct result in most
experimental situations [16,13,44]. It is worth re-emphasizing that the light’s orbital
angular momentum simply arises from the azimuthal components of its linear mo-
mentum acting at a radius from the beam axis, although this is very often integrated
over the whole beam.

More formally, on the cycle-averaged linear momentum density, p, and the angular
momentum density, j, of a light beam may be calculated from the electric field, E, and
the magnetic field, B (Jackson, [49])

p =& (E xB), (5)
j=¢o(r x (E x B)) = (r x p). (6)

The total linear and angular momentum per unit length may be found by integrating
these expressions over the area of the beam. In this classical treatment, equation (6)
encompasses both the spin and orbital angular momentum of a light beam. The spin
angular momentum of light is, of course, very often expressed as resulting from the
spin of individual photons, but the approaches are equivalent. Barnett [9] has shown
that the angular momentum flux for a light beam can be separated into spin and or-
bital parts. Unlike the angular momentum density approach, the separation is gauge
invariant and does not rely on the paraxial approximation.

It is clear from equation (2), that for there to be angular momentum j, in propaga-
tion direction z, the light field must have linear momentum in the azimuthal direction.
This requires a z-component to the electromagnetic field. As emphasized by Simmons
and Guttman [50], an idealized plane wave of infinite extent, which has only transverse
fields, does not carry angular momentum, irrespective of its degree of polarization.
However, for beams of finite extent, a z-component of the electromagnetic field can
arise in two distinct ways. Because the electric field is always perpendicular to the
inclined phase-front, a beam with helical phase-fronts has an oscillating component
in the propagation direction. Less obviously, it transpires that a circularly polarized
beam, where E is in quadrature with E,, has an electric field in the propagation di-
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rection proportional to the radial intensity gradient. This is, of course, consistent with
the argument with respect to the notional plane wave, as its gradient is then zero.

Within the paraxial approximation, the local value of the linear momentum density
of a light beam is given by

p=%0(E*xB+ExB*)

g0 dlul?
2 or

o, )

&
= ia)?o(u*Vu —uVu*) + wkeolu|*z + wo

where u = u(r, ¢, z) is the complex scalar function describing the distribution of the
field amplitude. Here o describes the degree of polarization of the light: o = %1 for
right- and left-hand circularly polarized light, and o = 0 for linearly polarized light.
The spin angular momentum density component arising from polarization is encom-
passed in the final term and depends upon o and on the intensity gradient. The cross-
product of this momentum density with the radius vector r = (r, 0, z) yields an angular
momentum density. The angular momentum density in the z-direction depends upon
the ® component of p, such that

J: =TDg. (®

For many mode functions, u, such as for circularly polarized Laguerre-Gaussian
modes, equations (7) and (8) can be evaluated analytically and integrated over the
whole beam. The angular momentum in the propagation direction is readily shown to
be equivalent to o /i per photon for the spin and /# per photon for the orbital angular
momentum (Allen and colleagues [5]). A theoretical discussion of the behavior of lo-
cal momentum density has been published elsewhere (Allen and Padgett [3]), and it
should be noted that the local spin and orbital angular momentum by no means behave
in the same way.

The orbital angular momentum arises for all light beams from the ¢-component of
linear momentum about a radius vector. If this value changes as the axis about which
it is calculated shifts, the angular momentum is said to be extrinsic. For a Laguerre—
Gaussian beam the local value of p is found to change when equations (7) and (8)
are evaluated about a displaced axis. However, the total spin angular momentum inte-
grated over the whole beam remains constant. As is well known, the spin angular mo-
mentum never depends upon a choice of axis, and so is intrinsic. Berry [51] showed
that for certain circumstances the orbital angular momentum does not depend upon
the axis of the beam and so may also be called intrinsic. If the radius vector r in the
expression for the angular momentum for the whole beam

Jzzso//dxdyrx(ExB) )
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is shifted by a constant amount ro = (rx0, 7y0, 770), it is easy to show that the change
in the z-component of angular momentum is given by

AJZ=(rx0><Py)+(ry0XPx)

= 00 // dx dy (E x B), + ryo // dxdy (E x B)y. (10)

The component r,o plays no role because it has no cross-product in the z-direction.
The change in angular momentum, A J;, trivially equals zero if ro, = roy = 0, and the
evaluation is with respect to the beam axis. More importantly, there is also no change
in the angular momentum if z is stipulated as the direction for which the transverse
momentum currents &y [ dx dy (E x B), and & [[ dx dy (E x B), are exactly zero.
We may therefore choose to call the orbital angular momentum guasi-intrinsic (O’ Neil
and colleagues [37]).

1.3 BESSEL AND MATHIEU BEAMS

Although our emphasis has been on Laguerre—Gaussian beams, they are not the
only beams possessing a phase structure that carries orbital angular momentum. Any
beam with a helical phase structure exp(i£¢) carries orbital angular momentum ¢/ per
photon. Durnin’s description of Bessel beams as diffraction-free [17,18], has led to a
topic of considerable research interest (McGloin and Dholakia [31]). Durnin realized
that in the Helmoltz equation solution,

2
ulx,y,z) = exp(ikzz)/ A(e) exp(ik,(x cosp + ysing)) dg, (11
0

the intensity |u(x, y, z) 12 is independent of z. For the case of A(¢) constant, he found
that

u(r, z) x exp(ik;z) Jo(kyr), (12)

where Jjy is a Bessel function of the first kind. A beam with this distribution of am-
plitude and phase is known as a zero-order Bessel beam. Phase functions of the form
A(¢) oxxexp(ilep) lead to higher-order Bessel beams with amplitude

u(r, ¢, z) ocexp(ikzz) exp(il@) Jm (kyr). 13)

More recently, closed forms for u(x, y, z) and A(p) have been found for families of
elliptical Bessel generalizations known as Mathieu beams. Bessel beams are circularly
symmetric, while Mathieu beams are characterized by an ellipticity parameter. Both
types can possess orbital angular momentum [23,14,30].
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1.4 GENERAL SOLUTION OF THE WAVE EQUATION

In this chapter, the treatment of electromagnetic waves refers only to solutions of
the Helmholtz equation. This assumes that the laser fields of interest are compatible
with the paraxial approximation. In an attempt to see what aspects, if any, of optical
angular momentum might be artefacts of this approximation, Barnett and Allen [10]
found the exact solution of the full Maxwell theory for the general form for a mono-
chromatic beam propagating in the z-direction for which the x- and y-components
of the electric field have azimuthal dependence exp(i£¢). The electric field may be
written

E = (ax+ By)E(z, p) exp(ilp) + 2E,, (14)

where each component satisfies the Helmholtz equation, and E; has to be chosen to
ensure the transversality of the electric field. The general solution for E(z, p) has the
form

k
E(z,p) = / dic E (k) J; (kp) exp(ivVk? — k2z). (15)
0

It is found that the electric field of the beam has the form

k
E= / di E (k) exp(ilg) exp(ivVk? — k2z)
0

x ((dx +BY)Ji(kp) + 2 (ia — B)exp(—ig) Ji-1(xkp)

K
V2 — k2 [
—(la+B) exp(i<p)]l+1(/<,o)]), (16)

where we note that the Bessel function J;(kp) of order £ appears naturally. It is per-
haps, therefore, not surprising that the Bessel beam is an allowed solution in the parax-
ial approximation. In principle, it should be possible to derive all other field distrib-
utions arising from a variety of different approximations from the general solution,
although in practice it is not easy to do so.

1.5 CLASSICAL OR QUANTUM?

The implication of an integer orbital angular momentum per photon is that it is a
quantum property. However, we have so far considered the angular momentum prop-
erties of the helically phased beam purely in classical terms. The angular momentum
per photon arises from the ratio of the orbital angular momentum to energy being
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equal to £/w. Multiplication of the top and bottom of this ratio by # gives the or-
bital angular momentum per photon. However, the orbital angular momentum is a
direct consequence of the mode structure of the beam, and hence it is reasonable to
expect that the orbital angular momentum properties of the beam are also present
at the single photon level. It has been shown that for three-wave interactions, such
as frequency-doubling, the orbital angular momentum is conserved within the opti-
cal fields (Dholakia and colleagues [16]). However, from a quantum perspective, it is
parametric down-conversion that holds greater interest. Down-converted photon pairs
possessing orbital angular momentum are known to be entangled (Mair and colleagues
[32]). This entanglement arises from the complex overlap of the three spatial modes
within the nonlinear crystal (Franke-Arnold and colleagues [19]). These experiments
were analogous to those of Aspect and colleagues [8] for polarized light and, hence,
entanglement of spin angular momentum.

A method of describing the propagation of light beams by means of operators has
been developed by van Enk and Nienhuis [45]. They showed that the Gouy phase of
a Gaussian beam is equal to the dynamic phase of a quantum mechanical harmonic
oscillator with time-dependent energy. It follows that / is the eigenvalue of the angular
momentum operator and so represents the quantized orbital angular momentum.

1.6 CREATING LAGUERRE-GAUSSIAN BEAMS WITH
LENSES AND HOLOGRAMS

Polarized beams carrying spin angular momentum are readily produced by means
of a wave-plate to convert linear light to circularly polarized light. Beijersbergen and
colleagues [12] realized that a Hermite—Gaussian beam with no angular momentum
could be similarly transformed with cylindrical lenses into a Laguerre—Gaussian beam
carrying orbital angular momentum, as shown in Figure 1.3.

Although this conversion process is highly efficient, each Laguerre—Gaussian mode
requires a particular Hermite—Gaussian mode as the input. The prerequisite of a spe-
cific Hermite—Gaussian mode limits the range of Laguerre—-Gaussian modes that can
be produced. Consequently, numerically computed holograms have been the most
common method of creating helical beams, as they can generate any Laguerre—
Gaussian mode from the any initial beam (Figure 1.4).

The interference pattern between a plane wave and the beam one desires to pro-
duce is recorded as a hologram on photographic film. Once developed, the film can be
illuminated by a plane wave to produce a first-order diffracted beam that has both
the intensity and phase of the desired beam. The big advantage of this approach
lies in the current availability of high-quality spatial light modulators (SLMs). These
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HG mode at 45°

LG mode
\
d=f/\2
7, =(1+1/2)f
Orbital AM #/photon

Figure 1.3 Cylindrical lens mode converter used to transform Hermite—Gaussian modes into La-
guerre—Gaussian modes. See color insert.

Figure 1.4 The “classic” forked hologram for the production of helically phased beams. See color
insert.

pixellated liquid crystal devices take the place of the holographic film, and the in-
terference pattern need not be experimentally derived, but can be simply calculated
and displayed on the device. Used in this fashion, such devices are reconfigurable
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computer-calculated holograms that allow a simple laser beam to be converted into
any beam with an exotic phase and amplitude structure. A further advantage is that
the pattern can be changed many times per second, so the transformed beam can be
adjusted to meet the experimental requirements. Figure 1.4 shows how a compara-
tively simple forked pattern, pioneered by Soskin, transforms the plane wave out-
put from that of a conventional laser mode into a Laguerre—Gaussian mode carrying
orbital angular momentum (Bazhenov and colleagues [11]). In recent years, spatial
light modulators have been used in applications as diverse as optical tweezers (Grier
[22]) and adaptive optics (Wright and colleagues [46]). The holograms can also be
designed to create elaborate superpositions of modes, such as the combination of
Laguerre—Gaussian modes required to form optical vortex links and knots (Leach and
colleagues [26]).

1.7 COHERENCE: SPATIAL AND TEMPORAL

Circularly polarized light can, at least in principle, be produced from light sources
that are both spatially and temporally incoherent. The situation for orbital angular mo-
mentum is not so clear. Pure-valued orbital angular momentum states are described
by an azimuthal phase term, exp(i£¢). This implicitly assumes that the beam is spa-
tially coherent. However, providing that the beam is spatially coherent, temporal co-
herence is not required as each individual spectral component may have an exp(i£¢)
phase.

White-light beams have been recently produced from spatially filtered thermal
sources and supercontinuum lasers. Although in principle the SLM could be pro-
grammed directly with the required phase profile u(x, y), imperfections in the lin-
earity and pixilation of the device mean that the resulting beam would in effect be
the superposition of several different diffraction orders. When used with a white-light
source, this problem is further exacerbated by the fact that the phase change is wave-
length dependent, so that the weighting between different diffraction orders changes
with wavelength. These limitations in the performance of the SLM can be overcome
by adopting the forked hologram design, which introduces an angular deviation be-
tween the diffraction orders and allows a spatial filter positioned in the Fourier-plane
of the SLM to select the first-order diffracted beam. Each wavelength component of
this first-order beam has the required phase structure irrespective of any nonlinear-
ity in the SLM. Unfortunately, the angular separation of this off-axis design makes
the SLM inherently dispersive. Recently, this angular dispersion has been compen-
sated by imaging the plane of the SLM to a secondary dispersive component such as a
prism (Leach and Padgett [27]), or grating (Mariyenko and colleagues [33]), as shown
in Figure 1.5.
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Figure 1.5 Use of a prism to compensate for the chromatic dispersion of the forked hologram allows
the creation of white-light optical vortices. See color insert.

1.8 TRANSFORMATIONS BETWEEN BASIS SETS

Transformations of the polarization state on passage of light through an optical
component fall into two distinct groups. The first is that of a birefringent wave-plate,
which introduces a phase shift between linear polarization states that have orientations
defined with respect to the plate (Hecht and Zajac [52]). The second is a rotation of
linear states, independent of their orientation, which is equivalent to a phase shift be-
tween circular polarization states. The latter rotation is associated with optical activity
(Hecht and Zajac [52]).

Wave-plates introducing a phase delay ¢ may be described in terms of the Jones
Matrices, by a column vector

(o)
e'?

acting on the orthogonal polarization states

(1) = (o)

Rotation of the wave-plate through 6 with respect to the polarization is represented by
the multiplication of the wave-plate vector by a rotation matrix

cosf  sinf

—sinf cosh /)’
For Hermite—Gaussian modes and Laguerre-Gaussian modes of order 0 = 1, a similar
set of matrices may be written. The HGg; and HG¢p modes are described by the

() = (o)

vectors
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= O

> Q

Poincaré Sphere Poincaré Sphere for OAM

Figure 1.6 The Poincaré sphere and its equivalent geometric construction for modes of N = 1.

which are the same as for the linear polarization states, while the Laguerre—Gaussian

modes are represented by
V2 V2
. ] and )
\/El —«/zz

which are the same as for the circular polarization states. For polarization, these Jones
matrices and their associated transformations may be represented by the Poincaré
sphere, and an equivalent geometrical construction can be made for Hermite—Gaussian
modes and Laguerre—Gaussian modes (Padgett and Courtial [40]), as shown in Fig-
ure 1.6.

As stated earlier, Beijersbergen and colleagues [12] recognized that the equivalent
transformation to that of a wave-plate may be performed on the orbital angular mo-
mentum states by a cylindrical lens mode converter. Consequently, the appropriate
Jones Matrix for a cylindrical lens mode converter is that of a wave-plate. A special
case is the r cylindrical lens mode converter, which is effectively an image inverter
and therefore is identical in its optical properties to a Dove prism (Gonzalez and col-
leagues [21]). The analogous transformation of wave-plates and cylindrical lens mode
converters extends beyond N = 1 to modes of any order (Allen and colleagues [2]),
where the phase shift of an HG mode is proportional to (m —n), and a 7 /2 cylindrical
lens mode converter transforms every HG,;,,, mode into a LGﬁ;E‘mm mode (Beijers-
bergen and colleagues [12]).

It is not as easy to understand what constitutes the equivalent transformation to the
rotation of linear polarization. For polarization, a rotation of the linear state through
an angle « corresponds to a relative phase shift of the circular polarization states,
o = =*1, of A¢ = o«. For HG modes, the equivalent rotation is simply a rotation of
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the mode around its own axis. Inspection of higher-order rotation matrices (Allen and
colleagues [2]) confirms that rotation by « of a high-order HG mode is also exactly
equivalent to a phase shift of the constituent LG modes of A¢ = l«. It has been shown
that transmission of light through two Dove prisms in succession rotates the image
by twice the angle between them (Leach and colleagues [28]). This is precisely the
same geometrical transformation as that introduced to the polarization state by the
application of two half-wave plates.

Hermite—Gaussian modes and Laguerre—Gaussian modes are complete orthonor-
mal sets, and any amplitude distribution can be described by an appropriate complex
superposition of modes from either set. Consequently, the rotation of an arbitrary im-
age can be completely described in terms of the rotation of the constituent HG modes
or by the phase delay of the corresponding LG modes. In general, a beam rotation can
either be applied locally to each point in the beam, or globally about a specific axis
(Allen and Padgett [4]). For polarization, either mapping results in the same trans-
formation in the beam. However, for the mode structure, a rotation must be a global
rotation around the beam axis. Similarly, whereas optical activity rotates the polar-
ization at every point within the beam, an image rotation is a global mapping around
the beam axis. It has been both predicted (Andrews and colleagues [6]) and observed
(Araoka and colleagues [7]) that optically active materials do not alter the orbital an-

gular momentum state.

1.9 CONCLUSION

The exploration of phase-structured light and its implications to optical angular
momentum are perhaps only just beginning. The study of the interaction of light and
atoms has much scope for development. Emerging and exciting applications of orbital
angular momentum exist for optical micro-machines. The increased dimensionality
(Molina-Terriza and colleagues [35]) of the Hilbert space will undoubtedly play a role
in new approaches to encryption and for higher data densities (Gibson and colleagues
[20]) for application in the areas of quantum communication and processing. It has
also been proposed that orbital angular momentum might provide new elements in
both laboratory- and observatory-based astronomy (Swartzlander [42], Lee and col-
leagues [29], Harwit [25]), including improved telescope design or the hunt for ex-

traterrestrial signaling.
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Chapter 2

Angular Momentum and
Vortices in Optics

Gerard Nienhuis

Universiteit Leiden, The Netherlands

In this chapter, we will review the concept of angular momentum of the classical and
the quantum radiation field. We will discuss the separation in an orbital part and a
spin part, both for an arbitrary field and for a light beam in the paraxial limit. We
will also cover the properties of the corresponding quantum operators. Light fields
where the density of angular momentum is simply related to the energy (or photon)
density are of special interest. Such states tend to contain vortices in the form of phase
singularities. Examples are spherical and cylindrical multipole fields, which are exact
solutions of Maxwell’s equations. Laguerre-Gaussian beams are well-known analogs
in the paraxial limit. Angular momentum also arises in light fields that are physically
rotating in time. Paraxial beams of light can be mapped onto the wave functions of
a two-dimensional harmonic oscillator during a half cycle. This map is applied to
analyze the propagation properties of optical vortices.

2.1 INTRODUCTION

Angular momentum (AM) is one of the fundamental conserved quantities in
physics, along with energy and linear momentum. Whereas energy conservation arises
from invariance for time translation, and momentum conservation reflects the homo-
geneity of space, it is the isotropy of space that gives rise to conservation of AM.
As a consequence of this isotropy, a rotated version of a possible history of the state
of a closed physical system is again a possible history. The relation between angular-
momentum conservation and space isotropy is most obvious in a quantum description,

STRUCTURED LIGHT AND ITS APPLICATIONS
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where a quantity is conserved when the corresponding operator commutes with the
Hamiltonian. This explains why a rotated version of a possible time-dependent state
is still a solution of the Schrodinger equation, since rotation of a state is generated by
the vector operator of AM.

For any classical system, the density of AM is defined by

J@r) =r xp(r) ey

in terms of the momentum density p. For a material system, the total AM J = [ drj
is conveniently separated into an orbital part and a spin part. In the case of the Earth
orbiting around the Sun, the spin arises from the daily rotation around its axis, while
the motion in its orbit gives rise to an orbital AM. For an arbitrary material system,
it is sufficient to separate the arm as r = R 4 r’, with R the position of the center
of mass, and 1’ the position in the center-of-mass system. This gives a corresponding
separation of j. After integration over position, the total AM is accordingly separated
as

J=L+S. @)

Here L = R x P is the AM associated with the center-of-mass motion, with P = f drp
the total momentum. This contribution L varies with the choice of the origin, so that it
has an extrinsic nature. By a proper choice of the origin, the contribution L can always
be made to vanish. In contrast, S is the AM in the center-of-mass system. For a rigid
body, S is the AM corresponding to rotation about its center of mass, which gives it
the significance of a spin. In general, the contribution S has an intrinsic nature in that
it does not depend on the choice of the origin. For a closed material system, L and S
are separately conserved.

The classical notion of spin should not be confused with the intrinsic spin of a
quantum particle. A quantum spin cannot be understood as arising from a mechanical
rotation of a mass distribution, and it cannot be expressed as the integration over po-
sition of a density as in equation (1). A mechanical rotation of a rigid material body
could only lead to integer values of the eigenvalues of any spin component (in units
of /). Another difference between classical and quantum AM is that the orbital AM of
a quantum system cannot always be made to vanish by a proper choice of the origin.
In fact, an electron in an atom can very well have a nonzero orbital AM, although it is
commonly evaluated in the center-of-mass system. This results from the fact that the
wave function of an electron has a finite extension.

In optics, the properties of AM and its decomposition are less straightforward. It
is common knowledge that when an atom absorbs a circularly polarized photon, it
picks up an AM =7 in the propagation direction. This follows from the selection rules
Am = =1 for the magnetic quantum number of the atom. More generally, according to
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Maxwell’s theory, an electromagnetic field has a density of energy w and momentum
p as given by the expressions

i)
w=—=|eE" +—B"), p =¢<€E x B. 3)
2 7

In a vacuum, the momentum density is identical to energy flow (the Poynting vector)
E x H divided by 2. This momentum density also gives rise to a density of AM [1],
according to equation (1). From this optical expression, it is obvious that circular po-
larization is not required for a light field to have AM. One might expect that the AM of
light can be separated into a contribution arising from polarization, and a contribution
arising from rotary phase gradients, analogous to the separation in spin and orbital
AM in quantum fields. This separation is known to be problematic for light [2—4]. On
the other hand, for a light beam in the paraxial limit, the separation of the AM in the
propagation direction in a spin and an orbital part is well understood [5,6].

In analogy to a quantum particle, orbital AM of light arises when the phase in-
creases by a multiple of 27 along a closed contour that encircles a dislocation line,
where the phase is undetermined, and the intensity vanishes [7]. The structure of the
corresponding phase gradient around a phase singularity resembles a vortex in a cir-
culating fluid. The resulting optical vortices are a prime example of singularities in
optics [8]. They are mathematically identical to vortices that can arise in wave phe-
nomena in general, including quantum-mechanical probability waves [9]. Also, the
light polarization can have singular points or lines [10].

In this contribution we discuss the concept and the various manifestations of the
AM of light, both for arbitrary electromagnetic fields and for paraxial beams. In the
classical case, we allow for nonmonochromatic light. We also consider the quantum
operators for AM, which are the generators of rotation. In all cases, we discuss the
possibility and the significance of the separation of AM in a spin and an orbital con-
tribution. We then compare the various contributions to the AM of a closed classical
system of charges and fields. In the next section, we will demonstrate the general pos-
sibility of a separation of optical AM into an intrinsic part, which is independent of the
choice of the origin, and an extrinsic part. This separation is independent of gauge, and
for a free field these parts are separately conserved. It is tempting to view these parts
as spin and orbital AM. This is misleading in the sense that in the quantum description
these separate parts do not produce AM operators with the correct commutation rules.
This is related to the fact that it is not possible in general to separately rotate the polar-
ization of a Maxwell field while leaving the amplitude pattern unchanged. Multipole
fields are exact solutions of Maxwell’s equations, which are also reminiscent of eigen-
states of AM in quantum mechanics. Accordingly, they tend to display singularities in
phase and polarization at the origin or at the axis. Later, we will analyze the angular-
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momentum properties as well as the phase and polarization singularities of spherical
and cylindrical multipole fields. We will then discuss the AM of paraxial light beams
and its separation into an orbital and a polarization part. In this case, the descrip-
tion simplifies, and the orbital and polarization AM along the optical axis has all the
expected properties. In the special case of beams with uniform orbital AM, a phase
singularity arises on the axis. Superposition of such beams with different polarization
gives light beams with a polarization that varies across the transverse plane, with a
polarization vortex on the axis. In a quantum description, angular-momentum opera-
tors are generators of rotation. In order to illustrate this for paraxial beams, we need a
quantum version of the paraxial approximation which we will cover in the following
section. One would expect that AM can also be generated when a light beam is phys-
ically rotating in time around its axis [11]. A beam with a time-dependent transverse
field pattern is not stationary. This raises the question of AM of nonmonochromatic
light beams, which we discuss in the next section. Finally, we address the topic of the
behavior of vortices under propagation of a paraxial beam.

2.2 CLASSICAL ANGULAR MOMENTUM OF FIELDS
AND PARTICLES

When we consider the electromagnetic field together with its sources, the separa-
tion of the total AM in a radiation part and a matter part is delicate. The main reason
is that a part of the field (the Coulomb field) is inseparably linked to the charges, and
it moves along with them. We will clarify this in the present section.

2.2.1 Angular Momentum of Particles and Radiation

We consider a classical system consisting of pointlike particles (with position ry,
mass mgy, and charge q,) and the electromagnetic field, which is described by the
magnetic field B, and the electric field E. The dynamics of the fields is described by
Maxwell’s (microscopic) equations, and the motion of the particles obeys Newton’s
Second Law. The momentum density of the electromagnetic field is given in equa-
tion (3), while the kinetic (not the canonical) momentum of the particles is mqI, . For
the total AM of the field and the particles, this gives the expression

J = Jkin + Jfield, 4
with

Jkin= Y MaTa X To,  Jhietd = Eo/drl‘ x (E x B). ©)
o
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The various contributions to the AM are conveniently analyzed when we apply
Helmholtz’s theorem to make the standard separation of the electric field E = El + E+
into a longitudinal and a transverse part, where the longitudinal part has vanishing curl
(V x E!l' = 0) and the transverse part has vanishing divergence (V - E- = 0) [1,4]. As
usual, we express the magnetic field as well as the transverse electric field in terms
of the purely transverse vector potential A, such that B =V x A, E- = —A. The
transverse vector potential A is uniquely determined by the instantaneous magnetic
field, and vice versa. The choice of a transverse vector potential, so that V- A =0, is
equivalent to using the Coulomb gauge. This transverse vector potential is identical to
the transverse part of the vector potential in any other gauge. From Maxwell’s scalar
equation p =€)V - Ell, it follows that the longitudinal electric field E! is identical to
the Coulomb field that corresponds to the instantaneous positions of the charges. This
field may be viewed as traveling along with the charged particles, so that it is not an
independent degree of freedom. On the other hand, the transverse field EX together
with the magnetic field B represents the radiation field. This is an independent degree
of freedom, which is fully described by the transverse vector potential [4].

The separation of the electric field into a longitudinal (Coulomb) part and a trans-
verse (radiative) part leads to a corresponding separation of the field AM as

Jﬁeld = JCoul + Jrada (6)
with

oo =0 [ drrx (EVx B) = 3 gura x A )

The last expression follows after substituting the identity B =V x A, and applying
partial integration. In the next section, we will further analyze the radiative AM

Jrad = eofdrr x (E* x B). ®)

It is natural to view the sum of the kinetic and the Coulomb contribution as the
contribution of the particle motion, which leads to the expression as [4]

Jxin + Jcoul = Jpart = Zra X Pas )
o
where py, = mqyTy + goA(ry) is the canonical momentum of particle «.
The total AM from equation (4) takes the form
J:Jpart + Jrads (10)

where the two contributions correspond to the particles and the radiation field, as
independent degrees of freedom. When the arm r = R + r’ as in the previous section,
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the AM Jpart = Lpart + Spart of the particles is separated in an intrinsic and an extrinsic
contribution.

2.2.2 Rate of Change of Contributions to Angular
Momentum

The rate of change of Jii, follows from the expression for the Lorentz force. It
is convenient to express the particle positions and velocities in terms of the charge
density p(r) and current density u(r), which are sums of delta functions g, §(r — ry)
and g4Iy 8(r — ry). Then we find that [12]

d L
EJkin: drr x (pE- +u x B). an

The contribution of the longitudinal electric field E!l can be omitted here, since p is
proportional to V - Ell. By using Maxwell’s equations, one can express the rate of
change of Jcoyl in the form [12]

d
EJCOlﬂ:_/dnx (pE+ +jl x B). (12)

The longitudinal part jI of the current density is determined by the time derivative of
the charge density—by continuity. The rate of change of J;,q can also be evaluated,
with the result [12]

d L d
EJrad:_ dl‘I‘X(J XB):_EJPM' (13)

The last equality is obvious when adding equations (11) and (12). This confirms that
the total AM from equation (10) of particles and radiation is conserved, as it should.

2.3 SEPARATION OF RADIATIVE ANGULAR
MOMENTUM IN L AND S

In this section, we will discuss the possibility of expressing the AM Ji.q of the
radiation field as a sum Ly,q + Syaq of an intrinsic and an extrinsic part.

2.3.1 Classical Description

The expression in equation (8) for the AM of the radiation field can also be sep-
arated after expressing the magnetic field in the vector potential and applying partial
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integration [4]. This leads to the result

Jrad = Lrad + Srad, (14)
with

Lmd=602fdrE,#(r x V) A, smd=60/cerL X A. (15)
i

Since A is the transverse vector potential, these quantities are independent of gauge.
The contribution L,g varies with the choice of the origin, just as an orbital AM, so
that it has an extrinsic nature. Moreover, it is determined by the phase gradient of the
field. On the other hand, the contribution S;,q4 does not change for a different choice of
the origin, and it is determined by the polarization of the field. This gives it the flavor
of a spin AM. It is also interesting to consider the expressions for the rates of change
of these quantities, which are found as [12]

d .
L= Z/drj, Cx VAL Sw=- [dritxa 0

This demonstrates that the change of L;,q and S;,q is entirely due to the interactions
with the transverse part of the current. For a free field, in the absence of charges, Lyaq

and S;,q are separately conserved.

2.3.2 Quantum Operators

The expressions in equation (15) for the contributions L,q and S;aq to the radiative
AM are quite suggestive for their interpretation as orbital and spin parts. However, this
interpretation is problematic. This is clear when we consider the quantized version of
the same system of particles and fields that we discussed in Section 2.2. Quantization
is straightforward once we have expressed the system in terms of a set of generalized
canonical pairs of coordinates and momenta [4], and it leads to the well-known form
of the operators for the vector potential A, the magnetic field B =V x A, and the
transverse electric field I:ZJ-, in terms of creation and annihilation operators. For our
purpose, it is convenient to choose a continuum of plane-wave modes, each character-
ized by a wave vector k, and one out of two possible normalized circular polarization
vectors e in the plane normal to k. The helicity of the vector e, is parallel to k,
whereas e_ has opposite helicity. Then the expression for the operators EL for the
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transverse electric field and A for the vector potential have the form [13]

EL=i / dk Leik'r(e (K)a (k) +e_(k)a_(k)) + H.c
2€0(27)3 T - o

2 h ik-r 5 q

Ar) = / dk /szk (e+ (Kay (k) +e_(K)a_(k)) +He., (17)

where the mode operators obey the commutation rule [a (K'), &i (k)] =8k — k),
and so on, and where w = ck is the mode frequency.

The quantum operator for the quantity Sr,q is obtained by substituting the quantum
operators A and E* in the expression in equation (15). The result can be put in the

intuitive form
& E At ~ s ~
Sia= [ dkh X (a+(k)a+ k) —a' (k)a_ (k)). (18)

This expression is the continuum version of an expression for a finite quantization
volume [12,14]. It simply illustrates that each photon with wave vector k and polar-
ization vector ey (k) contributes to S,q a unit 7 in the direction of k. A photon with
the opposite circular polarization e_ gives the opposite contribution.

An obvious property of the quantum operator Sy,q is that its three components
(S, Sy, and S’Z) commute, simply because the creation and annihilation operators for
different modes commute. In fact, number states of all modes with circular polariza-
tion are common eigenstates of all three components. This implies that Srad cannot be
viewed as a proper AM operator, which generates rotations. On the other hand, the
operator jrad is an AM momentum operator, as is exemplified by the commutation
rule [fx,rad, fy,rad] =i hfz,md, and so on. As a result, the commutation rules for the
components of the quantum operator I:rad take the form [12,15]

[ix,rads iy,rad] = ih(iz,rad - Sz,rad)» (19)

and so on. These remarkable commutation properties can be traced back to the fact
that a rotation of the polarization of a radiation field without rotating the field pattern
itself would violate the transversality of the field. The vector operator Srad is a proper
quantum operator within the space of physical states. Its transformation properties
resemble a rotation of the polarization pattern only insofar as it is allowed within the

constraint of transversality [15].
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The Hamiltonian of the radiation field also has a familiar form. After substitution
of the expressions for the field operators, one may easily verify that

s =3 f o (0 + )
fira = 5 [ ar (k) + — B2
2 1o
=¥ [ akho(a] w0 +4.09a10). (20)

with s = &+ indicating the helicity of the circular polarization. Again, this Hamiltonian
obviously commutes with the components of the spin operator (equation (18)), which
proves that érad (as well as I:rad) is conserved for a free field.

2.4 MULTIPOLE FIELDS AND THEIR
VORTEX STRUCTURE

The quantum field operators in equation (17) are represented as an expansion over
plane-wave modes o exp(ik - r). These modes are solutions of Maxwell’s equations
with a well-defined value of the momentum. This momentum amounts to #ik for each
photon energy fiw. This statement is somewhat misleading, since for any other so-
lution of Maxwell’s equations the total momentum (the volume integral of the mo-
mentum density in equation (3)) is equally well-defined. What is characteristic for
plane waves is that the momentum density is proportional to the energy density, with
the ratio k/w. In analogy, one might expect that the solutions of Maxwell’s equa-
tions suitable for the discussion of AM are multipole fields. We shall discuss both
the spherical and cylindrical versions of multipole fields. We are interested in their
angular-momentum properties and their vortex structure.

2.4.1 Spherical Multipole Fields

The fields emitted by electric or magnetic multipoles are called multipole fields [1],
and they are best represented in spherical coordinates r, 8, and ¢ in terms of the spher-
ical harmonics Y}, (6, ¢). They are derived from scalar solutions of the Helmholtz
wave equation V21 = —k? in the separated form

Yim (¥) = 81(r)Yim (0, ¢), ey

where the function g; is a solution of the radial wave equation

> 2d I(+1)
Iy A =0. 22
(dr2 + rdr + r2 )gl(r) 0 (22)
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The function g; is a linear combination of the spherical Bessel function j;(kr), and the
spherical Hankel function n; (kr). The Hankel function has a singularity in the origin,
and the Bessel functions are regular.

It is customary to distinguish two types of multipole fields. In the transverse electric
(TE) fields, the electric field has a vanishing radial component, whereas the fields with
a vanishing radial magnetic field are termed transverse magnetic (TM). Both are fully
specified by a monochromatic vector potential A. A TE field with frequency w = ck
is given in spherical coordinates by the expression

Apy (e, 1) = (£ X V)gi(r)Yim (6, p)e ™ +c.c. (23)

It is noteworthy that the operator r x V in spherical coordinates only contains deriva-
tives with respect to the angles 6 and ¢, so that it does not act on g;. The corresponding
electric and magnetic fields are then

EfE(r, 1) =i x V)g(r) Y6, p)e " +cc.,

BE(r,1) =V x (r x V)g1(r)Yim (0, $)e " +c.c. (24)

Im

A TM field is specified by the vector potential
AME, 1) = —i%V X (£ x V)g(r)Yim (6, p)e™ " +c.c., (25)
which gives the expressions for the fields
E[N(r,1) = cV x (r x V)gi(r)Yim (0, ¢)e ™" +c.c.,
B/M(r, 1) = —i%(r X V)g1(r)Yim 6, ¢)e " +c.c. (26)

Both the TE and the TM fields are defined for all integer values of / > 1, and for all
integer values of m with —I < m < [. The isotropic spherical harmonic Yoo obviously
does not produce a nonvanishing field. All fields have a vanishing divergence and they
obey the wave equation, so that they represent solutions of Maxwell’s equations. Ex-
pressions (24) and (26) reflect the dual character of the free electric and magnetic field,
which means that a solution of Maxwell’s equations in a vacuum gives another solu-
tion after the substitution E — ¢B and cB — —E. It is this substitution that transforms
TE and TM fields into each other.

The rotational transformation properties of the set of fields AITW]:: for a fixed value
of [ is the same as for the spherical harmonics Y},,, and the same statement holds for
the TM fields. Since rotation operators are generated by the quantum operator J for
AM, this implies that each photon in a TE mode or a TM mode with mode numbers /
and m carries an AM fim in the z-direction. Also, the contribution of each photon to
the quantity J? is equal to A2(l + 1).
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These expressions determine the density of energy and of AM of the multipole
field. After time averaging the general expression (3) over an optical cycle, the energy
density for the fields (24) or (26) is found as

w(r) = eo(w?|(r x V)@,'z(r)Yzm(Q,d))|2 + |V x (6 x V) g1 (r)Yim 6, ¢)|2). 27)

This expression holds both for the TE and the TM field. For the TE field, the first term
in equation (27) is the electric contribution to the energy, whereas this term represents
the magnetic contribution of the TM field. The density of AM is found by substitut-
ing the results in equations (24) and (26) in the general expression (3). After time
averaging, we find

J0) = —iweol (1 + 1)|gi 2], (¢ x V)Y +coC., (28)

again both for TE and TM fields. The z-component of the angular-momentum density
takes the simple expression

Jo (1) = 2weol (1 + Dm|gi|*| Yim|*. (29)

One would expect that the ratio between j,/w is identical to m/w, which means that
for each photon the AM in the z-direction is im. Although the expression’s densities
of energy and AM bear some similarity, this local ratio does not hold exactly. On
the other hand, in the far field, where kr > 1, this ratio between AM and energy is
obtained for each spherical shell, for the field emitted by a radiating multipole in the
origin [1]. When we integrate the AM density (equation (28)) over the surface of a
sphere with radius r, we obtain

dJ .
o= [ d2jm) =206l + Dm|gi|’e.. (30)

Likewise, we can obtain an expression for the energy density integrated over a sphere
of radius » when we substitute in equation (27) the identity in spherical coordinates
and spherical unit vectors

V x (r x V)grYim

1

= [(— + i)g;}[er x (X V)Y ] + ie,l(z + 1DgiYim, (31)
r dr r

and integrate the result over the spherical angles. The result is simple to obtain, since
the two vector contributions in equation (31) are orthogonal. The result demonstrates
that the ratio between dJ;/dr and dW/dr = [ d$2 w(r) is not independent of r in
general.

This same relation (equation (31)) can also be used to study the singularity in
phase or polarization of the multipole fields at the origin. When the multipole field is
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emitted by an electric multipole at the origin, it has the form of the TM field, with g;
proportional to the outgoing spherical Hankel function hl+(kr). A magnetic multipole
at the origin emits a TE field, specified by this same function h;r [1]. For a source-
free field, the function g; is proportional to the spherical Bessel function j; (kr). This
function is regular at the origin, and proportional to /. This determines the phase and
the polarization of the field at the surface of a small sphere around the origin. At the
origin the fields vanish, and both the phase and the polarization are undetermined.
Therefore, the origin of the spherical multipole fields has a three-dimensional vortex
structure, both in phase and in polarization. The behavior of the TE electric field vector
in equation (24) near the origin is given by

ElTn]f(r, 1) o rl(r x V)Yme '@ +c.c. (32)

Its polarization is everywhere orthogonal to r, so that it is tangential to the sphere.
The polarization properties of the TM electric field in equation (26) can be analyzed
by using the identity in equation (31). This gives the electric field proportional to

EM(r, 1) ocr! ! (e, x (X X V)Yiy + i€, 1V )e ™ +c.c. (33)

The first term on the right side is tangential, and the last term has a radial orientation.
(Recall that the operator r x V in spherical coordinates only depends on the spherical
angles 6 and ¢.) These three-dimensional vortical structures are relatively simple for
low values of /, and they become quite complicated with increasing /-values. They
consist of combinations of phase singularities. The situation is more transparent for
vortices in two dimensions. These will be considered in the following sections.

2.4.2 Cylindrical Multipole Fields

Most common light beams have a cylindrical rather than a spherical nature. Cylin-
drical multipole fields arise from scalar solutions of the Helmholtz wave equation of
the cylindrically separated type

Vi (1) = Gg (R)e*e™?, (34)

where R is the cylindrically radial parameter /x2 + y2, and « is the z-component of
the wave vector. The integer m is the azimuthal index. The radial wave equation is

<d2 1d , m?

TeRPT _F>GmK(R)=O- (35)

The frequency  of the wave is determined by w? = ¢?(k? + K2), and K is the trans-
verse (xy) component of the wave vector.
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In analogy to the expressions (23) and (25) for the vector potential of the spherical
multipole fields, the cylindrical fields are given by

A (r, 1) = (e, X V)Pmee ' +c.c.,
A™@r 1) = —z—v x (€; X V)Ymee " +c.c. (36)

This also determines the electric and the magnetic fields in these two cases. Expressed
in cylindrical coordinates and unit vectors eg, € and e,, we find the expressions for
the TE fields in the form

dG o 4
EE = (eR—GmK +iweg de>e”“e”"¢e_”‘” +c.c.,

B, = (‘iKeR 4Gk + ed,ﬂGmK — eZK2G,,1K>eiKZei'"¢e_iw’ +cc. (3D
dR R

Notice that the electric field ETE is restricted to the x y-plane, which justifies the name
of these fields. The TM fields follow from these expressions by the duality transfor-
mation ETM = ¢BTE BTM — _ETE /¢

When substituting these results in equation (3), it is now easy to find expressions
for the time-averaged density of energy and momentum for these fields. The results
are the same for TE fields and TM fields. As a result of the cylindrical symmetry, the
energy density depends exclusively upon the distance R from the axis. This is also
true for the components of the momentum density along the cylindrical unit vectors.
By using equation (1), one finds the expression for the z-component of AM, in the
form

. 2
Jj-(r) = Rp - &5 = 200K *m|G g (R)|". (38)

The expressions in equations (37) for the fields can display singularities on the
axis, where R = 0. For a source-free field, the radial function G,,,(R) has to be
regular at the origin, which makes it proportional to the Bessel function J,,(K R).
The corresponding Bessel beams have the peculiar property that they are diffraction-
free [16,17]. The price one has to pay, however, is that the power of the beam passing
a transverse plane is infinite. Near the axis, the Bessel function J,,(K R) is propor-
tional to R!™!, From equations (37), we can find the form of the TE and TM electric
fields near the axis, and they can be put in Cartesian form by using the identities
(eg + ze¢,)e’¢ =e, +iey and Rexp(i¢) = x + iy. For values of m > 1, we find

ETE (r, 1) oc (ex +ie))(x +iy)"Lel*e™i® fcc.,

EM(r, 1) o (ikm(e, +iey)(x +iy)" ' + K2e,(x +iy)")e“e ™ +c.c.  (39)
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TE ™

Figure 2.1 Sketch of the linear polarization in the transverse plane for the cylindrical TE and TM
modes with m = 0. Arrows indicate the direction of linear polarization.

These fields have an m-fold rotational symmetry. For the corresponding negative val-
ues of m < —1, the electric fields have the form

EjC(r,1) o (e — iey)(x — iy)lm=leicze=iot 4 ¢ .,

ErTnl,\(/[(r, 1) x (—iK|m|(ex —iey)(x — iy)lml*l

+ K%, (x — iy)‘ml)ei’(ze_i“’t +c.c. (40)

The TE fields are circularly polarized at the origin, while the phase has a vortex
with charge m — 1 for positive m-values, and charge —|m| + 1 =m + 1 for nega-
tive m-values. (For a phase vortex with charge m, the phase increases with the value
2rm along a closed contour around the origin.) This means that the TE fields with
m = =1 have no phase vortex at the origin. The TM fields have the same structure,
with an additional linearly polarized component in the z-direction, and a phase vortex
with charge m. The isotropic case m = 0 requires special attention. In that case, also
the second term in the power expansion of the Bessel function Jy is needed to ob-
tain the lowest nonvanishing order of the field. When we substitute the approximation
Jo(KR)~1— (KR)? /4, we obtain as expressions for the electric fields with m =0
in Cartesian notation

EOTE(r, 1) o (—eyy + eyx)e"“e_"w’ +c.c.,
ESM(r, 1) oc (ik (exx +eyy) —e;)e“Ze ™ +c.c. (41)

The TE field near the origin has a linear polarization in the azimuthal direction ey,
so that it has a polarization vortex. At the origin, the polarization is undetermined,
and the field vanishes. The TM field has a finite z-component at the origin, while the
transverse component has a polarization vortex, with radial polarization around the
origin. The polarization around the axis in the transverse plane is shown in Figure 2.1.
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Both the spherical and the cylindrical multipole fields are exact solutions of
Maxwell’s equations. On the other hand, their energy content is infinite, and the in-
tensity of the Bessel beams is infinite, just as for plane-wave fields. This makes these
Bessel beams unrealistic as a representation of light beams. In the next sections, we
will discuss the AM and vortex properties of light beams that do not suffer from this
drawback.

2.5 ANGULAR MOMENTUM OF MONOCHROMATIC
PARAXIAL BEAMS

A light field in a vacuum is commonly described by a complex field f(r, 7), so that
the electric field is given by E = f 4 f*. From Maxwell’s equations, it follows that f
has a vanishing divergence and that it obeys the wave equation so that

3%t

22
Vi="_, V.f=0. 42
c o2 (42)

2.5.1 Paraxial Approximation

The paraxial approximation for the description of a radiation field applies when
the wave vectors of the field fall within a narrow cone with a small opening angle.
This is the case for light beams, as they are produced by lasers. Light fields with wide
angles also produce paraxial fields after passing through small apertures. The electric
field of a monochromatic light beam with frequency w that propagates in a vacuum in
the positive z-direction is written in the standard complex notation as the product of a
plane wave and a slowly varying envelope as

f(r,1) =u(R, z)e' &=, (43)

with w = ck. Here R = (x, y) is the 2D transverse position vector, and r = (R, z) is
the position vector in three dimensions.

The propagation equation for u follows from the conditions in equation (42) for
f. The paraxial approximation is justified when |du/dR|/(ku) < 1. In this case, the
transverse profile of u varies only slowly with z, so that the second derivative with
respect to z can be ignored. Then the propagation of the light beam is well described
by the paraxial wave equation [18,19]

i + 2ik 9 R,z2)=0 44)
5 IK— Ju(k, 2) =0,
aR2 0z ¢

where the vector field u lies in the transverse (xy) plane. The paraxial approximation
can be viewed as a lowest-order term of an expansion in the small paraxial parameter
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8 =1/(kyp), with yp the beam waist [18]. For a monochromatic field, the complex
vector potential and the complex magnetic field are simply determined by the electric
field (equation (43)). The lowest-order terms are

a(r,t) = %f(R, z), b(r,t) = %ez x f(R, z). (45)

Note that to the zeroth order, these fields obey the relations f = —a and b+Vxf= 0,
in accordance with Maxwell’s equations. Equations (45) show that the components
of the complex vector potential a and the complex magnetic field b in the transverse
plane have the same pattern as the electric field. The vector potential is a quarter
phase ahead of the electric field, while the magnetic-field pattern has a polarization
vector that is equal to the electric polarization vector rotated over 7 /2 in the positive
(anticlockwise) direction.

The components of the real physical transverse electric field E, the vector poten-
tial A, and the magnetic field B in the transverse xy-plane are denoted as E;, A;
and B,. These components are determined by the identities

E,(r,t) =f(r,t) +c.c., A¢(r,t) =a(r,t) +c.c.,
B/(r,t) =b(r,t) +c.c., (46)
in terms of the corresponding complex fields f, a, and b. The z-components of the

fields E, A, and B are nonvanishing in higher order. Since the fields are all divergence-
free, their first-order terms are proportional to the transverse divergence of f, a, and b,

and we find
i 0 i d
Ezzzﬁ-f—l-c.c., Azzzﬁ'a‘l‘c-cw
B.=" 0 py “7)
= —— c.c.
* koR

2.5.2 Angular Momentum of a Monochromatic Beam

The momentum density has a leading term €gE; x B, which points in the z-
direction. After using the expressions (46) and eliminating the rapidly oscillating
terms by averaging over a few optical cycles, the zeroth-order contribution to the mo-
mentum density is found as

2
p:(R,z) = ﬂu* ‘. (48)
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It is easy to verify that the leading term in the Poynting vector S = E x H is equal to
its z-component S, = ¢?p, = cw, with

w(R, z) = €o(E? + ¢?B}) /2 = 2¢pu* - u, (49)

the energy density of the beam. The energy per unit length is denoted as

dd_VZV = | dRw(R,z) = 260/dRu* ‘W (50)
When we use the photon energy fiw as an energy quantum, the photon density is
n =w/(hw), and the momentum density (equation (48)) amounts to nkk, which cor-
responds to a unit ik per photon.

However, we are not interested in the AM arising from this photon momentum
along the axis, but in the component j, of the angular-momentum density in the prop-
agation direction. Since

J:=Rxpy, (51)

this z-component arises from the components of the momentum density in the trans-
verse (xy) plane, which according to equation (3) arises from combinations of E and
B in the xy-plane and in the z-direction. (Since both R and p; are vectors in the xy-
plane, their cross-product points in the z-direction, and we can treat it as a scalar.) To
first order in §, the transverse component of the momentum density is

Pr = GO[Ez(ez x B;) + B, (E; x ez)]- (52)

After substituting the expressions (46) and (47) and averaging over an optical cycle,
one finds after some rewriting that j, can be separated into the sum j, =/ + s, where
[ and s are given by the expressions in cylindrical coordinates

d d
IR, z,t) =¢f*- @a—t— c.c., s(R,z,t) = —eof ™ x Rﬁa +c.c. (53)

These expressions for the densities of orbital and spin AM have striking similarities
and differences with the integrands in the expressions (15) for an arbitrary radiation
field. Both contain a product of the electric field and (a spatial derivative of) the vector
potential. A major difference is that in the case of a paraxial beam, the separation in
[ and s can be made for the local densities. This is not true for an arbitrary radiation
field.

In the special case of a monochromatic field, where f and a are given by equations
(43) and (45), the separation (equation (53)) takes the form

9 9
I(R,z) = :—Z)u* gguitee  sRa)= —%Rﬁ(u* xu).  (54)
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The contribution / is determined by the phase gradient of the two components of
u in the azimuthal direction. This expression has the flavor of a density of orbital
AM, as is obvious when we compare it to the expression for the z-component of the
orbital AM of a particle in elementary quantum mechanics. On the other hand, the
separation of j, in / and s holds exactly for the contributions to the density of AM.
The quantity s arises from the gradient in the radial direction of the cross-product
(u* x u)/i of the transverse mode amplitude. We recall that for an arbitrary radiation
field, the separation (equation (14)) of J into L and S could only be made for the total
angular momenta, integrated over the entire space. It is remarkable that for a paraxial
beam, the separation of j, as [ + s arises for the densities in each point of space
separately. Even so, expression (54) for [ is identical to the integrand in expression
(15) for L;aq, when A and EL are represented by their paraxial expressions (46).

The spin per unit beam length is given by the integral ¥ = [ dRs(R, z), and the
orbital AM per unit length is equal to A = [ dRI(R,z). We use partial integration
with respect to ¢ for A, and with respect to R for X', and we obtain

A= dRu*-liu, po 2 dR (u* x u)/i. (55)
w i d¢ w
Itis easy to show that both X' and A are invariant under free propagation [20]. One also
easily verifies that the integrand of this expression for X' coincides with the integrand
in equation (15) for the z-component of S;,g. Again, this is remarkable, since the
integration in equation (55) runs only over the transverse plane, not over the entire
volume.

When we separate the complex vector field u(R, z) as u = ue, with e the complex
normalized local polarization vector, and u# = |u| the local field strength, we arrive at
the identity 2¢p(u* x u)/i = o w, where the cross-product o = (e* x e)/i is the local
helicity of the beam. The helicity o is a real number that is zero for linear polarization,
and it takes the value £1 for circular polarization e+ = (e, L iey)/ /2. The spin
density in equation (54) is found to be localized in the region of the radial gradient
of the product o w. However, equation (55) for X may be read as an integration of
nho, which is the product of the photon density n = w/(hw) and the spin /o per
photon, where both the photon density and the helicity may depend on the transverse
position R.

2.5.3 Uniform Orbital and Spin Angular Momentum

The expressions (54) and (55) generalize the results for a monochromatic beam
with uniform polarization. In that case, we can write u(R, z) = eu(R, z), where the
polarization vector e is independent of position. Then the helicity o is uniform over
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the cross-section of the beam, and we recover from equations (54) the known expres-
sions [5]

€0 0 o d
R,z) = —u*—u+c.c. R,z)=——R—uw(R,2).
(R, z) ok 8d)LH—cc, s(R,2) % aRw( ,2) (56)

This shows that the spin density is determined by the radial derivative of the energy
density. The integrated spin momentum obeys the relation X' = o W /w, which corre-
sponds to io per photon, as expected [3]. However, the spin is localized in the region
of the gradient of energy density, so that it vanishes in the region of uniform intensity.
On the other hand, when a fraction of the light is absorbed by a particle, or when it is
cut out by an aperture, the relation X = o W/w also applies for this fraction. In this
sense, it is justified to say that light with a uniform helicity o carries a spin o per
photon [2].
Of special interest are mode profiles of the form

u(R, ¢,2) = Fn(R, 2) exp(ime), 57

where the ¢-dependence is given by the factor exp(im¢). In order that the mode
be continuous, m must be an integer. Then the density of orbital AM is equal to
| =mw/w = nhm, and the orbital AM per photon is fim. These modes have a phase
singularity in the origin, which corresponds to a vortex of charge m. They are eigen-
modes of the differential operator d/d¢. However, it would be confusing to state that
they are eigenmodes of orbital AM. In the classical context we are discussing here,
orbital AM is just a classical quantity, not an operator. For any classical beam, the
amount of orbital AM has a well-defined specific value, and the same is true for the
spin. What is special about these modes is that the density of orbital AM is propor-
tional to the energy density. In this sense, the orbital AM can be said to be uniform
over the beam profile. The modes in equation (57) have an orbital AM that can be
quantified as im per photon. Since the paraxial wave equation (44) is isotropic, this
¢-dependence is conserved during free propagation. The radial mode function F,
obeys the radial paraxial wave equation

2 2
<88?+%%—%+2ik8%)Fm(R,z)=0. (58)

A well-known example is provided by the Laguerre—Gaussian modes [5,21]. For
these modes, the radial mode functions are denoted as F,,;;,(R, z), where p is the radial
mode number. The function F},, is the product of a Gaussian function, a factor RIml
and an associated Laguerre polynomial that depends only upon the absolute value
|m| [21]. These mode functions have the special property that their radial shape is
invariant during free propagation, apart from a scaling factor. The z-dependent scaling
factor is the width of the radial profile. Around the beam axis, the profiles of these
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beams are proportional to R exp(im¢) = (x +iy)™!, depending upon the sign of m.
This shows that the beams have a phase singularity of charge m.

2.5.4 Nonuniform Polarization

When a beam with nonuniform polarization passes a polarizer, the mode profile of
the outgoing beam depends upon the setting of the polarizer. This means that the mode
function u does not factorize into the form eu (R, z) with a fixed polarization vector.
On the quantum level, this means that for each photon in the beam, its polarization
and its translational degrees of freedom are entangled. At present, light beams with
a nonuniform linear polarization and axial symmetry are widely studied. They can
be generated by using liquid—crystal converters [22]. Another technique is based on
spatially varying dielectric gratings [23,24].

As an example, we consider the superposition of two Laguerre—Gaussian light
beams with opposite azimuthal mode number +m, and with opposite circular po-
larizations. We consider a monochromatic beam characterized by the mode pattern

W(R, ¢,2) = Fup(R, 2)[ere ™ +e_e™] /2. (59)

The mode function in equation (59) is real everywhere, and it is the superposition of
two components with orbital AM per photon Fm#i, and spin AM =£# per photon. The
vector multiplying F,, in equation (59) is a ¢-dependent linear polarization vector
e(¢) = e, cos(me) + e, sin(m¢). This polarization vector is in the x-direction for
¢ = 0, and along a circle around the beam axis the polarization direction makes m full
rotations in the positive direction. The directions of linear polarization as a function of
¢ are indicated by the black arrows in Figure 2.2. The linearly polarized field oscillates
in phase everywhere along such a circle. For negative values of m, the polarization
direction rotates in the negative direction along the circle.

In the special case when m = 1, the number of rotations is 1, and the pattern is
rotationally invariant. Then the density of AM j, =1 + s is zero for each one of the
separate contributions in equation (59), and the beam is invariant for rotation around
the axis. The polarization direction is always in the radial direction. When we replace
¢ by ¢ — ¢ in the right side of equation (59), the pattern is still isotropic, and the
polarization direction makes an angle ¢ with the radial direction.

The density of orbital and spin AM of the mode in equation (59) can be evaluated
with equation (54), and both are found to be zero. In fact, this mode is a superposition
of two terms with orbital AM equal to fim, and spin /4 per photon. The energy
density is

w(R, 2) = 2€0| Fup(R, 2)|". (60)
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B
i

Figure 2.2 Sketch of the position-dependent linear polarization for a mode as described in equa-
tion (59). Arrows indicate the direction of linear polarization.

Accordingly, near the axis, the pattern of phase and polarization is described by the
expression

u(x, y) o< (ex +iey)(x —iy)™ + (ex +iey)(x +iy)™. (61)

This describes a singularity in phase and polarization with a mixed charge.

An interesting generalization is the case of a similar superposition of modes
with opposite circular polarization, and ¢-dependent phase terms with two arbitrary
m-values. This gives a transverse mode function

u(R, ¢) = F(R)[ee™? +e_e™]/v/2, (62)

prepared in a single transverse plane, where the azimuthal mode numbers m and m’ are
now arbitrary integer numbers. We omitted the z-dependence of the mode, since in the
general case the two terms will undergo different diffraction, so for different transverse
planes the radial mode functions will no longer be identical. When we extract a phase
factor exp(i (m + m’)¢/2), the remaining polarization vector is e(¢) = e, cos((m —
m)$/2) + e, sin((m — m’)¢/2). The number of rotations of the polarization vector
along a circle around the beam axis is then (m — m’)/2. This is a half-integer value
when m — m’ is odd. The polarization pattern is illustrated in Figure 2.3 for the cases
that m — m’ = £1. The overall phase factor exp(i(m + m’)¢/2) indicates that the
phase of the polarized field varies along the circle.
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Figure 2.3 Sketch of the position-dependent linear polarization for a mode as described in equation
(62). Arrows indicate the direction of linear polarization.

2.6 QUANTUM DESCRIPTION OF PARAXIAL BEAMS
2.6.1 Quantum Operators for Paraxial Fields

The expressions (17) for the quantum operators of the transverse electric field and
the vector potential can also be given in the special case of the paraxial approximation.
The results are useful in cases that only photons in paraxial beams are considered. It
is possible to apply a formal canonical quantization procedure to the paraxial for-
malism by starting with a Lagrangian density [25]. It is simpler to apply the paraxial
approximation to the general expressions (17) for the transverse electric field and the
vector potential, and to restrict the values for the wave vectors Kk to the paraxial regime
around the z-axis. This means that the component of k in the xy-plane is small com-
pared to the z-component k, & k = w/c. We are free to choose any orthonormal basis
of paraxial modes. Since we are also interested in the paraxial operators for AM, it
is convenient to use the Laguerre—Gaussian modes with circular polarization. These
modes are denoted as

Wps (R, z|w) = e5e"™? Fyy (R, z|w), (63)

with s = =& for the two circular polarizations, and F},, the radial part of the Laguerre—
Gaussian modes at frequency w, with m and p the azimuthal and the radial mode
index. The modes are labeled by the discrete parameters m, p, s, and the continuous
variable w. The normalization is ensured by the condition

2 / RAR F}y(R. 2|) Fyyp (R, Z|w) = 8. (64)

The annihilation operator for photons in these modes are indicated as dy,ps(w), with
the commutation rules [&,, /s (), &Lps (@)1 = 88 pp 8557 8(w0 — ).
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The operator expressions for the transverse electric field and the vector potential
are now obtained from equation (17), after taking w as a variable replacing k., while
expanding the plane-wave terms in the xy-direction in the transverse modes (equa-
tion (63)). The operators for the components of the electric field and the vector poten-
tial in the xy-plane are now E, =+ 17, A, =4 + a, where the operators f and 4 are

f(l‘) =i Z/ umps (R Z|a))elw2/camps (C())
mps
a(r) = f ‘/ —Unps (R, 2]@)e s (). (65)
mps

The Hamiltonian is found by integrating the expression (73) over space, which

found as

gives the expected result

H=Y" / dw hod, , (©)anps (). (66)

mps

It generates the correct time evolution for the field operators in the Heisenberg picture
mps (@, 1) = exp(i Ht /1) amps (@) exp(—i Ht /1) = €7 Gy (@, 0).  (67)

The Heisenberg operators for the fields f(r, t) and a(r, t) are given by the expansions
in equation (65), with the exponentials replaced by exp(—iw(t — z/c)).

2.6.2 Quantum Operators for Spin and Orbital
Angular Momentum

As indicated in equation (53), the densities of orbital and spin AM in the paraxial
limit can be expressed in terms of the complex fields f and a. The quantum operators
for the components of L and S in the propagation direction are found by substituting
equations (65) into equation (53) and integrating over space. The result can be worked
out completely, with the result

S = Z/da)hsamm (®)amps (@),

mps
L = Z/dwhmampg(w)amps (w). (68)
mps

These operators commute with each other and with the Hamiltonian equation (66).
The operator for the total AM is denoted as fz = S’Z +L 2z
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The operator S, generates rotations of the polarization, while L. generates rota-
tions of the mode pattern. This is demonstrated by the transformations

MG (@)™ = TG, (),
eiaLz/h&mps (w)e~ oL/t — e*iam&mps (). (69)

In a rotated state exp(—i ozS’z /h)|¥) of the paraxial field, the expectation value of the
electric field operator f has a polarization that is rotated over an angle o compared
with the polarization in the state |¥). In the rotated state exp(—iaiz/h)llﬁ), it is the
mode pattern that is rotated over angle «, while the polarization is left unchanged.

2.7 NONMONOCHROMATIC PARAXIAL BEAM
2.7.1 Angular Momentum of Nonmonochromatic Beam

We now consider a paraxial beam of nonmonochromatic light, which contains a
discrete set of frequencies w,. As a generalization of equation (43), the transverse
electric field for such a polychromatic beam can be written as in equation (46), where

(R, z,0) =) u,(R, z)e " n 75/, (70)
n
The mode function u, (R, z) is a solution of the paraxial wave equation (44), with the
frequency w replaced by w,,. This accounts for the frequency-dependent diffraction of
the mode. The electric field also determines the complex vector potential a and the
magnetic field b, in the form

1 .
a(R, z, t) — Z .—un(R, Z)e—za)n(t—z/C)’

n a)n

b(r, t) = %ez x f(R, 2). (71)

The components of the real physical fields in the transverse plane are determined by
equation (46).

It is trivial to generalize these results to the case of pulsed beams of light. It is
sufficient to replace the summations in equations (70) and (71) by an integration over
a continuous band of frequency values, so that

f(R,z,1) = f douR, z|w)e @2/

1 .
aR,z,1) = / do—u(R, z|w)e /0, (72)
Lw
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The expression for the complex magnetic field b in equations (71) remains valid.

The electric and magnetic fields contribute equally to the energy density w of a
polychromatic beam to zeroth order in §. This energy density can be expressed in the
complex field f. We assume that the differences in frequency are relatively small, and
we evaluate the energy while averaging over rapidly oscillating terms at frequencies
wn + wy. On the other hand, we account for terms oscillating at the beat frequencies
wpn — wy. Then the energy density is found in the form

w(R, z,t) = 2¢pf* - £. (73)

This expression is a product of two summations over n and n’. The result depends
explicitly on time, due to the presence of the beat terms with n # n’.

The density of AM in the z-direction to first order in § can be obtained by us-
ing equation (51), with the transverse momentum given by equation (52). The z-
components of the fields are related to the transverse parts by equation (47). Then
the expression (53) for the separation of the density of AM into the sum j, =1+ s
is still valid, where in the present nonmonochromatic case, the complex electric field
and the complex transverse vector potential in equations (70) and (71). For the gen-
eral case of nonmonochromatic light, the transverse beam profile must be expected to
depend upon time, and the same will be true for the energy density w and the den-
sity of AM j. This time dependence arises from the terms with n # n’ in the double
summation over frequency values.

2.7.2 Spin of Rotating Polarization

A linear polarization vector that performs a rotation with angular frequency £2 can
be described as [26]

1 , .
e(z,1) = —=(ep e TR e R0/, (74)

V2

As a function of time, the polarization rotates in the positive direction with angular
frequency £2 in the transverse plane. As a function of the propagation coordinate z,
the polarization rotates in the negative direction, with a pitch 2 ¢/2. The polarization
vector can be viewed as indicating the direction of the steps of a winding staircase that
is rotating about its axis. A light beam with a uniform rotating polarization is described
by the complex electric field

f(r, 1) = e(z, Hu(R, z)e @2/ (75)

with u(R, z) a solution of the paraxial wave equation (44). This field describes the
superposition of two light fields with frequencies w =+ §2. Strictly speaking, the mode
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profiles for the two frequency components will obey the paraxial wave equation (44)
with different wave numbers so that they undergo slightly different diffraction. As
a result, when the mode profiles are the same in one transverse plane, they will be
slightly different in different planes. In practical cases where §2 < w, this difference
can be neglected for distances of the order of the diffraction length of the beam.

In order to evaluate the density of AM, we also need an expression for the complex
vector potential a for the present case of a bichromatic field. This vector potential
takes the form

1 .
aR,z, 1) =—u, 2)et=2/e)

7

X <e+—. ! DAL R ! eiQ(’*Z/C)>. (76)
i(w+ $2) i(w—82)

The effect of the rotation is that the contribution of positive circular polarization is

slightly diminished, while the contribution of negative circular polarization is en-

hanced. As a result, the contributions from the two circular polarizations to the spin

density s do not exactly cancel each other. We find from equation (53), that

2 0,
S(R, Z) =€0mRﬁ(u M) (77)
The spin X' per unit length takes the form
2
FEWTor 79

with W = 2¢) [ dRu*u the energy per unit length.

It is remarkable that rotation in the positive direction leads to a negative value of
the spin AM. This may be a bit counterintuitive. It can be understood, however, by not-
ing that the positive and negative circular polarization contribute equally to the beam
intensity in this case. Since the positive circular polarization has the higher frequency,
there are less photons with this polarization than with the opposite polarization. Since
photons with circular polarization carry a spin =1, this explains equation (78).

2.7.3 Orbital Angular Momentum of Rotating
Mode Pattern

A rotating mode pattern arises when we expand the pattern in terms o exp(ime),
and replace ¢ by ¢ — £2¢. Each term with azimuthal mode number m will then pick
up a frequency shift m£2. The simplest example of a rotating mode pattern is a linear
combination of Laguerre—Gaussian modes with opposite mode numbers £m, with the
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)

Figure 2.4 Sketch of a Hermite—Gaussian beam profile, rotating with angular velocity §2 in a fixed
transverse plane. This corresponds to the energy density (equation (81)) in the case that m = 1. Black
circles indicate the orientation of the profile at one instance of time; gray circles indicate the orientation
direction at a time 77 /452 later.

complex electric field
f(R, ¢, 2,1) = /2€ Fup(R, 2) cos[m (¢ — 2(t — z/c)) e 0=/ (79)

As a function of the azimuthal angle ¢, it takes the form of a circular standing wave.
The expression for the vector potential in equation (71) is

1 1 N
a(R,¢,z,1) = Ee Fup(R, 2) [memd’e*’m[)(’ﬂ/ﬂ

1

—im¢ im82(t—z/c) | ,—iw(t—z/c) 80
+7l,(w_m9)e e ]e , (80)

and the energy density for this rotating mode pattern is
w(R, .2, 1) = 4€o| Fp(R, 2)|* cos?[m (¢ — 20t — 2/0))]. 1)

For the density of orbital AM we find that

2

m-$2
mw(p,¢,z,t). (82)

lp,¢,z,1)=—
So in this special case of a circular standing wave, the orbital AM density is propor-
tional to the energy density. This generalizes a result obtained earlier by a different
argument for the special case m = 1 [11], where the superposition of two Laguerre—
Gaussian modes just produces a rotating first-order Hermite—Gaussian beam. This
case, where the energy pattern is proportional to cos>(¢ — £21), is shown in Figure 2.4.

The gray curve refers to a situation a little later than the black curve in the rotation cy-
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cle. For each value of the azimuthal angle ¢, the curves cut out a radius that measures
the energy density of the beam as a function of ¢.

The relation between the orbital AM A and the energy W, both per unit length, is
simply

2
A=-— wz’f—rzm Ww. (83)

Notice that for an intensity pattern rotating in a positive direction, the orbital AM is
negative. It would seem that a beam of light has a negative moment of inertia. How-
ever, as discussed in [11], a beam of light cannot be considered as a rigid body. The
result in equation (83) can be understood by conceiving the rotating beam as the su-
perposition of two beams with frequency w + m$2, with the same power, where the
photons with the higher frequency carry an orbital AM m# and an energy 4 (w +m§2),
and the lower-frequency photons carry an orbital AM —m# and an energy Ai(w—mS2).
Since the powers are the same, there are more photons with the lower than with the
higher frequency, and the sign of the net orbital AM is determined by the more abun-
dant lower-frequency photons. This argument gives precisely the correct negative ratio
(equation (83)) between the orbital AM and the energy.

2.7.4 Angular Momentum of Rotating
Nonuniform Polarization

As an example of rotating nonuniform polarization, we start from the patterns
sketched in Figure 2.4. The position-dependent linear polarization is set into rotation
with angular velocity §2 when the two components of the mode function in equa-
tion (59) are given opposite frequency shifts +£2. The electric field is then given by

1 o
f(R,¢,2,1) = —=Fu(R, 2)[ese P 1202/0)

V2

+ e_eimqbeiQ(tfz/c)]efiw(tfz/c). (84)

The expression in square brackets indicates the polarization as a function of time ¢,
azimuthal angle ¢, and propagation coordinate z. A rotation of the polarization with
angular velocity §2 is equivalent to a rotation of the mode pattern with the angular
velocity —£2 /m. This is also shown in Figure 2.5.

The corresponding vector potential is

1 . )
a(R. ¢.2.1) = V2F,(R,2)[ er ——¢7imdp=i2(=z/c)
( ¢ Z ) m( Z)(e+i(a)+g)e e
1

R

eim¢ei(2(t—z/c)>e—iw(t—z/c). (85)
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m=-2

Figure 2.5 Sketch of the position-dependent pattern of rotating linear polarizations as described by
equation (84). Dark arrows indicate the direction of the linear polarization at one instance of time;
gray arrows indicate the linear polarization at a time 7 /452 later.

The energy density in this case of a rotating beam is still given by equation (60), which
is both stationary and rotationally invariant.

The density of AM of the beam is remarkably simple. This is due to the fact
that the mode is a biorthogonal sum of two polarizations (es+) and two amplitude
modes (exp(Fime)). In quantum-mechanical terms, the polarization and the trans-
verse degrees of freedom of a photon in this mode are maximally entangled. From
equation (53), we find as expressions for the angular-momentum densities

ms2 1 0
(R=mgrRa. sRI=50"5

Both / and s are proportional to the angular velocity §2. Just as the energy density is

R%w(R,z). (86)

symmetric, the densities of orbital AM and spin are axially symmetric in this case.
Integration over a transverse plane gives the relations between A, X and W as

The expression (87) for X is identical to equation (78). This is understandable, since
both situations refer to linear polarization rotating at the angular velocity 2. The
expression (87) for A follows from equation (83) when §2 is replaced by —£2/m,
which is the effective angular velocity of the mode pattern. According to equation
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(87), the total AM per unit lengthis A + X = (m — 1) W/(w> — 2?). In the special
case that m = 1, the total AM disappears, which is in accordance with the fact that in
that case the beam (equation (59)) is invariant for rotation around the axis.

The situation of the rotating position-dependent linear polarizations is confusingly
similar to the case of a circularly polarized Laguerre-Gaussian light field. In this case,
the electric-field vector has the same distribution as shown in Figure 2.5, and it is ro-
tating in the positive direction, as indicated. In this case, the field is monochromatic,
the polarization is uniform, and the electric-field vector is rotating at the optical fre-
quency w. The rotational frequency shift in this situation of a well-determined AM
has been analyzed in [27]. In contrast, in the situation discussed in the present section,
the light is bichromatic while the polarization is linear at all times. The direction of
this linear polarization is nonuniform and rotating at the much smaller frequency §2.

2.8 OPERATOR DESCRIPTION OF CLASSICAL
PARAXIAL BEAMS

2.8.1 Dirac Notation of Paraxial Beams

As is well known, the paraxial wave equation (44) for a monochromatic beam
is mathematically equivalent to the Schrodinger equation of a free quantum particle
in two dimensions, where the propagation coordinate z replaces time. This analogy
suggests denoting the mode function u as a function of R in a single transverse plane
as a state vector |u(z)) in Dirac notation [28]. The scalar product of two state vectors

(v[u) = / dRV*(R) - u(R) (88)

involves an integration over the transverse coordinates as well as the scalar product
of the two vector functions. When we introduce the transverse derivative in terms of
a momentum operator P = —id/dR, the paraxial wave equation (44) takes the form

P) i
o lu(z)) = —ﬁszu(z)>, (89)

where k = w/c. In this notation, the orbital AM A per unit length of a monochromatic
beam as given in equation (55) is

2eo .
A= wR x Plu), (90)
[0

which is reminiscent of the expression for the orbital AM of a quantum particle in two
dimensions. The orbital AM per photon is Ahw/W.
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From the paraxial wave equation in operator form (89), it is obvious that the effect
on a state vector of free propagation over a distance z is described by the operator
A i Ay
U(z) =exp<—ﬁP z). On
Likewise, the effect of an ideal thin lens with focal length f on the state vector of a
mode is given by the operator exp(—i kR2 /(2f)). In this way, any optical lens sys-
tem can be described by a product of operators for lenses and free propagation [20].
Astigmatic lenses, with different focal length for two orthogonal axes, can be directly
incorporated in the description. It is sufficient to replace R?/f by R -f~! - R, with f
a real symmetric matrix with the two focal lengths of the lens as eigenvalues.
We emphasize that although the operator notation is borrowed from quantum me-
chanics, the description is applied here to classical paraxial optics.

2.8.2 Paraxial Beams and Quantum Harmonic Oscillators

It is well known that the paraxial wave equation has a complete set of solutions in
the form of a Gaussian function multiplied by a Hermite polynomial [21,29]. These
Hermite—Gaussian mode functions have a pattern that is invariant under propagation,
apart from a scaling factor. They closely resemble the eigenfunctions of the two-
dimensional quantum harmonic oscillator (HO). In fact, the Hermite—Gaussian mode
functions can be written as [30]

1 x y ikR>
Unyn, (r) = _l/fnx <—>%y <_> CXP<— —ix(ny + ny + 1)) 92)
Y 14 4 2p

Here the functions ¥, (&) for n =0, 1, ... are the real normalized energy eigenfunc-
tions of the one-dimensional quantum HO in dimensionless form. Hence they are
eigenfunctions of the Hamiltonian

A= > + &2 93)
§= 2 852
with eigenvalue n + 1/2. The explicit form of the normalized eigenfunctions is

1 2
Vn(6) = —=—===¢"" 2 H, (), ©4)
" NN "
in terms of the Hermite polynomials H,,, and the eigenvalues are n, + 1/2. The mode
functions up,,, (r) are determined by three mode parameters that depend on the prop-
agation coordinate z. The width y determines the spot size, p is the radius of curvature
of the wave fronts, and x is the Gouy phase, which determines the phase delay over
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the beam focus. When the transverse plane z = 0 coincides with the focal plane, the
z-dependence of these parameters is determined by the equalities

1 ik k

y2 p  b+iz

z
t =—. 95
any = 95

Here b is the diffraction length (or Rayleigh range) of the beam. The Gouy phase
increases by an amount 77 from z = —oo to 0co. The mode functions in equation (92)
are exact normalized solutions of the paraxial wave equation (44). The spot size at
focus is yg = ¥ (0) = /b/k.

It is noteworthy that the Gouy phase term in the Hermite—Gaussian modes (equa-
tion (92)) is proportional to the eigenvalue n, +ny + 1 of the two-dimensional quan-
tum HO. This allows us to express an arbitrary solution of the paraxial wave equation
in terms of an arbitrary time-dependent solution of the Schrédinger equation of the
HO, provided that we replace time by the Gouy phase x. In dimensionless notation,
this equation takes the form

a A A
a‘l’(é,n,x)=—i(Hs+H;7)W(§,77,X)~ (96)

Obviously, wave functions v, (E)Yn, (n) exp(—i(ny +ny +1)x) are solutions of this
Schrodinger equation, and by taking linear combination of these one can obtain the
most general solution ¥ (£, 1, x). On the other hand, an arbitrary solution of the parax-
ial wave equation is a linear combination of the HG modes (equation (92)). We con-
clude that an arbitrary solution ¥ (£, n, x) of equation (96) gives an arbitrary solution
u(r) of equation (44), by the identification [31]

1 ikR?
u(r) = —w(§, n,x)exp<—>, 97
Y 2p

with § =x/y, n=y/y, and where the parameters y, p and x are specified by equa-
tion (95) as functions of z. The overlap of two modes is the same as the overlap of the
two corresponding wave functions, or in Dirac notation (v(z)|u(z)) = (@ (x)|¥ (x)),
when ¥ represents u, and @ represents v. In particular, a normalized mode corre-
sponds to a normalized wave function.

This identification (equation (97)) is exact, and it works both ways: there is a one-
to-one correspondence between a time-dependent state of the two-dimensional HO
and a monochromatic paraxial beam of light. For a given HO wave function, we find
a mode function after choosing as free parameter the diffraction length b, which is a
measure of the size of the focal region. Moreover, a solution of the quantum HO re-
mains a solution under a shift of time. If we substitute ¥ (¢, n, x — xo) for ¥ (&€, n, x)
in equation (97), we find a different paraxial beam in general. When ¥ is a stationary
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state of the HO, such a shift makes no difference, and the corresponding mode pat-
tern retains its shape during propagation, apart from scaling by the width y. For an
arbitrary mode, a phase shift xo = /2 leads to an interchange of the mode pattern in
focus and in the far field. Since the Gouy phase increases by an amount 7, the mode
function u from z = —o0 to co corresponds to a half cycle of the oscillator.

In this identification, the polarization of the paraxial beam has been ignored. The
polarization is accounted for by decomposing the vector solution u(r) of the paraxial
wave equation into two scalar solutions # 4 (r), one for both circular polarizations e..
They can be represented by two corresponding HO wave functions ¥4 (&, 1, x).

There is a simple relation between the orbital AM of the paraxial beam and the or-
bital AM of the HO. It is convenient to work with mode functions that are normalized
to 1, so that

(ulu) = (¥|¥) =1. (98)
Then the orbital AM per photon is given by

hoA h o h o
— =l —|u) = (¥|-—|¥). 99)

w i d¢ i d¢
Here we used that the azimuthal angle ¢ in the xy-plane is the same as in the £n-plane.
In conclusion, there is a one-to-one correspondence between the description of a
freely propagating paraxial beam, and the time-dependent wave function of a two-

dimensional quantum HO during a half cycle.

2.8.3 Raising and Lowering Operators for Modes

The correspondence between HO wave functions and paraxial modes implies the
existence of ladder operators that raise or lower the mode indices n, and n, in analogy
to the ladder operators coupling the energy eigenstates of an HO. For the functions
Y, (§), these operators take the well-known form

N 1 (§+ a > At 1 (S a > (100)
ag = — — |, a,=—&—— ),
VAT IRVANINT
and the ladder operators a, and &;‘7' have a similar form. They obey the bosonic commu-
tation rules [ag, &g 1=lay, &;; ] =1, and so on. The correspondence in equation (97)
between HO states and modes then leads to z-dependent raising operators for HG

modes [30]. Likewise, the LG modes correspond to circular eigenstates of the HO,
which are the eigenstates of the Hamiltonian and of the angular-momentum operator.
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The HG modes |up,,,) correspond to the HO eigenstates

1
Vnxlny!

The circular eigenstates are obtained by applying to the ground state the circular rais-

Wien,) = (a3)™ (a3)"™ 1%o0).- (101)

ing operators
¥ 1
AF AT L At
a,=—(a; Ltia)). (102)
+ \/E( 3 7))
The LG modes u,,, then corresponds to the HO eigenstates
1 t

W(m—)h (&i)”— [Y00). (103)

The azimuthal quantum number m and the radial mode number p are related to

[¥inp) =

the circular raising numbers ny and n_ by the relations m =ny —n_ and p =
min(n4,n_). These states are eigenstates of the Hamiltonian I:Ig + I-AI,7 with eigen-
value ny +n_ +1=2p + |m| + 1, and of the angular-momentum operator

~—=ayay—ala, (104)

with eigenvalue ny — n_ = m. This confirms that the Laguerre—Gaussian modes are
eigenmodes of the operator in equation (104) with eigenvalue m, so that their az-
imuthal dependence is given by the factor exp(im¢). The orbital AM per photon
(equation (99)) in these modes is therefore Am.

The notation in terms of the ladder operators demonstrates the complete analogy
between the various sets of energy eigenfunctions of the two-dimensional HO and
the various basis sets of Gaussian paraxial modes. The Hermite—Gaussian modes are
analogous to the Cartesian set of eigenfunctions, which are just products of eigen-
functions of the one-dimensional HO in the x- and y-direction. They have vanish-
ing orbital AM. The Laguerre—Gaussian modes are analogous to the HO eigenfunc-
tions of energy and orbital AM. These functions factorize in polar coordinates, with
azimuthal dependence exp(im¢). The transformation between the two basis sets is
identical for modes and for HO eigenfunctions. It is based on the relation in equa-
tion (102) between the circular ladder operators and the Cartesian ones. In particu-
lar, substitution of the expressions (102) for the circular raising operators in equation
(103) for the Laguerre-Gaussian modes directly gives an expansion of these modes
in the Hermite—Gaussian modes. In this expansion, only terms occur where the total
mode index ny +ny =ny +n_. This algebraic technique of mode transformation is
a convenient alternative for analytical methods [32].
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The ladder operators in this section (dy, dy, a4+, d—) should not be confused with
the photon annihilation operators s (w) that occurred in Section 2.6. The descrip-
tion in the present section is completely classical, and the operators transform one
mode function into another one.

2.8.4 Orbital Angular Momentum
and the Hermite-Laguerre Sphere

The relation (equation (102)) between circular and Cartesian raising operators is
obviously the same as the relation between circular and linear polarization vectors.
In fact, it is well known that the polarization of light is characterized by the Stokes
parameters [33], which determine a point on a sphere with radius 1. This is termed the
Poincaré sphere. It is analogous to the Bloch sphere of a spin 1/2, where each point
on the sphere defines the direction of the expectation value 2(S) of the spin vector,
which uniquely fixes the spin state. The analogy is defined by the statement that the
circular polarization vectors e are analogous to the states with spin up and down. The
point on the Poincaré sphere defined by the spherical angles 6 and ¢ then represents
the polarization vector

i 0 ; 0
e, ¢9)=e e cos 5 +e_e'%sin X (105)

It has been noted that the two first-order Hermite—Gaussian modes |u19) and |uq1)
span a basis in which every linear superposition can likewise be represented by a point
on a sphere [34]. Hermite—Gaussian modes with respect to rotated axes are represented
by points on the equator, while the poles represent the two Laguerre—-Gaussian modes
|ttp) with p =0 and m = £1.

In view of the transformation in equation (102), it is natural to generalize the
Poincaré sphere representation to the raising operators rather than to the mode func-
tions themselves. Hence, for each point on the sphere defined by 6 and ¢, we introduce
the HO raising operator

; 0 %
a' o, ¢) = &le’””/z cos o +a e/ sin = X (106)

The complementary raising operator b' is then represented by the opposite point on
the sphere

0 .. 9
b6, ¢)=—ale ’¢/23m2 +&£e’¢/2cos§. (107)

This pair of operators obeys the bosonic commutation rules [a, a'1=1, [a, bt 1=0,
and so on. For such a pair of raising operators, we find a complete orthonormal basis
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Figure 2.6 Intermediate modes with & = /3, ¢ = 0. (a) Intensity distribution. (b) Phase distribution.
The phase is indicated by discrete gray tones, with increasing phase shown by brighter tones.

of HO energy eigenstates, by the definition

1

—=—(@")" (B)" 1%00). (108)
aNg-

|'>[’nanb) =
In accordance with equation (97), a mode |u,,,,, (z)) corresponds to each one of these
HO eigenstates. On the poles (0 = 0 or ), the Laguerre-Gaussian modes are repro-
duced. On the equator (9 = 7/2), the raising operators &' and b* are linear com-
binations of Ezl with equal strength, and rotated versions of the Hermite—Gaussian
modes are obtained. In between the equator and the poles, these basis sets form a con-
tinuous transition between the Hermite—Gaussian modes and the Laguerre—Gaussian
modes. The fundamental mode |ugg) is the same in all basis sets. Again, the expression
(108) immediately defines the transformation between this basis set and the Laguerre—
Gaussian (or Hermite—Gaussian) modes. In this way, each point on the sphere repre-
sents a basis set of modes. It is natural to call this sphere the Hermite—Laguerre sphere.
The set of modes corresponding to a point on the equator (6 = 7/2) contains no
phase singularities, but a pattern of orthogonal straight nodal lines with zero intensity
that separate regions with opposite phase. For points away from the equator, phase
singularities arise. For instance, for ¢ = 0, the mode with n, = 1, n; = 0 near the axis
is proportional to (x 4 iy) cos(6/2) + (x — iy) sin(6/2). On the Northern hemisphere
(6 < m/2), this is a vortex with charge 1. However, the contours of constant intensity
near the axis are not circles, but ellipses. This type of elliptical vortices are called non-
canonical [35]. The intensity and phase pattern for the lowest-order modes is shown
in Figure 2.6.
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It is easy to obtain the orbital AM per photon in the modes that we have now
defined. The inversion of equations (106) and (107) gives

0 ~ . 0\ ; (72N 6 :
a, = (& cos 3 bsin E)e"p/z, a_ = (& sin > + bcos E)e’”i’/z. (109)

When we substitute these expressions in equation (104) and use equation (99), we find
that for the orbital AM per photon in the modes (108),

)
(una,,,,|7£|u,,an,,):h(na — np)coso. (110)

The factor cos 8 resulting from the polar angle on the Hermite—Laguerre sphere also
occurs in the expression for the helicity o = A cos@ for the spin per photon for a
beam with a polarization represented by (6, ¢) on the Poincaré sphere.

2.9 DYNAMICS OF OPTICAL VORTICES

In this section, we derive a number of general properties of the dynamics of vor-
tices in paraxial beams. The relation in equation (97) between a beam u(R, z) and a
wave function ¥ (£, n, x) of the HO shows that we may just as well derive the behav-
ior of vortices in the harmonic-oscillator wave function. In fact, since the harmonic
oscillator is invariant for a time translation, a single solution of the harmonic oscilla-
tor generates a whole class of paraxial beams, since we can make the focal plane of
the beam correspond to any instant during the cycle of oscillation. In this section, we
demonstrate the advantage of the harmonic-oscillator analogy of paraxial modes when
analyzing the propagation properties of mode patterns. Two simple cases are consid-
ered. First we will give a simple treatment of stable vortex-carrying configurations.
Then we will treat a case of two vortices with opposite charge that can be created or
annihilated.

2.9.1 Invariant Mode Patterns

A stationary state of the HO corresponds to a mode with a transverse field pat-
tern that is invariant during propagation. In each transverse plane, the mode pattern
has the same shape and only the scale varies, as determined by the width y(z). The
most general stationary state is a superposition of states with the same excitation num-
ber N = n, + np, which is conserved when one changes the basis of states over the
Hermite-Laguerre sphere. One may also ask for the set of modes (or HO states) that
retain their shape, apart from a rotation. Since rotations are generated by the opera-
tor (104), with the Laguerre—Gaussian mode index m = n4 — n_ as eigenvalue, these
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Figure 2.7 Diagram of the modes |up . ,_). A superposition of the modes on the line will rotate with
increasing value of the Gouy phase x over an angle 3.

states are best described on the basis of Laguerre-Gaussian modes |u,,_) (or the
corresponding circular HO eigenstates [¢,,,_)). These modes can be arranged in a
square lattice, in a diagram with the indices n and n_ along the axis.

Consider a set of pairs of indices on a line in this lattice. Then there is a linear
relation between n4 and n_, or, equivalently, a linear relation between N and m. This
relation can be represented as

AN=Bm+C or (A—B)ny+(A+B)n_=C. (111)

The evolution of a state of the HO as a function of x arises from the phase factor
exp(—i x (N + 1)) for each stationary state with eigenvalue N + 1. For a superposition
of states with indices n and n_ obeying the relation in equation (111), this phase
factor is equivalent to an overall phase factor multiplied by the m-dependent term
exp(—ixmB/A). This phase factor is equivalent to a rotation of the pattern over an
angle x B/A.

This leads to a remarkable simple conclusion. An arbitrary superposition of HO
states |Y,n_), where the indices are related by equation (111), produces a wave
function that rotates at an angular velocity that is B/A times the oscillator frequency.
For the corresponding modes, the mode pattern performs a rotation between the focal
plane and the far field over an angle 7 B /2 A. As an example Figure 2.7 shows a line in
the diagram of the states |y, ,_) (or, equivalently, of the Laguerre-Gaussian modes
|4, n_)), such that all states on the line obey the relation in equation (111) with A =1,
B =3, and C = 4. An arbitrary superposition of the states on this line will rotate over
an angle 3A x, when Ay is the increase of the phase .
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This behavior was recently discovered by an analysis of the functional behavior of
the Laguerre—Gaussian modes, in terms of the mode indices p and m [36]. The present
argument shows the power of the harmonic-oscillator analogy, as well as the advantage
of using mode indices n4 and n_ as labels of the Laguerre—Gaussian modes.

2.9.2 Rotating Patterns of Vortices with Same Orientation

A simple way to describe vortices on a Gaussian background is with multiplication
by a vortex factor. For instance, when the HO ground-state wave function is multiplied
by the factor (§ — &p) + i(n — no), a vortex with charge 1 is created at the location
& =&y, n = no. Multiplication with the complex conjugate factor creates a vortex
with charge —1. Repeating such a multiplication several times at the same location
creates a vortex of higher charge. Now suppose that the ground-state wave function
is multiplied by a number of factors of this type, all with positive charge. In order to
expand the resulting wave function on the basis of the states |1, ,_), it is convenient
to express the factor in terms of the ladder operators in equation (102) as

(& —&0) +i(n —no) =a_ +al, — & — ino. (112)

Repeated multiplication of the ground-state wave function with factors of this type at
different locations is equivalent to the action of a polynomial in the lowering opera-
tors d_ and &1. When acting on the ground state, the lowering operator gives zero.
In the language of modes, the conclusion is that the resulting mode (after imposing
vortices with positive charge) produces a linear combination of Laguerre-Gaussian
modes |u,_ o), with n_ = 0. In the mode diagram, these modes lie on the line N =m,
which is equivalent with equation (111) with A= B, C =0.

The conclusion of the previous subsection is then that the vortex pattern rotates
over an angle /2 between focus and the far field. This conclusion has been obtained
previously by analytical techniques [37].

2.9.3 Vortex Creation and Annihilation

Two vortices of opposite charge can be spontaneously created or annihilated in the
HO wave function, and therefore also in a paraxial light beam. The problem of two
vortices with opposite charge in the focus of a paraxial beam has been studied in [37]
by analytical techniques. Here we demonstrate the advantage of an algebraic treatment
in the HO picture, which is immediately translated into the case of a paraxial beam.

A pair of vortices with charge 1 at positions (€, ) = (££p, 0) imprinted on the
background of the Gaussian ground state is described the action of the operator equa-
tion (112) and its Hermitian conjugate on the ground state. The (non-normalized)
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result is found as an expansion in the states [, ,_) in the form

@ (0) = (ar +a’ +&)(a +al — &) lvoo)
= (1= &3)1vo0) + & (1¥10) — 1%01)) + 1¥11). (113)

This state evolves as a function of y, which gives a phase factor exp(—x (N + 1))
to each term. Each wave function has the form of the ground-state wave function
multiplied by a simple polynomial. After evaluating the wave functions, one finds

W(x)=[(1—&)e ™ +2igme 2% + (82 4+ n* — 1)e X ]yrgp. (114)

The location of the vortices are found as the zeros of this function. After multiplication
with exp(2i x), this gives the condition

(1 —82)e'* +2ifgn + (£2 +n> —1)e™ X =0. (115)
The real part of this equation gives the requirement
£2+ 0’ =£5, (116)

which implies that the two vortices lie on a circle with radius &y. The imaginary part
gives the n-component of the vortex location as
n=§§_lsinx. (117)
&0
This implies that the two vortices have the same n-value and opposite £-values. As
a function of y, they move both upward toward positive n-values when & > 1, and
downward when &y < 1, while remaining on the circle with radius &.

For large values & > 1, we find n = &y sin x, each one of the two vortices rotates
over an angle x in opposite directions along the circle, just as if the other vortex were
absent. When the factor (Sg — 1)/&p is smaller than —&( (or §p < 1/ «/E), the vortices
meet at the point £ =0, n = —&p and disappear. This is an example of annihilation of
two vortices of opposite charge. We denote the y-value of annihilation as x1, so that

2
X1 :arcsin1 0. (118)

2
0

This means that the vortex pair exists during a part of the cycle of the HO. The pair is
created at x = — x at the position & =0, n = &y and then moves downward on oppo-
site sides of the circle to its annihilation point, which is reached when x = xi. This
motion downward from the creation position of the vortex pair toward its annihilation
point is shown in Figure 2.8.
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Figure 2.8 Path of the vortex pair along a circle in the £n-plane. The pair is created at the top of the
circle and then moves downward on opposite sides to its annihilation position at the lowest point.

We see from equation (113) that the corresponding (non-normalized) paraxial
mode expressed as a sum of Laguerre-Gaussian modes u,,_,,_ is

u) = (1 - fg)luoo) + &o(lu10) — luor)) + luin). (119)

This mode has two vortices in the focal plane at the locations x = £+&pyp, y = 0.
When the distance between the vortices is less than y9+/2, they have disappeared in
the far field at z = 00. However, we are free to choose the focal plane of the mode
to correspond to an arbitrary location during the cycle of the HO. Then we can obtain
a mode without vortices in the focal plane. The mode corresponding to the HO state
in equation (113) but with the focal plane taken at the phase xo of the oscillator is

lu) = (1 — &) e ™ |ugo) + E0e* (lu10) — luor)) + > X0 Juy). (120)

When the shift in the Gouy phase is taken as yo = /2, the mode has a vortex pair
in the far field at z = 0o along the &-axis. The pair moves into the lower half-plane
(y < 0) and is annihilated before focus. After focus, it reappears in the upper half-
plane at the top of the circle and then moves down on opposite sides of the circle
toward the &-axis in the far field at z = oo.

The examples in this section demonstrate the usefulness of the analogy between
the two-dimensional harmonic oscillator and paraxial beams.

2.10 CONCLUSION

Angular momentum (AM) is an important and delicate quantity of light. It arises
both from circulating phase gradients and from rotating vector properties of the field.
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This suggests the possible separation of optical AM into different types, with the flavor
of orbital and spin AM. We discuss the possibility and limitations of such a separa-
tion, both for a classical and a quantum description of light. For an arbitrary Maxwell
field, such a separation is possible. The separate parts have a well-defined significance
and generate useful transformations. However, they do not have all the properties of
AM. There is a number of special modes of light where the presence of AM is rather
obvious. These are also the fields that contain vortices in the form of phase or polariza-
tion singularities. Examples of exact solutions of Maxwell’s equations are multipole
fields with a spherical or cylindrical structure. For these fields, the polarization and
phase contributions to AM are inseparable. For both types of multipole fields, the
z-component of the AM has a well-defined value per photon, and for the spherical
multipole fields the same statement holds for the total AM. For paraxial beams, AM
in the propagation direction is separated in a natural way in an orbital and a polar-
ization part. This is not only true for the AM integrated over space, but also for the
densities of spin and orbital AM. This remains true for nonmonochromatic beams. We
consider the appearance of AM both for stationary beams and for beams in which the
light pattern is rotating.

We point out that there is a one-to-one correspondence between monochromatic
paraxial beams and solutions of the two-dimensional isotropic harmonic oscillator.
This analogy is applied to the description of the dynamics of vortices in paraxial beams
in a number of simple examples. We wish to stress, however, that orbital AM in light
beams does not require the presence of vortices. A counterexample is a light beam with
general astigmatism, where the elliptical wave front has a different orientation than the
elliptical intensity pattern in each transverse plane [38]. In this case, the rotation of the
ellipses during propagation gives rise to AM [39,40].
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Chapter 3

Singular Optics and
Phase Properties

Enrique ]. Galvez
Colgate University, USA

Hurricanes, tornadoes, and water spouts evoke a special sense of wonder, not only
by their majestic size but by the rotational motion that they entail. “The eye of the
storm,” the vortex, is particularly mysterious. It represents a place where there is a
void; a place that is at the center of something unique; a channel that takes you to an
unknown place.

Smaller vortices pose no lack of awe. The swirls in fluids or the turbulent wakes off
airplane wing-tips are examples of a ubiquitous phenomenon. Physicists and scientists
alike are no less impressed by such rotational displays; magnetic vortices, DNA, and
other natural twirls are topics of constant study. Thus, it is no surprise that the dis-
covery of optical vortices a couple of decades ago generated so much interest and still
does. Optical vortices are no less spectacular than their atmospheric counterparts. The
angular momentum that they carry around them in the optical field is also impressive;
that something as ephemeral as light can put objects into rotation is startling to say the
least. Vortices constitute an important topic in the study of optical singularities, the
topic of this chapter. Like many physical topics involving complex media, the study
of optical vortices has revealed interesting results that are not apparent otherwise. The
results of these studies are the focus of important applications, such as manipulation
of matter and the storage of information in the optical field.

Optical singularities encompass a large range of phenomena. We do not cover the
important area of interest on singularities of amplitude, where ray theory predicts
infinites: caustics [1]. That they never materialize due to diffraction is no less of an
interesting feature of wave fields; they are still responsible for some of nature’s most
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precious optical displays: rainbows. Coexisting with caustics of sunlight at the bottom
of a pool, for example, in a seemingly perpetual dance are the voids of darkness: phase
singularities. These are places where the phase of the light field is multiply defined,
and so the amplitude vanishes. This form of singularities is of two types: shear, where
the phase jumps by 7 due to the sign change of the amplitude of the field and vortices,
the point where the phase is multiply defined and about which the phase advances by
a multiple of 2w when following a closed path around it. The notion that singularities
are an exception is quite a misconception. Quite contrary, they are ubiquitous. They
are just masked by our simple forms of perception and by the vastly complex forms
that they can take, which we have just started to unravel. Furthermore, the dancing
patterns of sunlight at the bottom of a pool are only the two-dimensional slices of
a three-dimensional continuum where vortices’ paths, the “threads of darkness,” are
intermingled and stubbornly persistent.

In this chapter, we will discuss the basic properties of phase singularities and op-
tical vortices. We will avoid a review of singular optics as there is a comprehensive
one already in the literature [2]. We will limit ourselves to simple cases, threaded by
our laboratory experience at Colgate University. This chapter covers vortices in fun-
damental beams as a form of introduction. We will underscore a growing view that
these topics deserve a rightful place in textbooks on optics instruction. The discussion
follows with multiple vortices in the optical field, followed by nonintegral vortices as
an important case of the latter. This is a simple and controlled evolution in complexity
of the cases of vortices in fundamental solutions to the wave equation. A fourth sec-
tion makes a shy entry into a topic that has only started to be studied: the dynamics of
vortices in a propagating beam of light. We will not cover an important and modern
topic in singular optics of polarization singularities [3].

3.1 FUNDAMENTAL PHASE SINGULARITIES

The natural place to start describing phase singularities is with the beams where
they appear naturally and in their simplest form: Laguerre-Gaussian beams. These
are solutions of the paraxial wave equation in cylindrical coordinates. The light in
these beams has amplitude that depends on three terms:

! r2 ! 212
E(r)oxr exp(—ﬁ)Lp W) (D

where the exponential accounts for the Gaussian fall-off of the amplitude of the light
in a narrow beam of half-width w. The last term is an associate Laguerre polynomial
of the transverse coordinate r, which has p radial zero crossings. Thus, a Laguerre—
Gaussian beam projected on a screen consists of a series of concentric rings. It is
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Figure 3.1 False-color image showing the interference of two collinear beams: a Laguerre—Gaussian
beam with / = 1 (at the center) with a zero-order beam. The surrounding frames correspond to the
interference patterns for phase differences in steps of 77 /3. See color insert.

noteworthy to observe that L6(2r2 Jw?) =1, so when p = 0 the shape of the light
beam is a single ring of radius proportional to +/I giving the beam its hallmark shape:
a “doughnut.” For a beam traveling along the z-direction, the phase of the field in
cylindrical coordinates is

2

2R(2)

¢(r,0,z) =kz+ +10 — ¥ (2), (2)
where k is the wave-number, R =,/ (z + z% /z) is the radius of curvature of the wave-
front, and ¥ (z) is the Gouy phase, given by

Iﬂ(z):(2p+|l|+l)tan’1<£>, 3)

with zg being the Raleigh range. The third term of equation (2) contains the optical
singularity: a phase that depends upon the angular coordinate 6. At z = 0, the phase
of the beam is simply described by /6. The field of a beam in the mode with radial
index p and angular index / is denoted by LGlp.

The interference pattern between a beam in LGf) mode and a beam in fundamental
mode LG8 consists of an off-axis “blob” that rotates about the beam axis when the
phase between the two interfering beams is changed. This type of interference pattern
is shown in Figure 3.1. One can easily take images like those in Figure 3.1 with a
Mach—Zehnder interferometer [4], where incident light in the fundamental mode go-
ing through one arm of the interferometer passes through an optical element that puts
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Figure 3.2 Graphic representations of the wave-fronts for Laguerre-Gaussian modes in the first three

orders with p =0.

it into a high-order mode (L G(l) in the case of the figure). The pattern is then formed at
the output of the interferometer when the high-order mode interferes with the light in
the LG 8 mode that traveled through the other arm. In the case of Figure 3.1, the phase
that was inserted was not the usual dynamic phase, due to the path-length difference.
Instead, it was due to a geometric phase inserted by transforming the modes of the
light in a cyclic way, which we will discuss later [5].

For low values of z, the wave-front (or surface that is the locus of points with the
same phase) has the form of / intertwined helical surfaces, as shown in Figures 3.2(b)
and 3.2(c). This is in striking contrast to the fundamental Gaussian beam with [ =0
shown in Figure 3.2(a), where the wave-front at z = O consists of parallel planes.
When [ # 0, the wave-fronts are tilted in the azimuth direction and curves that follow
the gradient of the wave-front are helices. In these modes, the Poynting vector has a
transverse component pointing in the azimuth direction. This local distribution of the
Poynting vector gives the wave its orbital angular momentum, which is proportional
to [ [6,7].

We can observe further evidence of the angular dependence of the phase by looking
at interference patterns between an [/ # 0 Laguerre—Gaussian mode and a fundamental
mode when both have different radii of curvature. In this case, the points of constant
phase difference are spirals. An example of a typical spiral interference pattern is
shown in Figure 3.3. The two forms of collinear interference can be used to identify
the phase properties of the mode of the light. Collinear interference ceases to be use-
ful for closely spaced vortices because the collinear interference pattern is unable to
resolve them. For this case, noncollinear interference is more useful. In noncollinear
interference, an expanded zero-order beam interferes, with the beam we wish to diag-
nose. Optical vortices appear as forks in the fringe pattern, with the fork denoting the
phase dislocation. The number of tines of the imaged fork corresponds to the value
of [, the topological charge of the vortex, minus 1 [8].

Computer-generated holograms of fork patterns are a popular way of generating
beams with optical vortices in the diffracted orders [9-11], as shown in Figure 3.4.
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Figure 3.3 False color image of the double spiral interference pattern produced by the interference of
a beam with / =2 and an expanded beam in a zero-order (i.e., [ = 0) mode. See color insert.
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Figure 3.4 (a) Method to generate beams with optical vortices using a computer-generated binary
grating with [ = 1. (b) Method to diagnose the /-component of the state of single photons.

In general, the value of lgisr of the mth diffracted order is related to the charge of the
incident beam /;p and the charge of the forked grating I,k by [8,12]
Laift = linc + mlfork. “4)

Another popular method of producing a beam with vortices is by using a spiral
phase plate [13]. The beam that is transmitted when a beam with /;,. is incident on a
plate with a spiral phase dislocation 27 [pjae Will have charge /irans given by

lirans = linc + lplate~ (5)
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The previous two relations characterize the charge of the output beam.

The forked grating shown in Figure 3.4(a) is an amplitude grating, which disperses
the incident energy into a large number of diffracted orders. Because of this, the grat-
ing is not efficient at producing any one particular mode. If the objective is to produce
a beam in one mode, a more efficient method is necessary. One method uses a phase-
blazed grating. This can be done with either a bleached film hologram [14] or a spatial
light modulator. The latter produces a phase grating by suitably biasing a pixilated
liquid crystal [15,16].

In general, the beams generated by gratings or phase plates may not be pure
Laguerre-Gaussian eigenstates. Instead they are a superposition of modes of same
[ but different p [17]. A mode of higher purity is obtained by either modulating the
intensity of the input beam [18], or by modulating the efficiency of the blazed grat-
ing [19].

The previous diffractive methods can be extended to produce other families of
beams with optical vortices, such as Mathieu beams, a form of Bessel beam that carries
orbital angular momentum [20].

The use of equation (4) is the chosen method of detecting the amplitude of the
[-component of individual photons in a superposition of orbital-angular-momentum
eigenstates [21]. In this method, a single-mode optical fiber is used for detecting only
I = 0 states. Thus, by choosing a suitable value of lf,x and locating the fiber so to
detect light coming off the mth diffracted order, one can measure the amplitude of the
component of the light that gives lgiff = 0. That is, the input mode has liyc = —m/iork.
A schematic of this method is shown in Figure 3.4(b).

As discussed previously, a field of a Laguerre-Gaussian beam carries an orbital
angular momentum proportional to [ [7]. The higher orbital angular momentum per
photon is only one of the features brought by high-order modes, which exist in a space
of dimension N = 2p + |/|. These higher-dimensional spaces have larger topologies.
Following closed paths in the space of modes via mode transformations [22] results
in a new form of geometric phase [23]. In these mode transformations, the wave-front
of an input mode is disassembled and reassembled into a different mode. The cyclic
sculpturing of a mode results in a topological phase. Laboratory measurements of
the presence [5] and absence [24] of these geometric phases are also consistent with
a correlation between the phases and orbital-angular-momentum exchanges between
the light and the optical system.

Optical vortices are not restricted to linear beams. They have been studied exten-
sively in nonlinear media in connection with optical solitons [25]. More recent studies
of the phase singularities include the properties of “vortex cores,” the sub-wavelength
surroundings of the phase singularity [26].
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Figure 3.5 Composite vortex beam created by superposition of Laguerre—Gaussian beams with
| = +2 with [ = —1 at a ratio of amplitudes A;—42/A;—=_1 = 0.84. Frames (a) and (b) show the
computed phase and intensity of the composite beam. Frame (c) shows a measured interference pat-
tern of the composite beam with a reference plane-wave. See color insert.

We have only mentioned the singularities in monochromatic wave fields. Since
the singularities depend on the wavelength of the light, they are dispersive. This
has been investigated in white light [16,27,28] as well as in coherent ultra-short
pulses [29-31].

3.2 BEAMS WITH COMPOSITE VORTICES

Superposition of eigenmodes of orbital angular momentum provides an entry into
a rich area of singular optics. When the component beams of a superposition contain
vortices, then new vortices are produced. The number and location of these vortices
is determined by the details of the superposition. When the component beams are
collinear, we get patterns like the one in Figure 3.5. It was obtained by mixing two
p = 0 Laguerre—Gaussian modes: one with /1 = +2 and the other with I, = —1.
Frames (a) and (b) in Figure 3.5 show respective calculations of the phase and inten-
sity of the pattern that results when the two beams are combined with nearly equal
amplitudes.

Following an analysis of the general situation [32], the angular position ¢ of vor-
tices when the component beams are /1 and /; (and assuming |l>| > |/1]) is given by

_d+nmw
b1
where § is the phase between the component beams and » is an odd integer. In

the example shown in Figure 3.5 one can see that equation (6) predicts three an-
gular positions separated by 27 /3. If § is changed, the pattern will rotate about its

(6)
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Figure 3.6 Experimental setups used to prepare beams with multiple vortices. In (a), the modes pro-
duced by binary gratings are physically combined by interferometers. Half-wave plates (H) and polar-

izers (P) are used to control the relative weight of the beams. In (b), a phase hologram of the desired
beam is programmed in a spatial light modulator.

center. The radial position of the vortices is r = 0 for the central one of charge /;

w L] A 1/(l2]=10 1)
= Bh A , )
\/5( Illl!A2>

for the |l — I1| surrounding vortices of charge l»/|l>|, where w is the beam width
or beam spot, and Aj/A; is the ratio of the amplitudes of the two modes. Thus, for
our example, where Aj/A; = 0.84, the vortices are located at a radial distance 0.84w
from the center. The laboratory measurements confirm these predictions [32]: frame

and

(c) of Figure 3.5 shows an interference pattern between the composite beam and a
reference plane wave, producing a noncollinear interference pattern in which vortices
appear as forks in the interference pattern. Figure 3.5(c) shows three forks in the re-
gions between the lobes with their tines pointing to the upper left. They correspond
to the three / = +1 vortices that are predicted. The center of the beam has a fork with
tines pointing in the opposite direction, revealing an oppositely charged central vortex
(i.e., with [ = —1). These data were taken with nested interferometers like the ones
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Figure 3.7 Composite beam when /| = +3 and /; = —3 for different relative amplitudes A and A,.
See color insert.

shown in Figure 3.6(a). An inner Mach—Zehnder interferometer is used to prepare
the composite beam. The amplitudes are adjusted using the polarization of light [32].
Before imaging by a CCD camera, the composite beam is interfered noncollinearly
with an expanded beam in the fundamental mode.

An exception to the above description is the superposition of two collinear beams
of the same order. When [} = —I,, there are no vortices in the periphery of the com-
posite beam. Instead, one gets a central vortex that has the charge of the beam with the
greatest amplitude, /1 or [>. In the periphery, the field redistributes into 2|/;| symmet-
ric lobes. The phase around the central singularity does not increase linearly with the
azimuth angle, as in Laguerre-Gaussian modes. Instead, it increases faster at the an-
gles in between the lobes. The rate of change of the phase in these locations increases
as the ratio of the two amplitudes approaches 1, at which point the phases shift by =
infinitely fast (i.e., becoming shear singularities). Figure 3.7 shows two examples of
this situation for cases with different amplitude ratio. When A{/A; = 1.7 (top row),
one can see the phase varying rapidly at the radial intensity nodes, with adjacent lobes
being roughly out of phase by 7. When A/A; = 5.7 (bottom row), one of the modes
dominates over the other, and the phase variation approaches a linear relation with the
azimuth angle. This case of composite vortices is interesting in that it displays the two
types of scalar singularities: vortex and shear.

As is well known, Laguerre—Gaussian beams carry orbital angular momentum in
their tilted wave-front. An absorbing object will experience forces all along the beam
profile of such a beam. In composite beams, these forces can be tailored. For example,
in the case of the beam in Figure 3.6, the pitch of the wave-front increases faster in the
region in between the lobes. Objects trapped along the beam profile may experience
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forces that act nonuniformly along the beam profile, giving the object “kicks” instead
of a constant push.

The composite beams get richer when the beams are collinear but displaced. In
this case, the displacement between the two component vortices adds a new degree of
freedom [33]. The composite beam is no longer a symmetric one. One can then tailor
the amplitude and phase of the composite beam by adjusting the relative amplitude,
phase, and displacement of the component beams.

The previous approaches involve superposing well-defined beams and studying the
resulting composite beam. A different approach is to “program” the vortices into the
composite beam then to investigate the mode composition of the programmed pattern.
The idea here is to encode information in the beam by means of the vortices [34,35].
In this case, one can tailor a beam profile using the versatility of a spatial light modu-
lator [35]. A typical setup that uses a spatial light modulator is shown in Figure 3.6(b).
One idea is to use this for classical communication purposes due to the resilience of
optical vortices to remain in the beam as it propagates. This, however, must be tem-
pered by the sensitivity of these vortices to perturbations, where a vortex of charge /
splits into |/| vortices of charge //|l| when perturbed by another field. For example,
in the case of the collinear composite vortices discussed above, the combination of a
beam with charge /1 # 0 and a second beam with charge I, = 0 results in |/{| vortices
distributed around the center of the beam at positions given by equations (6) and (7).

A slightly different purpose of this approach is to create a composite beam for en-
coding quantum information on single photons [34], and thus preparing the quantum
state of the light in a superposition of orbital angular momentum eigenstates. Such a
system can be used for quantum information purposes [36].

3.3 NONINTEGER VORTEX BEAMS

A unique case of composite vortices is the one that appears when an optical beam
is encoded to have a nonintegral phase dislocation. The optical beam is easy to pro-
gram. When generating beams with passive or active holograms, one has the charge
of the beam as an input parameter. If this parameter is set to a noninteger value, the
output beam is said to be a noninteger-vortex beam. This poses intriguing questions,
such as what is the distribution of vortices in this beam, and what is its orbital angular
momentum? Both questions have been addressed in recent studies, and the answers
are not as intuitive as one may think. Noninteger vortices do not exist. A beam pro-
grammed to have a noninteger phase dislocation has an array of vortices that has been
well characterized and measured [37—40]. If the dislocation is set to be a noninteger g
that is not a half-integer, the number of vortices in a beam is ¢ rounded to the nearest
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Figure 3.8 False-color image of a noncollinear interference pattern between an expanded fundamen-
tal mode and the field of a half-integer vortex beam with ¢ = 1.5. The arrows indicate the horizontal
positions of easily identified singly charged vortices, denoted by forks in the interference pattern. The
direction of the tines denotes the sign of the charge. See color insert.

integer. When ¢ is exactly a half integer, it has p vortices in its profile, where p is
the value of ¢ rounded down to the nearest integer, plus an infinite array of singly
charged vortices of alternating sign [38]. This pattern has been measured by two dif-
ferent methods [8,39] and is shown in Figure 3.8. The intensity pattern is characteristic
of a noninteger beam, which is that of a broken ring. The array of vortices of alternat-
ing sign begins at the broken part and continues in a nearly linear formation radially
outward.

What is remarkable about nonintegral vortex beams is that the nonintegral char-
acter is encoded in the entire field; should we combine two nonintegral beams with
complementary charge, the resulting composites will obey the same rules as they did
earlier [32,40]. In the diffraction of integral vortices by forked gratings with noninte-
gral charge, diffracted beams can come out as integers if the combination of grating
charge and diffracted order in equation (4) yields an integer value [8].

Interestingly, the problem of noninteger modes has been studied in more depth at
the quantum level. Photon pairs produced by parametric down-conversion can be en-
tangled via their common total orbital angular momentum. By sending each photon
of a pair through a rotating noninteger spiral phase plate and by measuring the coin-
cident detections of each pair, one can exploit correlations between the two photons
that depend on how noninteger vortices are related [41].



74 Singular Optics and Phase Properties

Finally, the orbital angular momentum of a nonintegral beam does not vary linearly
with the noninteger value of the dislocation. This is because at the nonintegral value
of the dislocation, there is a nonaxial component of the angular momentum [39].

3.4 PROPAGATION DYNAMICS

So far we have discussed vortices in a somewhat static situation, as they appear
on a transverse plane. When we consider the distribution of vortices in three dimen-
sions, more interesting effects are revealed. Optical vortices in a composite beam can
change their position as the beam propagates [42]. For example, the angular positions
of vortices in the composite beams discussed in the previous section depend on the
phase § (as shown in equation (6)) between the component beams. This phase can
change due to the Gouy phase, given by equation (3) [43]. A composite beam made
up of a superposition of Laguerre—Gaussian beams in modes with vortices of charge
[1 and I would get a Gouy phase shift

v = 1= )t~ (2) <! (2] N
ZR 7R

when the beam propagates from positions z, to z;. Such a phase shift would manifest
as a rotation of the composite vortices. For the case of a composite beam with /; = —1
and [, = 42 focused by a lens, its composite image would rotate by /6 when going
from z, = —zp to zp = +2R.

Other more complex situations can be created by suitable superpositions of high-
order modes. These may be torus loops that wrap around the beam axis [44,45]. The
loops are vortices that wrap in the transverse direction around the beam axis. The
beam axis can contain axial vortices. For suitable values of a perturbing field, the
loops can connect with the axial vortices forming “vortex knots.” These situations
have been created in the laboratory by programming a spatial light modulator with the
appropriate combination of modes [19,46].

3.5 CONCLUSIONS

As seen in this chapter, optical beams can have interesting structures due to distri-
butions of the phase in their wave fields. When this phase circulates about points on a
transverse plane, rich vortex patterns of wave fields develop. These patterns are robust,
as vortices are part of stable solutions of the paraxial wave equation. Superpositions
of these fields create interesting situations that can go beyond academic curiosity and
can be applied to manipulation of particles or for encoding information.
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These singular situations have received wide attention in optics due to the versatil-
ity of current optical technology. However, since they involve the properties of wave
fields, they are not limited to optics. Interesting applications and phenomena wait to
be discovered in other wave contexts. Finally, that the paraxial approximation to the
wave equation has the same form as the Schrodinger equation in two dimensions im-
plies that the vortex dynamics of optical wave fields may correspond to interesting
dynamics yet to be investigated of quantum waves in two dimensions [45].
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Chapter 4

Nanoscale Optics:
Interparticle Forces

Luciana C. Ddvila Romero and David L. Andrews
University of East Anglia, UK

4.1 INTRODUCTION

The nature and variety of optical forces that operate on particles of atomic, molec-
ular, nanoscale or microscale dimensions are in principle similar to those that relate to
the effect of light on larger particles. When compared to the latter, however, a signif-
icant difference in practical terms is the greater ease, in the case of microparticles, in
overcoming gravity. This feature facilitates the study of suspensions or surface layers,
for example, in systems comprising micron or nanometer sized particles. The distinct
advantage of the nanoscale, in this respect, is nonetheless offset against much more
influential levels of thermal motion. The latter problem is particularly acute in the case
of atomic samples. This problem is commonly overcome by the use of cold atom traps
and optical molasses instrumentation, which utilize atomic cooling through momen-
tum exchange with absorbed and emitted photons. In any such context, conventional
optical tweezers and Maxwell-Bartoli mechanisms represent the operation of opto-
mechanical forces whose origins are well understood, and which characteristically
operate on individual particles of matter. Further distinctions in behavior can then be
drawn on the basis of material composition, the salient response functions being cast
in terms that reflect atomic, molecular, dielectric, or metallic constitution, for example.
In the latter example, the distinctively complex refractive index represents a quality
admitting further opportunities to tailor dispersive optical forces, often supplemented
by an exploitation of plasmonic effects.

STRUCTURED LIGHT AND ITS APPLICATIONS
Copyright © 2008 by Elsevier Inc. All rights of reproduction in any form reserved.
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Figure 4.1 Dependence of optically induced potential energy for a pair of particles separated by
distance R, plotted against kR, where k = 2w /A, and A is the laser wavelength. The interparticle
axis is aligned with the electric field of the radiation; the locations of the energetically stable minima
depend upon dispersion properties (see later). Graphs of similar form, for example, those shown in
references [2,8], provide a compelling motif for the subject.

A relatively recent flurry of activity has been prompted by the discovery and ver-
ification of something quite different: an optomechanical force that operates between
particles at nanoscale separations. The first theoretical proof that intense laser light
can produce an optically modified potential energy surface for particle interactions
was provided by Thirunamachandran almost thirty years ago [1], but the laser intensi-
ties that appeared necessary then represented a significant deterrent. However, before
the end of the decade, a landmark paper by Burns and colleagues [2] verified the effect
experimentally. This latter work also provided the first graphs for the simplest case of
two identical spherical particles, of energy against separation. These graphs exhib-
ited striking landscapes of rolling potential energy maxima and minima, as shown in
Figure 4.1. Recognition of the enormous potential for practical applications quickly
came about, and the prospects were almost immediately flagged in an influential fu-
turology of chemistry [3]. Subsequent studies have shown that optically induced inter-
particle forces offer a number of highly distinctive features that can be exploited for
the controlled optical manipulation of matter. The terms optical binding and optical
matter, which have gained some currency for such forces, highlight the possibilities
for a significant interplay with other interactions, such as chemical bonding and dis-
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persion forces. Exploiting such interactions, new opportunities for creating optically
ordered matter have already been demonstrated both theoretically and experimentally
[4-11].

At this juncture, progress in theory is developing along several fronts, with many
studies invoking essentially classical descriptions of the radiation field. Some of
the most adventurous studies relate to perhaps the most demanding experimental
challenge—the possibility of engaging off-resonant laser light with Bose—Einstein
condensates to achieve “superchemistry”, i.e., the coherent manipulation and assem-
bly of atoms and molecules [12,13]. In several treatments, paraxial wave equations
have been adopted to describe optical binding between micron-sized spherical parti-
cles in the presence of counterpropagating beams [14,15]. The results were analyzed
in terms of the relative refractive indices of the spheres and the surrounding medium.
Such studies are valid in the Mie size regime, i.e., where the sphere diameter exceeds
the wavelength, and input fields are well approximated as paraxial. Considering parti-
cles of like dimensions, Chaumet and Nieto-Vesperinas [8] have derived results both
for isolated spheres and for spheres near a surface. In the isolated case, they have found
that interparticle forces depend significantly upon the polarization and wavelength of
the incident light, and upon the particle size. Furthermore, Ng and Chan [16] have
determined the equilibrium positions in an array of evenly spaced particles aligned in
parallel with the wave-vector of the optical input. Extending the range of applications,
studies of optical trapping and binding of cylindrical particles have been carried out
by Grzegorczyk and colleagues [17,18].

Further opportunities for application and other readily achievable areas of rele-
vance are now being identified with the benefit of a comprehensive theory based
upon quantum electrodynamics (QED) [19,20]. Based upon this theory, calculations
on carbon nanotubes, for example, already have indicated dependences on particle
orientation. This suggests possibilities for optically modifying the morphology of de-
posited nanotube films [21], while applications to other dielectric nanoparticles in
optical vortex fields have identified opportunities for new forms of optical pattern-
ing and clustering [22]. Some of the most recent work has established other more
exotic effects, such as an optically induced shift in the equilibrium bond length of
van der Waals dimers (molecular pairs held together by weak hydrogen bonds) and,
in molecular solids, bulk optomechanical deformation [23]. In the following sec-
tion, we will first rehearse and explain the state of the art QED theory, placing the
various representations within a single consistent framework. With reference to the
key equations and against this background, the next section will provide a concise
overview of the applications. We will conclude the chapter with a look to the fu-
ture.
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4.2 QED DESCRIPTION OF OPTICALLY INDUCED
PAIR FORCES

In the perturbative derivation of optically induced pair forces, as with more com-
mon interparticle coupling forces, calculations are generally performed on a system
in which each particle resides in its lowest-energy, stable state. For the development
of a QED theory, the system state has to be more precisely specified as one in which
both particles and the radiation field are in the ground state. This system state couples
with other short-lived states in which the electromagnetic field has a nonzero occupa-
tion number for one or more radiation modes. The dispersion interaction, tradition-
ally interpreted as a coupling between mutually induced moments, emerges from a
fourth-order perturbative calculation based on the exchange of two virtual photons,
each created at one particle and annihilated at the other. The two virtual quanta may
(but need not) overlap in time as they propagate between the two units. Cast in such
terms, the theory delivers a result (the Casimir—Polder formula) that is valid for all
distances and correctly accounts for the retardation features that lead to long-range
R~7 asymptote dependence on the pair separation R [24-30]. The virtual photon in-
terpretation also lends a fresh perspective to the physics involved in the more familiar
R~ range dependence known as the van der Waals interaction—the attractive part
of the Lennard—Jones potential, which operates at shorter distances and is largely re-
sponsible for the cohesion of condensed phase matter [31].

The photonic basis for this dispersion interaction strongly suggests that other ef-
fects may be manifest when intense light is present, i.e., when calculations are per-
formed on a basis state for which the occupation number of at least one photon mode
is nonzero. Indeed, it is the same fourth order of perturbation theory that gives the
leading result: the annihilation and creation of one photon from the occupied radi-
ation mode in principle substitute for the paired creation and annihilation events of
one of the two virtual photons involved in the Casimir—Polder calculation. It is clear
that the result of any such calculation on optically conferred pair energies will ex-
hibit linear dependence on the photon number of the occupied mode. Cast in terms of
experimental quantities, this will be manifest as an energy shift A Ej,q with a corre-
sponding proportionality to the irradiance of throughput radiation. The corresponding
laser-induced coupling forces can be determined from the potential energy result, as
the spatial derivative.

4.2.1 Quantum Foundations

To begin, consider the coupling between two particles, with no assumed symmetry,
whose laser-induced interactions involve the absorption of a real input photon at one
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particle and the stimulated emission of a real photon at the other one, with a virtual
photon acting as a messenger between the two. The throughput radiation suffers no
overall change in its state. Following the Power—Zienau—Woolley approach [32-35],
writing the interactions of the vacuum electromagnetic fields with particle & in the
electric—dipole approximation, we have the interaction Hamiltonian

HE =6,y (@) - d-(Re), )
&

where 11(§) and Rg, respectively, denote the electric—dipole moment operator and the
position vector of dielectric nanoparticles labeled £. The operator d* (R¢) represents
the transverse electric displacement field, expressible in the following general mode-
expansion

1/2
d-(Rg) =i Z<h§]§f°> [e™ (k)a™ (k) exp(ik - Re)
kA

_ é()") (k)aT(A) (k) exp(—ik . R%')] 2)

In equation (2), V is the quantization volume, and summation is taken over modes
indexed by wave-vector k and polarization A; a and a are annihilation and creation
operators, respectively, and e represents the electric field unit vector, with e being
its complex conjugate. For present purposes, the distinction between e and € can be
dropped on the assumption that only plane polarizations are to be entertained, which
is consistent with experimental practice. Since the laser-induced coupling involves
four matter-photon interactions, it requires the application of fourth-order perturbation
theory (within the electric—dipole approximation), and the energy is explicitly given by

AEpg = Re|: Z (iIHintIt)(tIHimIS)(SIHimIr)(rlHimIi)] 3)

(Ei — Et)(E; — E5)(E; — Ep)

t,s,r

In general, an arbitrary ket |¢) here refers to a member of the set of basis states of the
unperturbed Hamiltonian, such that we have

Is) = |mol)y ® [rad)s = |moly; rady), “

where |mol)s and |rad); respectively, define the status of all particles and radiation
states involved. Specifically, |i) is the unperturbed system state and the kets |r), |t),
|s) are virtual states.

From equations (1) and (2), it follows that each Dirac bracket in the numerator
of (3) is associated with the creation or annihilation of a photon. Details emerge on
application to a specific system; here we consider two chemically identical particles A
and B, the latter displaced from A by vector R. Assuming neither particle possesses a
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Figure 4.2 Two typical Feynman diagrams (each with 23 further permutations) are used to calculate
dynamic contributions to laser-induced interaction energy. Vertical lines denote world-lines of the two
particles; wavy lines outside vertical lines denote real (laser) photons, and those inside denote virtual
photons; time progresses upward. Adapted from [19].

permanent electric dipole moment, it is readily shown that each must suffer two dipole
transitions and that 48 different cases arise with each case generating a dynamic con-
tribution to the energy shift. As a calculational aid, these contributions are typically
represented in the form of nonrelativistic Feynman diagrams, as shown in Figure 4.2.
In the complete set, 24 entail absorption of the laser photon at A, and in the other 24
the same process occurs at B. The latter may be deduced on the basis of mirroring the
former, in the sense that A exchanges with B and that R changes sign. Accordingly,
we denote as AE{I‘“TB the energy shift resulting from orderings in which the absorp-
tion of laser light occurs at A, and stimulated emission at B, with AEiﬁ‘fA denoting
the converse. Note that the direction indicated by the superscript does not determine
the direction of virtual photon propagation; for example, among the contributions to
AE{[‘];B, half involve virtual photon propagation toward B, but the other half involve
propagation toward A.

Hence, we have the following expression for the total induced energy shift, A Ejng

AEing = AEATE + AEBTA = AEATB(R) + AELT B(—R)
A—B A—B A—B
= AEind—> (R) |even + AEind (R) |odd + AEind—> (R) |even
A—B
- AEin(;) (R)|odd

= 20Eg PRy )
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where even and odd denote the corresponding parts of the function AE {3;3 (R) with
respect to R. After using expression (3) and then performing a sequence of calcula-
tional steps (detailed elsewhere [19]), the induced energy shift AE fr‘“fB emerges as
follows, using the convention of implied summation over repeated subscript (Carte-

sian) indices
pA—B nhck () g *) :
ELT (G, R) = pur Re[ef™ ofj (k) V3 (k, Ry (K)e)™ exp(—ik-R)].  (6)

Here n is the number of laser photons within a quantization volume V, and we have
introduced the well-known dynamic polarizability tensor a . and the fully retarded
resonance dipole—dipole interaction tensor of the general form

exp[FikR]

yr—E {A£ikR)Gjk — 3R R) — kR)*Gji — RjRp)}. (7

Vi, R) =
Given that the analytically arbitrary choice of sign has no physical consequence [36],
we shall stick with the negative sign (as generally assumed without comment in older
work) and drop it from our notation henceforth, i.e., V ,7¢ (k,R) = Vjr(k,R).

4.2.2 Defining the Geometry

As a convenient starting point for an exploration of various geometries and degrees
of rotational freedom, we will begin by considering the coupling of two fixed particles,
with no assumed symmetry. The geometry for the pair is specified as follows: Particle
A is at the origin (R4 = 0), and particle B is on the z-axis (Rp = Rz) such that the
separation between the two particles is given by R = Rg — R4 = Rz; the angles ¢
and 6 denote the orientations of the optical polarization vector respect to R, as shown
in Figure 4.3. The figure depicts a case in which particles have the same orientation;
however, in a more general case, this will not necessarily apply.

In order to fully describe the system with due regard to its internal degrees of
freedom, it is necessary to consider frames of reference:

(a) A fixed frame (or laboratory frame), denoted by (X, ¥, ) as shown in Figure 4.3

(b) For each particle, £ = A and B, a particle frame, chosen with regard to the parti-
cle symmetry such that the corresponding polarizability tensor is diagonalized in
three nonzero components (£'§, 3§, 7/%).

The latter frames enter the calculations at a later stage; for the present stage, we can
refer all vectors and tensors to the fixed frame. Thus, for example, from equation (7),
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Figure 4.3 Geometry of the particle pair and the polarization vector e of an electromagnetic field. For
simplicity, both particles are shown with the same orientation. In the electric—dipole approximation,
the direction of the optical propagation vector is irrelevant, serving only as a constraint on possible
directions of e.

the components of the tensor Vi (k, R) are explicitly

XplkRYy (1 _jkR) — (kR)?} for (jk) = {xx, yy},

dmegR3
Viee, R) = | =SEEE (1 —ikR) for (jk) = {zz}, @®)
0 in any other case.

From equations (6) and (8), and using the relationship I = nhczk/ V for the laser
irradiance I, we have

, 2
AEATP (k. R) = ( ) [[emzm A= ikR) = eV 2 e (R)’)

471'80
exp(lkR) exp(—ik - R)
R3 ’

C))

where we have introduced two pair response tensors, ZE;) and Zglz). The latter are
defined in the pair-fixed frame as

z!) =27 -2

2
Z) = afal +afab. (10)

zl’

When the real part of the square bracket is taken in expression (9), the induced energy
shift is expressible as
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AEATB(k,R)
I
Wy @ ,0)
= —— el e
<4n8§cR3){’ i

x [cos(kR —k-R) + kRsin(kR —k-R) — (kR)*>cos(kR —k - R)]

—2¢MafaBe™ [cos(kR —k-R) + kRsin(kR — k- R)]}. (11)

1

Securing the complete result, using expression (5), it is apparent that the induced
energy shift is given by

AEing(k, R)
1 .
= <m){[eimZ§lz)elm — Zelg'\)aéagel(k)][cos(kR) + kR sm(kR)]
0
— M2 e k2 R? cos(kR)} cos(k - R). (12)

The interparticle force can be found by simply taking the derivative of the energy shift
with respect to the separation of the particles
0AEing
oR

1
_ Mg (2) A _H (X) A_B ()
—(an(z)cm){[ei Z;'¢ 2e,"aj 0z ]

Fing =

x {[3cos(kR) + 3kRsin(kR) — k* R* cos(kR)] cos(k - R)

+ [k; R cos(kR) + k-kR*sin(kR)] sin(k - R) }

— M7 M [k R? cos(kR) + k> R¥sin(kR)] cos(k - R)

+ k:k*R? cos(kR) sin(k - R) }}. (13)

We now analyze particular cases, deriving explicit results for other systems of physical
interest. We will assume particles of cylindrical symmetry to accommodate the more
usual case of spherical symmetry and to deliver results that have validity for nanotubes
and most other significantly anisotropic nanoparticles.

4.2.3 Tumbling Cylindrical Pair

First we shall address a system in which two particles freely rotate in the incident
light as a binary system, with each particle maintaining a fixed distance and orientation
with respect to its counterpart. In this case, we not only have the angles that define the
direction of the polarization vector respect to the pair, as shown in Figure 4.3; it is
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Figure 4.4 Geometry of the tumbling pair system for a pair of cylindrical particles.

also necessary to introduce three angles that will determine the relative orientations
of the two components. As shown in Figure 4.4, these internal angles are defined as
(ya, vB, ¥); va is the angle between particle A and the z-axis (assuming that the 2’4
lies on the xz-plane); yp is the angle between the z-axis and the molecular principal
axis 7’8 (which may or may not lie on the xz-plane); while angle v is the angle
between 2’4 and 7’ Z axes projected onto the xy-plane.

As noted earlier, the polarization of the incoming and outgoing radiation is consid-
ered to be linear. Representing the polarization in the laboratory frame, generally we
have

e = sin ¢ cos OX + sin ¢ sin 0y + cos ¢Zz. (14)

=
In the case of the tumbling cylindrical pair, the polarizability tensor of each particle is
diagonal when expressed with respect to the corresponding particle’s reference frame

& 0 0
k=10 & o (15)
- i .
0 0 o)

However, this frame rotates with the tumbling pair. It makes more sense to refer all
vector and tensor components in the general energy expression (6) to a laboratory-
fixed frame in which the polarization components are static, and to this end the polar-
izability for each particle must be recast in the laboratory-fixed frame. By appropriate
unitary transformations, we find the following results for particles A and B:

1 —nAcos? ya 0 N cos y sin y4
o e =0t 0 -4 0 (16a)

frame

N cos y sin y4 0 1 —nAsin®y,
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and
Olllj Fixed
frame
(1 —nBc052 yB)c0521ﬁ+(1 —UB)Sinzlll nBsin2 yp cos ¥ sinyr nB cosypsinyp cosyr
:fo nB sinzyB sin ¥ cos ¥ (l—nBcoszyB)sinZ«//Jr(l7n8)coszw nBcosyB sinypg cosyr |-
r]B cosyp sinyp cos ¥ nB cosyp sinyp siny 1- nB sin? YB)

(16b)

Here we have introduced the anisotropy factors n = (ozﬁ — ai) /aﬁ to simplify the
expressions. Given the complexity that ensues, we restrict consideration to that of an
isotropic average with respect to the incoming light, the calculation of which requires
the use of a phase-average method [37]. In this case, the induced energy shift is given
by the following, in which the j,, are spherical Bessel functions:

I 1 1, o s
(AEind>=€0_CRe gjo(kR)——Jz(kR) {Vm(amam+(x ol +ata )

yy 2x%xz

+V (a?zazx—i_azzazz)}—i_ ]2(kR){ xx Zxaxz+VZ 2z ZZ}] (17)

where we have used o | Fixed = ocg to simplify notation, with the explicit components

ij frame

for each particle determined by equatlon (2.16). The resulting expression can be ex-
plicitly calculated by using equation (8), giving

(AEind>
1
47T£(2)CR3

i 3 1 1 . 1 1
X _[( kR +kR k3R3)15m2kR_<I_W>§COSZkR]

A
X (axxaxx + a;\yafy)
i 2 1 1 1 B
4| = RO Sln2kR—|— 1-— 2R cos2kR + sin® kR |a oy,
i 2 1 1 1 obB
+ _<k_R k3R3> sin2kR + ( szz)cosZkR — cos kR] o

/1 1 2
+ _(kR k3R3) sin2kR + —— 2R2 cosZkR] ] (18)

The corresponding laser-induced force, directly deducible from this expression, is ex-
plicitly given in the original papers [19,21].
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4.2.4 Collinear Pair

In this case, we shall consider two cylindrically symmetric particles aligned
collinearly, i.e., their principal axes of symmetry coincide, serving to define the axis
z as shown in Figure 4.5. Owing to the symmetry of the system, it is readily seen that
the induced energy shift is independent of the angle 6 shown in Figure 4.3. Therefore,
the polarization vector now takes the simpler form

e = sin X + cos ¢Z. 19)

In this case, the polarizability tensor for each particle is given by

00
©® _ ®
o = 0 o o 1, (20)
0 0 o

where we chose the molecular frame to coincide with that of the particles (x, y, z) =
(x4, y4,z4) = (xB, yB, z2B). From equations (19) and (20), the induced energy shift
can be expressed as

AEind(k, R)
4 A B 2 A B .2 .
=\ 5273 Jllerersin®é — 2o a) cos cos(kR) + kR sin(kR
(2nggcR3){[ o sin® ¢ — 2 cos” ¢ ][cos(kR) (kR)]

—(xfcxf sin® ¢k’ R> cos(kR)}cos(k~R), 21

Figure 4.5 Geometry for a pair of collinear and cylindrical symmetric particles.
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and the induced force as

0AEing 0AEind .
= — z

Fi: = —
ind aR IR
! A B .2 A B 2
=|— afal sin“ ¢ — 2ai o cos
(2n836R4>{( Lo sin”¢ K] ¢)

x [(3coskR + 3kRsinkR — k*R*sinkR) cos(k - R)

+ (kR coskR + k-kR*sinkR) sin(k - R) ]

—afa¥ sin? o[ (K R*coskR + k> R® sinkR) cos(k - R)

+kk*R* coskRssin(k - R) ] }. (22)

If the particles have spherical symmetry, then ai = ozﬁ = ozg, and the induced energy

shift and the induced force are more simply expressible as

A B

AE (k,R) = < abag

x {[sin* ¢ — 2cos® ¢][cos(kR) + kR sin(kR)]
— sin? pk*R? cos(kR) } cos(k - R), (23a)
Fisri’;nm = (%)aé‘ag{(sinz ¢ — 2 cos? ¢)
2 e5c R
x [(3coskR + 3kRsinkR — k*R*sinkR) cos(k - R)
+ (kR coskR + k-kR*sinkR) sin(k - R) |
— sin® ¢[ (k*R? cos kR + k> R sinkR) cos(k - R)
+kk*R* coskRsin(k - R)] }. (23b)
In this case, it is interesting to demonstrate the considerable simplification that can

be effected if we consider kR = 1, and therefore cos(k - R) ~ 1, coskR ~ 1, and
sinkR =~ kR. Then the above expressions reduce to

1 .
AED (k,R) = <m>[afaf sin® ¢ — 2o o cos® ], (242)
0
B, = (37’> (@laBsin? g - 2fabcop),  (24b)
2relcR
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which in turn become even more compact for the spherically symmetric case

0,5 I .
AE;Y™ = maéa{f (3sin® ¢ —2), (252)
0
Osymm _ 3L 4B o 25b
ind = 2”820R40‘00‘0( sin® ¢ —2). (25b)
0

Finally, consider a pair that can freely tumble while retaining a fixed collinear orien-
tation of its component particles. Then, by averaging over all possible directions for
the radiation, we have

I
AEing) = ———{[a4a® —affaB][cos(kR) + kR sin(kR
( md) 37‘[836‘133 {[ 1% I ][ ( ) ( )]
—afafk*R*cos(kR)} cos(k - R), (26)
and in the short range
1
0 A B A_B
(AED ) = (3718(2)CR3) x [afal —ajq ]. 27

The laser-induced force can be calculated in a similar manner. Clearly, in the spher-
ical case, ai = aﬁ, giving vanishing results for both the energy shift and the force.
However, this short-range asymptote is not representative of the complex patterning
of energy and force observed at longer distances. The behavior beyond the short-range
is itself of considerable interest, and it is a subject we explore in due detail later in the
chapter.

4.2.5 Cylindrical Parallel Pair

Another interesting case is when the two cylindrically symmetric particles are par-
allel to each other and perpendicular to their relative displacement vector R, as shown
in Figure 4.6. In this case, given the geometry of the system, it is necessary to retain
both angular degrees of freedom ¢ and 6 in equation (14). The polarizability for this
system is given by

af 0 0
=0 o« o [ (28)
o 0 o

Note the difference from the previous case, equation (20), due to the effective rotation
of the particles in the xz-plane (from the definition of molecular angles in the Tum-
bling Pair section, we can see that in this case the polarizability can be obtained from
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Figure 4.6 Geometry for a pair of parallel and cylindrical symmetric particles.

expressions (16a) and (16b) for y4 = yp = 7 /2, ¥ = 0). The induced energy shift
AEind(k, R) is now given by

AEjn(k,R)

1
= <2T> {[aﬁaf sin? ¢ cos? 6 + ozfotf sin? 1) sin?6 — 2afaf cos? ¢]
e cR

x [cos(kR) + kR sin(kR)]
— [aﬂ‘af sin® ¢ cos? 6 + oo sin ¢ sin® 0]k* R* cos(kR)} cos(k - R),  (29)
and the induced force is

0AEin
oR

ind = —

! A B 2 2 Ay B 2 42 A B 2
=|—— aj oy sin“¢cos” 6 +afa’ sin“ ¢sin® 6 — 2o a’ cos
(2n836R4){{[ o sin"¢ ol sin"¢ Lol cos’ ]
x [3cos(kR) + 3kRsin(kR) — k* R* cos(kR)]
— [effof sin* ¢ cos® 0 + o sin® ¢ sin” 6]
x [k*R*cos(kR) + k> R* sin(kR)]} cos(k - R)
+ {[eff af sin® g cos® 0 + a e sin® g sin® 0 — 20t cos® @]

x [k. R cos(kR) + k.kR*sin(kR)]
affaf sin* ¢ cos® 0 + afaf sin® ¢ sin*6]

x [k:k*R*cos(kR)]} sin(k - R)}. (30)
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In the short-range approximation (kR < 1), the corresponding expressions are

AE&d = W{[aﬁaﬁ cos? 0 +atal sin29] sin” ¢
- Zafozf cos’ ¢} (31a)
P = (5 ot Gin o (2-+ sin?0) ~2)
' 2egc R
+af'af sin® ¢ cos”0]. (31b)

Again, if the parallel pair freely tumbles with respect to the electromagnetic field, it is
necessary to consider the isotropic average case, and we can see from equation (27)
that

(88 = el —ato] o
1

(= () = ol = ata?]. &)
0

In a case in which the particles have spherical symmetry, it is readily verified that
the above results reduce to the same limiting expressions as those given in previous
sections.

The above results for cylindrical particles in various configurations have been
applied to single-walled carbon nanotubes. These particles are of interest not only
for their intrinsic properties and applications, but since they are strongly polarizable
species they also afford ideal opportunities to exploit the quadratic dependence on po-
larizability featured in the force equations. Assuming that the oy and o values are
consistent with the corresponding static polarizabilities, then for nanotubes 200 nm
in length and 0.4 nm in radius, separated by a distance R = 2 nm, and with an inci-
dent intensity 7 =1 x 10'® Wm™2, the results deliver forces ranging between 10~12
and 1073 N, according to the geometry [21]. Significantly, this full range of values
is amenable to determination by atomic force microscopy. However, there may be a
more important consequence: the wide variation in values, and the scale of the highest
values suggest that there is a realistic possibility for the nanomanipulation of carbon
nanotubes, based on laser control of optomechanical forces.

4.2.6 Spherical Particles

For spherical particles, the energy shift may be obtained by setting ag = aﬁ = ai

in equations (21) or (29). This shift may be expressed as a function of the geometric
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Figure 4.7 Particles A and B, displaced by R, trapped in a polarized laser beam. The polarization
vector, e, defines the x-axis, forming an angle ¢ with R. Together, these vectors define the x, z-plane,
the beam propagation vector k subtending an angle ¢ onto z.

parameters show in Figure 4.7.
21 A B :
AEK,R) = — )Re{a Vix(k, R)ag } cos(kR sin¢ cos ¢) (34)
£oC

we can obtain contour plots of the energy surface determined in equation (34) to pro-
vide detailed information about the location of the system’s stability points, as shown
in Figure 4.8. A host of interesting features emerge, even from the examples exhib-
ited here [38,39]. In each energy landscape, local minima distinguish optical binding
configurations. The contours intersect the abscissa scale orthogonally, reflecting an
even dependence upon each angular variable; the variation in the domain (v /2, 7/2)
is notionally revealed by unfolding along the distance axis. The physical significance
is that a system whose (kR, ¢, ¢) configuration has ¢ = 0 or ¢ = 0 (but is not situ-
ated at a local minimum) is always subject to a force drawing it toward a neighboring
minimum without change of orientation. For the same reason, there is no torque when
¢ =m/2 or { = /2. However, a system in an arbitrary configuration will generally
be subject to forces leading to both forces and torques. For example, inspection of
Figure 4.8(a) shows that while a pair in the configuration (6.0, 7 /4, 0) is subject to a
torque tending to increase ¢ to 7 /2, its trajectory will be accompanied by forces that
tend to first increase and then decrease R. The details, which will additionally involve
changes in ¢, can, of course, be determined from the total derivative of equation (34).
Other features, also exemplified in Figure 4.8(a), are off-axis islands of stability such
as the one that can be identified at (10, 7 /10, 0). In general, the optically induced pair
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(b)

Figure 4.8 Contour maps of optically induced pair energy. Plots of AE as a function of ¢ and kR:
(a) ¢ =0; (b) ¢ = /2. The variation of AE with kR along the abscissa, ¢ = 0, shows its first two
maxima at kR ~ 4.0, 10.5, and the first (nonproximal) minimum, at kR ~ 7.5 (compare to Figure 4.1).
The horizontal scale typically spans distances R of several hundred nanometers, depending upon the
value of k (see text). The units of the color scale are a(()A)a(()B) 21k3 /(4 a%c). Adapted from references
[38,39]. See color insert.

potential provides a prototypical template for the optical assembly of larger numbers
of particles, facilitating the optical fabrication of structures of molecules, nanoparti-
cles, microparticles, and colloidal particles.

4.2.7 Spherical Particles in a Laguerre—-Gaussian Beam

The nature and form of optically induced forces between particles in an optical
vortex are of special interest. Here we entertain the possibilities afforded by having
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Figure 4.9 (a) Geometry of a particle pair in a Laguerre-Gaussian beam (p = 0); (b) Clustering of
nanoparticles in a Laguerre-Gaussian beam; (c) Contour graphs of AE% pc against Ay (x-axis) and
Ay (y-axis) for three particles in a Laguerre—Gaussian beam with / = 20; lighter shading denotes
higher values of AE% BC- Adapted from references [22,40,41].

two or more particles (assumed to be spherical for simplicity) trapped in a Laguerre—
Gaussian beam, or two such beams, counterpropagating to offset Maxwell-Bartoli
forces. First, consider particles A and B trapped in the annular high-intensity region
of a Laguerre-Gaussian beam with arbitrary / and p = 0, i.e., an optical vortex with
one radial node at the beam center. For significant forces to arise, the interparticle
distance R will usually be small compared to the radius of the optical trap, and it is
helpful to recast the energy and force equations in terms of the angular displacement
Avr between A and B; see Figure 4.9(a). The general result (for arbitrary p) is

2.2
Iflpot0

AEpng=|———"—
ind <4ﬂ8%CA1pR3

) {cos? ¢(coskR + kR sinkR — k*R* coskR)

— 2sin® ¢ (coskR + kRsinkR)} cos(lAY), (35)

where fj, and A;, are standard Laguerre-Gaussian beam functions as defined in
Chapter 1; usually «p is the polarizability of a spherical nanoparticle (the same for
A and B); fick denotes the input photon energy, ¢ is again the angle between the
polarization of input radiation and R, and Ay = ¥p — V4 is the azimuthal displace-
ment angle. In the short-range region (kR = 1), the leading term of equation (1) is
determined from Taylor series expansions of sin(kR) and cos(kR). By the use simple
trigonometry, the result A Ej,q can be expressed as [22,40,41];

(36)

Ifl?)a%(l — 3sin’ ¢)] cos(IAY)

AE? = [ )
ind 8«/57[881’30&,, (n — cos Ayr)3/2

Here, 1 is a damping factor whose introduction, in place of the unity that emerges
from simple trigonometry, precludes a singularity at Ay = 0.
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The result has a number of interesting features. First, at / = 0, that is, for a conven-
tional Hermite—Gaussian laser beam, a single energy minimum occurs at Ay = 180°.
This illustrates that the energetically most favorable position of the particles in the
beam cross-section is where they are diametrically opposite each other, as might be
expected. Second, for odd values of / > 1, only a local minimum (not the energeti-
cally most favorable) arises for this configuration. Third, for even values of /, a local
maximum occurs at 180°. The fourth feature is that generally, for / # 0O, there are / an-
gular minima and (/ — 1) maxima. Additional features reflect the behavior associated
with increasing values of /. Fifth, the number of positions for which the particle pair
can be mutually trapped increases, becoming less energetically favorable as the angu-
lar disposition increases toward diametric opposition. Sixth, the absolute minima are
found at decreasing values of A, physically signifying a progression toward particle
clustering.

To identify the possibilities for stable formations of more than two particles, as
shown in Figure 4.9(b), the two-particle analysis is readily extended to a system of
three (or more) particles. In this case, AE% pc 1s determined by summing the pair-
wise laser-induced interactions of the three particles with each other, employing vari-
ables Ay and A as the azimuthal displacements between particles A—B and B-C,
respectively. A typical contour plot of AE% pc against Ay and Ay is shown in
Figure 4.9(c). Such results are indicative of a rich scope for further theoretical and
experimental exploration.

4.3 OVERVIEW OF APPLICATIONS

The body of experimental work on optical binding and its related studies is grow-
ing apace. In this section, we shall summarize just a fragment of the novel work be-
ing done in this area by a number of different research groups. Most experimental
research has been stimulated by an interest in applying optical binding to the organi-
zation and manipulation of matter at scales comparable to the wavelength of light. In
such a context, bear in mind that optical binding forces will have a profound effect
that will modify the outcome of all optical manipulation techniques involving more
than one particle [42]. Obvious examples are processes involving the assembly of
optical structures using holographic optical traps [43]; equally, the two-dimensional
assembly of particles in the presence of counterpropagating beams results from the
combined effects of optical trapping and binding [44]. Although the systems used
and the setup designs vary significantly, these and other such studies have common
goals—principally to understand the nature of the binding forces due to the presence
of an electromagnetic field, and to develop tools for the noncontact control of matter
on the micron and submicron nanoscale.
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Figure 4.10 (a) Self-assembled 2D “optical crystal” formed in a 30 um Gaussian trap generated by
a single laser beam. The multiple coherent scattering of the polystyrene spheres (3 um) generates
sinusoidal fringes through its interference with the trap. Adapted from [45]; (b) 1D optical crystals
formed in fringes created by interference of two plane waves, 3 um polystyrene beads self-organize
along each trap, optical binding forces promoting a regular, equidistant placement. Adapted from [46].

One of the most common systems used to demonstrate optical binding comprises
micron-sized essentially spherical polyethylene beads in a liquid suspension. In two
of the first reports by Burns and colleagues [2,4], the authors noted that the relative
position of a pair of such spheres were influenced by each other when placed in an
optical trap. When the spheres were well separated in the trap, their motions along
the trap appeared random; but as they approached each other, they appeared to depart
from diffusive behavior, tending to spend more time in relatively close proximity. The
relative motion of the pair was recorded by studying the diffraction patterns thereby
created in the scattered field. Significantly, these reports showed that there are discrete
separations at which the particles are more likely to be found, and that the positions
of the inferred neighboring energy minima differ by distances approximately equal to
the wavelength of the light.

In later work [45,46], Fournier and colleagues demonstrated that optical binding
forces are at least partly responsible for the self-arrangement of optically trapped par-
ticles separated by distances ranging up to a few wavelengths. Several cases have been
reported, as shown in Figure 4.10, and it has been shown that the binding force can
dominate the usual (optical tweezer) gradient trapping force in systems where one ex-
pects a large number of particles to arrange according to a trapping template. When a
free particle approaches an already formed structure, being subject to a potential en-
ergy landscape already patterned by many-body optical interference, the added sphere
becomes accommodated within the whole ensemble (which then reorganizes until it
reaches a new minimum energy configuration). It is important to emphasize that it is
extremely difficult to disentangle optical forces due to gradient and scattering forces
in most of these experiments, and that the generation of “optical crystals” as shown in
these examples is generally due to contributions from both types of interaction, as is
specifically shown in Figure 4.11.
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Figure 4.11 2D optical crystals resulting from the combination of binding and trapping in a Gaussian
trap produced by 1 Watt laser power at 532 nm. Adapted from [46].

Figure 4.12 Counterpropagating light fields (CPy and CP;: 1070 nm) are delivered by optical fibers
with a separation D . A pair array forms in the gap between the two fibers, R is the equilibrium
separation of the sphere centers, and z1, zp indicate small displacements from equilibrium along the
axis. The array center of symmetry coincides with half the fiber separation. The two normal modes
of the bound pair are indicated: Dashed line represents the potential related to the center of mass
motion of the two-sphere system; zigzag between the two spheres indicates the optically induced pair
potential, determining relative motion within the system. Adapted from [51].

It is worth noting that the experimental setup used in the studies whose results are
exemplified in this section is commonly referred to as transverse optical binding [47],
which means that the wave-vector of the electromagnetic field is perpendicular to
the plane containing the 2D optical crystal, or to the axis of a 1D optical chain. As
shown in Figure 4.11, this setup takes advantage of a container cell to confine the
optical crystal. Nonetheless, such a configuration admits numerous possibilities of
scattering from the cell, making it difficult to analyze the optical binding contribution.
A different approach is to achieve longitudinal optical binding [48-51], as shown
in Figure 4.12, where two counterpropagating (noncoherent) beams impinge on the
system.
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Completing the picture, there have also been studies of optical binding between
nano-metallic particles trapped in electromagnetic fields [52-55]. Indeed, the detec-
tion of light-induced aggregation in 10 nm gold clusters was first reported over ten
years ago [52]. At the time, this was attributed to van der Waals-like forces be-
tween closely approaching clusters and cluster aggregates. A subsequent theoretical
study [53] showed that interparticle interaction energy is a sensitive function of parti-
cle size. More recent theoretical work has shown that such optical binding forces are
significantly stronger than traditional van der Waals forces, and that there are realis-
tic possibilities to exploit optically induced forces for the noncontact organization of
novel metallic structures [54] such as the metallic necklaces reported in [55].

4.4 DISCUSSION

Relating theory to experiment in this field is perhaps more than usually difficult,
but it is a challenge that carries a promise of rich rewards in the form of new tech-
niques for the nanomanipulation of matter. Part of the problem is that producing suit-
able conditions for the sought effects generally necessitates the use of specialized
cells or optical traps, each of which can generate additional partly contributory opti-
cal effects that usually compete with optical binding. Another difficulty is that many
existing descriptions of optical binding mechanism are a little vague, and it is not al-
ways clear whether two different descriptions amount to the same or to potentially
competing phenomena. In the hope of bringing more clarity and precision to the field,
the theoretical methods and results presented in this chapter are based upon a robust
and thorough quantum electrodynamical analysis of optically induced interparticle in-
teractions. In this framework, it is understood that laser-induced forces and torques
between nanoparticles occur by pairwise processes of stimulated photon scattering.
The analysis clarifies the fundamental involvement of quantum interactions with the
throughput radiation, and also the form of electromagnetic coupling between particles.
It further reveals that additional torque features arise in an optical vortex.

In applying the results to nanoparticles such as polystyrene beads (whose electronic
properties are neither those of one large molecule nor those of a chromophore aggre-
gate), the molecular properties that appear in the given equations need to be translated
into bulk quantities; for example, the polarizability becomes the linear susceptibility.
Moreover, one must account for the optical properties of the medium that supports
the particles. In most of the experiments discussed in the previous section, we showed
that the relative values of the refractive index between the beads and the surrounding
medium significantly influence the optical binding phenomena, thereby modifying the
bead positions of stability. In fact, proper registration by the theory of the responsible
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local field effects is also straightforward; it is already known how the retarded po-
tential of equation (7) is affected [56]. Alongside the incorporation of Lorentz field
factors, the dependence on kR changes to a dependence on n(ck)k R, where the mul-
tiplier is the complex refractive index. For example, in a liquid illuminated by 800 nm
radiation, when the refractive index at that wavelength is 1.40, the potential energy
minimum registered in Figure 4.1 at kR ~ 7.5 signifies a pair separation of 670 nm
rather than 960 nm.

Recently, there has been fresh interest in the angular properties of the force fields
resulting from optical binding. Multidimensional potential energy surfaces have been
derived and shown to exhibit unexpected turning points, producing intricate patterns
of local force and torque. Numerous local potential minimum and maximum can be
identified, and islands of stability conducive to the formation of rings have been iden-
tified [38,39]. The major challenge to be addressed is to account for the effects of
particle numbers, namely the additional and distinctive features that must arise when
more than two isolated particles are involved. There are three distinct aspects to this.
First and simplest, there is a need to identify the effects that will obviously arise as a
consequence of the superposition of optically modified pair potentials. Second, there
is a need to fully analyze the contributions from multi-particle processes of stimulated
scattering, involving the entangled near-field interactions of more than two particles.
And finally, since stimulated scattering releases throughput radiation essentially un-
changed, there is a need to entertain the multiple processes of stimulated scattering
in order to properly address the kind of 1D arrays and 2D optical crystal structures
that experiments have so beautifully revealed. We are confident that these challenges
for the future will soon bear the fruit of establishing better and clearer links between
theory and experiment.
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Chapter 5

Near-Field Optical

Micromanipulation

Kishan Dholakia and Peter ]. Reece
University of St. Andrews, UK

5.1 INTRODUCTION

The domain of near-field optics is undoubtedly a buoyant and prolific topic in cur-
rent photonics. This area, which is typically associated with the notion of evanescent
waves and novel hybrid structures, has come to the fore due the prospects of overcom-
ing the “diffraction limit of light”—the bottleneck that is created in all forms of optics
applications because we cannot focus a light beam down to a spot size of arbitrarily
small dimensions, but rather are restricted to approximately half the wavelength of
the light in the host medium. The motivation of studying near-field optics is in the
realization of a new generation of optical systems where we are not constrained by the
diffraction limit criterion. Optical microscopy and imaging are two areas that stand to
benefit from this advance, and it is well documented that the near field has delivered
new imaging modalities such as the scanning near-field optical microscope. However
the near field’s impact is broader than imaging and delivers in a myriad of other optics
areas.

In this chapter, we will focus on the emergent theme of near-field optical micro-
manipulation and in particular emphasize the major experimental advances made in
this regime. Micromanipulation via evanescent fields offers several potential advan-
tages as have been elucidated earlier. The nature of evanescent waves means that the
manipulated particles are organized near an interface that is appropriate for studies
where proximity to a physical substrate is critical. This includes areas such as surface-
enhanced Raman spectroscopy, studies of cell adhesion and cell signaling during

STRUCTURED LIGHT AND ITS APPLICATIONS
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growth and differentiation, as well as interactions of colloidal aggregates. The near
field is not restricted in terms of focusing, thus this opens opportunities for patterning
the light field such that we may create optical potential energy landscapes with sub-
wavelength periodicity and over large areas. The rapid decay of an evanescent wave
assists in creating small trapping regions and high localization of trapped objects close
to an interface. The very geometries used for such guiding and trapping permit ease
of viewing and also decoupling of observation from the incident-trapping light fields.
The aim of the chapter is to give the reader a flavor of this upcoming topic of micro-
manipulation and to highlight areas where the field may progress in years to come.

5.1.1 What Is the Near Field?

In the general sense, near-field optics is often associated with interactions and phe-
nomena involving evanescent light fields. The theory governing near-field optics is
nontrivial, and ideally a full consideration would be given to the Maxwell equations
to elucidate the exact behavior in this regime. Evanescent waves, which are electro-
magnetic modes with an exponentially decaying component, are prevalent in many
areas of photonics from optical wave-guiding to near-field optical microscopy. They
become significant when one is dealing with the scattering and diffraction of electro-
magnetic radiation by microscopic and nanoscopic objects and when the length scales
are comparable to the wavelength of the light, A. Two different examples may help to
illustrate the properties of evanescent waves. We may first appreciate what is meant
by an evanescent wave by considering the diffraction of an incident ideal plane elec-
tromagnetic wave propagating in direction z with a wave vector k incident upon an
aperture of width a. Beyond the aperture, the field may be represented as a superposi-
tion of plane waves, each satisfying the dispersion relation

k, = \/<27”)2 — (K2 +K2),

where k, and k, represent the in-plane component of the wave vector. From the

Fourier transform relation between wave vector and spatial coordinates, we find that
Ax Ak, >~ 27 [1]. If the aperture is less than the wavelength (@ < A) of the incident
light, some of the plane wave components will have in-plane wave-vectors such that
k. is purely imaginary, and the wave is described in this region with a e 112 [2]. This
shows an exponential decay of the wave very rapidly in the z-direction, and thus these
waves do not propagate into the far field: in turn, this means that they exist solely in
the near field. One may also consider the role of evanescent waves due to the Fresnel
equations and the condition of total internal reflection [3]. Essentially, as one tunes
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the angle for light propagating from a dense (high refractive index) media to a rarefied
(low-index) media, the light becomes trapped within the high index material and un-
dergoes what is termed fotal internal reflection. However, for this to occur we need
to have an evanescent wave present in the rare media with a k vector that is parallel
to the interface between the two materials. As previously noted, this wave is present
only close to the surface and decays away very rapidly from the interface.

5.1.2 Optical Geometries for the Near Field and Initial
Guiding Studies

Near-field laser trapping refers to the manipulation of a microparticle by optical
forces that originate from an evanescent wave. The strength of an evanescent wave
decays rapidly with the distance perpendicular to the boundary where the evanescent
field is generated. This concept was first utilized by Kawata and Sugiura for optical
guiding near a surface [4]. The radiation pressure force for guiding was generated by
an evanescent wave produced at the interface between two media under the total inter-
nal reflection condition by illumination with a laser at 1064 nm as shown in Figure 5.1.
Microparticles were successfully guided along the surface [4]. This was followed by
further demonstrations of guiding along buried waveguide structures [5].

o)

fluid sample
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Figure 5.1 Excitation of evanescent waves at the interface between a prism of refractive index (ny),
and an adjacent lower refractive index (71) medium using Kretschmann geometry. Light incident on
the interface at angles greater than the critical angle is reflected by total internal reflection, produc-
ing an exponentially decaying evanescent field in the adjacent medium (inser). Particles close to the
surface will experience an optical force due to the presence of the evanescent field, directed along the
direction of propagation and toward the surface of the prism.
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In the first demonstration of near-field optical micromanipulation, Kawata and col-
leagues showed that micrometer sized colloids in the proximity of a water/glass in-
terface supporting evanescent waves experience a net optical guiding force in the di-
rection of the evanescent field wave vector and also away from the surface [4]. The
choice of angles of incidence close to the critical angle enabled the use evanescent
fields with large penetration depths, of the order of the size of the particle, which en-
hanced the degree of guiding. Oetama and Walz studied such guiding in more depth in
2002 [6] and used a ray optics model to try and match theory with experiment. They
predicted translation of particles close to the surface, the pulling of particles toward
the surface, and even rotation about an axis parallel to the surface. The 5-um diameter
spheres were guided (translated) across the surface at speeds of the order of 1 um/s
using laser light at 514 nm from an argon ion laser and an optical beam diameter of
80 um at the prism surface. Despite some experimentally observed nonlinear behavior
in the power dependence, which was associated with extraneous factors, the ray optics
model was seen to deliver good qualitative comparisons to the experimental data.

Following these studies, several proposals appeared to try and advance the near
field to a trapping geometry with an emphasis on nanoparticles as opposed to mi-
croparticles. A metallic tip illuminated by a laser beam was proposed to produce a
localized evanescent field by the surface plasmon effect so that a particle of a few
nanometers in size suspended in water [7] or air [8] could be trapped. Numerical cal-
culations showed that a strong field enhancement from light scattering created a suf-
ficiently strong trapping potential that overcomes the Brownian motion of the particle
and achieve confinement. Okamoto and Kawata looked at a related technique where
a subwavelength sphere was held in water using the evanescent field near a subwave-
length aperture [9]. Naturally, these are challenging from an experimental viewpoint
due to Brownian motion for such small particles, issues with loading the trap, and
deleterious radiation pressure and heating effects. Chaumet and colleagues further
developed the idea of a trapping system with an apertureless near-field microscope
probe, as shown in Figure 5.2, to capture and hold a particle in air or vacuum [8].
Though Brownian motion is reduced, there is no sample medium for any form of
particle damping in this system.

In such geometries, it is difficult to control the distance between the probe and
samples, which is in the range of tens of nanometers due to the evanescent nature of
illumination. And although a metallic tip leads to an enhanced evanescent field, the
heating generated by surface plasmon may result in thermal forces that reduce the sta-
bility of the optical trap. We must also consider the light throughput of near-field tips
or apertures, which is quite low. As we shall see later in the chapter, the main tech-
niques developed to perform optical trapping and micromanipulation at the interface
have been the use of the Kretchsmann geometry and the use of microscope objectives
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Figure 5.2 Apertureless scanning near-field optical microscope is an alternative approach for
near-field optical trapping, which may provide additional compositional information on the trapped
object. The schematic diagram shows the trapping arrangement. The substrate is illuminated from be-
low under condition of total internal reflection generating evanescent waves in the adjacent sample
medium. A metallic probe brought close to the surface will generate a scattering field that results in
the creation of an optical trap near the apex of the tip. Reprinted with permission from [8]. Copyright
2002 by the American Physical Society.

specifically designed for total internal reflection. Additionally, several successful ex-
periments have employed a waveguide geometry for evanescent wave trapping. These
will be described later, but first we will give an overview of how we theoretically
consider optical trapping forces in the near field.

5.2 THEORETICAL CONSIDERATIONS
FOR NEAR-FIELD TRAPPING

The ability to theoretically model optical forces on a trapped particle continues to
be a contemporary topic of immense interest. While a number of models have been
developed to explain the principles of optical forces acting on a trapped particle in
the Rayleigh and geometric optics regimes [10,11], the majority of optical trapping
experiments are realized in the more theoretically challenging Lorenz—Mie-Debye
region, where the size of the trapped particle is of the order of the wavelength of
the trapping beam. Solutions to these problems typically require the full rigors of the



112 Near-Field Optical Micromanipulation

Maxwell equations and considerable computational effort, as an analytical solution is
seldom available. Issues that complicate the problem include the description of the
tightly focused light if one is using a high numerical aperture objective, as in gradient
force optical tweezers, and the optical properties of the material that should include
any absorption or resonances that may be present.

The determination of optical forces is generally split into two parts: (1) calculation
of the optical field in the presence of the trapped particle and (2) calculation of the
force due to this field distribution. Calculation of the electromagnetic fields in a speci-
fied geometry is a generic problem of photonics and, as such, numerous techniques are
available, each with its own merits and drawbacks. Some of the more popular meth-
ods have been developed from calculations of the scattering field of small particles in
arbitrary fields using Mie theory, generalized Lorenz—Mie theory, or vector diffraction
theory. They include the multiple-multipole method [7], coupled—dipole method [12],
integral method [13], and finite element methods [9]. Calculation of the optical forces
typically follow either the Maxwell stress tensor [14] or distributed Lorentz force ap-
proach [15], which have been shown to be theoretically equivalent [16].

Theoretical modeling of the light field in the near field creates additional difficul-
ties due to the complex nature of the evanescent fields and the close proximity of the
trapped particle to the supporting dielectric surface. Following initial experiments by
Kawata and Sugiura [4], Almaas and Brevik used Arbitrary Beam Theory (ABT) to
attempt to explain the main experimental results, i.e., the repulsive force normal to the
surface and the polarization dependent guiding velocities [17]. They found that there
were a number of contradictions between theory and experiment, namely the normal
force was predicted to be toward the surface, and p-polarization was estimated to give
larger guiding velocities. These results were supported by Walz, who used geometric
optics arguments to predict the emergent directions of rays passing through the sphere
from the surface and the exchange of momentum and resulting forces and torques
upon the particle [18]. These models agreed qualitatively within the range of parame-
ters studied, but Walz also showed that for larger particles there was a crossover where
the s-polarization produced a stronger guiding force; they also predicted the presence
of torques for larger particles. For both theories, it should be noted that multiple re-
flections between the particle and interface are not considered.

Later work by Almaas and colleagues extended their theory to look at radiation
force on an absorbing micrometer-sized dielectric sphere placed in an evanescent
field [19]. They generalized their previous studies to include absorption, i.e., of a
complex refractive index, and found general expressions for the vertical force for this
case. Whereas the horizontal force (parallel to the interface and key for guiding and
trapping) can be well accounted for within this constraint, there is no possibility of
describing the repulsiveness of the vertical force that was seen in experiments by
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Kawata. They concluded that the presence of surfactants, which make the surfaces
of the spheres partially conducting, was responsible for this experimentally observed
effect. Interestingly, Lester and Nieto-Vesperinas showed that the inclusion of the un-
derlying substrate can have a significant influence on the resulting forces [20], and
a recent analysis of Mie particles guided along a waveguide by Jaising and Helleso
showed that morphology-dependent resonances may play a significant role in deter-
mining the magnitude and direction of the forces [21]. Both effects were shown to po-
tentially cause repulsion from the surface. Also, Arias-Gonzalez and Nieto- Vesperinas
showed that for metallic nanoparticles, the force normal to the surface could be either
attractive or repulsive, depending on the particle size relative to the wavelength and
the polarization of the incident beam [22]. They also investigated the role of plas-
mon resonances in these systems. This was verified experimentally by Gaugiran and
colleagues for guiding of gold nanoparticles on a silicon nitride waveguide [23].

A number of different near-field geometries that aim to exploit localized fields have
been investigated theoretically, and many of these studies focus on trapping nanoparti-
cles. Novotny and colleagues used the multiple-multipole method to calculate the field
and forces acting on nanometer sized particles close to an illuminated metallic tip [7].
Okamata and Kawata used finite-difference-time-domain calculations to estimate the
forces on a particle next to a nanoaperture [9]. Chaumet and colleagues computed op-
tical forces for their proposed trapping system in Figure 5.2 using the coupled dipole
method [8]. In this geometry, a metallic tip is brought into close proximity to a surface
supporting two counterpropagating evanescent waves. The interaction of the tip with
the evanescent field generates optical forces normal to the surface and close to the tip
apex, which are attractive or repulsive depending upon the polarization of the evanes-
cent waves; the forces parallel to the surface are then balanced by the counterpropa-
gating waves. The coupled dipole method (CDM) has the advantage of incorporating
retardation and multiple scattering between objects and substrate present. Ganec and
colleagues used vector diffraction theory to calculate optical forces for a near-field
trapping geometry using a total internal reflection microscope objective [24]. Quidant
and colleagues calculated the optical forces acting on a particle above a surface pat-
terned with resonant gold nanostructures using the Green dyadic method [25].

5.3 EXPERIMENTAL GUIDING AND TRAPPING
OF PARTICLES IN THE NEAR FIELD

In this section, we will review the major experiments that have been performed in
the near field and discuss some of the results obtained. As we will see, not all of the
observations made on particle behavior are fully understood or correlate with available
theory.
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5.3.1 Near-Field Surface Guiding and Trapping

In a conventional gradient force optical trap or optical tweezers, a particle with
higher refractive index than its surroundings is attracted to and held at the center of a
single highly focused light beam [26]. Multiple optical traps may be generated through
the use of technology such as acousto-optic deflectors or spatial light modulators [27].
Typically, a minimum of 1 mW of power is needed for a single trap site, which places
excessive power requirements on the generation of very large trap arrays using these
techniques. Evanescent wave trapping offers a viable alternative for large-scale orga-
nization of microparticles, particularly as this shows the ability to simultaneously gen-
erate and manipulate large two-dimensional arrays of particles in close proximity to
the interface. An evanescent wave trap is formed using a counterpropagating geometry
similar to the dual beam fiber trap [28]. Radiation pressure, acting along the direction
of the k-vector of the EW wave, will drive particles in the vicinity of the surface to
the center of the illuminated region where radiation pressure from the opposite beam
is balanced. Gradient forces attract the particle to the surface and also in the trans-
verse direction due to the focus of the beam. The arrangement for such studies is the
Kretschmann geometry; shown graphically in Figure 5.1. Notably, as near-field optics
is not subject to the free-space diffraction limit, there are possibilities for enhanced de-
grees of localization, as compared with conventional approaches to optical microma-
nipulation. Moreover, in contrast to standard “far-field” optical trapping or tweezing,
evanescent-field optical micromanipulation need not use a high-numerical aperture
microscope objective lens: more weakly focused light fields may be exploited, and
indeed the term lensless optical trapping (LOT) has been coined [29].

Garces-Chavez and colleagues explored stable particle trapping over a surface in
the Kretschmann geometry [29], extending previous work in such a configuration that
had been restricted to solely guiding or propulsion of objects. In this manner, they
managed to obtain trapping in arrays on the surface. The experimental system is based
upon the Kretschmann geometry and employs a right-angle BK-7 prism. The trapping
laser light was a continuous wave ytterbium fiber laser operating at 1070 nm incident
at the boundary between glass and water, at an angle of incidence beyond the critical
angle to achieve total internal reflection (TIR). Guiding was observed, and when using
two equal counterpropagating beams the optical radiation pressure forces along the
surface were largely balanced, creating line traps. The area of the light field was large,
thus the gradient force was typically weak and not particularly localized. Therefore,
the authors elected to image a pattern of linear fringes onto the prism using a Ronchi
ruling (500 line pairs per inch) onto this interface. The overall effect was to initiate
counterpropagating surface waves to create what is often termed a potential energy
landscape on the surface.
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Figure 5.3 Lensess optical trapping (LOT): simultaneous micromanipulation of large numbers of par-
ticles using patterned evanescent waves. (a) Light scattered by a dense suspension of 1 um particles;
(b) bright field images of 5 um polystyrene spheres; and (c) red blood cells. With only one beam,
microobjects assemble into and are transported along optically defined channels. The lines show the
location of each one of the fringes of light. The width of the image is 150 um. Reprinted with permis-
sion from [29]. Copyright 2005 by the American Institute of Physics.

The periodic potential energy landscape formed on the surface by introduction
of the ruling generated linear fringes in each beam path. These were overlapped at
the sample plane such that linear potential wells, with a 12 mm period, result. They
showed guiding and transport of particles over areas of the order of 1 mm? with typical
images capturing just a fraction of the area under illumination, as shown in Figure 5.3.
In the case of guiding, as expected, the velocity of the colloidal objects increased
linearly with power, though it is to be noted that use of high powers (of the order of
several hundreds of milliwatts) were required to attain velocities of 1 mm/s. As might
be expected, the microparticles aligned and followed trajectories commensurate to that
of the ruling. The rulings created lateral traps for the objects. From the perspective
of biology, the authors further showed the guiding and trapping of red blood cells,
typically as biconcave disks (7 mm of size), suspended in phosphate buffered saline
(PBS) along fringe structures created in an evanescent field. It is very interesting to
note that subsequent work in a similar geometry showed a marked deviation from
this behavior observed for colloidal particles due to the presence of optical binding
interactions. This very intriguing observation by Mellor and Bain [30] showed that the
particle—particle interaction could result in the formation of 2D lattices of hexagonal
or other order; this will be described in more detail later.

5.3.1.1 Enhancement in surface optical trapping

While the experiments described above indeed show the potential for large area mi-
cromanipulation and guiding in a surface evanescent trap, the evanescent field as stated
earlier is naturally weak: typical velocities observed are quite slow (~1 um/s) for rel-
atively high powers. Thus attention in the last few years has turned to enhancement
techniques for the evanescent field while retaining the advantages of this Kretschmann
geometry. Two key methods of enhancement are described here: the use of surface
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plasmon enhancement, and the use of a dielectric resonator. These methods have been
employed in other areas of optics for enhancement, e.g., sensors or atomic physics,
but their use for near-field micromanipulation of mesoscopic objects is relatively new.
Here, we will briefly explore both of these schemes.

5.3.1.2 Surface plasmons

A metal—dielectric interface may support resonant electromagnetic modes corre-
sponding to the collective oscillation of free electrons within the metal. These os-
cillations, termed surface plasmon polariton (SPP), have been the topic of intensive
research as they possess interesting optical properties that are inherently linked to
advances in near-field studies. These include aperture-less optical nanolithography
with resolution comparable to electron beam lithography [31], compact integrated
optical/electrical nanostructures with subwavelength dimensions (plasmonics) [32],
single molecule detection using Surface Enhanced Raman Scattering (SERS) [33],
super-lensing effects for subdiffraction limited imaging [34], and metamaterials [35].

Due to the presence of an associated electric field enhancement, SPP modes have
the potential to benefit near-field optical micromanipulation. Any enhancement to
the evanescent field trapping we described earlier should yield a system where op-
tical forces can trap or localize particles more strongly and over a significantly larger
surface area. In the simplest geometry, propagating SPP modes are excited by cou-
pling light through a thin gold layer (~40 nm) coated on the top surface of a prism
(Kretschmann) via attenuated total reflection—an approach compatible with existing
techniques for near-field guiding and trapping. The degree of enhancement depends
strongly upon the type of structure that is supporting the modes. In localized modes,
excited in metallic nanostructured substrates, the field enhancements may be orders
of magnitude larger than the incident beam [36]. In addition, the use of patterned sub-
strates may lead to greater flexibility in trapping arrangements for multiple-trapping
applications. This was demonstrated theoretically by Quidant and colleagues, who
showed that periodically patterned substrates of resonant gold nanostructures should
yield an optical potential landscape with individual trapping sites between the gold
structures [25]. Finally, the functionality afforded by the use of SPP modes may lead
to future synergies that incorporate near-field optical trapping with other plasmon-
based applications. It should be noted that the use of SPPs is established in atom
optics, where a dipole interaction for deflection of an atomic beam has been seen with
SPP-based atomic mirrors [37].

A study of the radiation forces generated by propagating SPP modes using a pho-
tonic force microscope was published by Volpe and colleagues [38]. In this experi-
ment, the perturbation of an optically trapped dielectric sphere (optical tweezers) in
close proximity to a gold—fluid interface supporting SPP excitations was used to probe
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local optical forces. They showed that as the trapped object was brought close to the
interface, it experienced force directed toward the surface as well as a guiding force
acting along the direction of propagation of the SPP mode. Importantly, the forces
were shown to be enhanced by the presence of the SPP through a correspondence be-
tween the maximum optical force and optimal coupling efficiency of the incident light
to plasmon mode.

In addition to the enhanced optical field, SPP modes dissipate within the metallic
layer and in turn the energy imparted to the surrounding media generates local heat-
ing. Optically induced thermal effects can be used to locally control forces within the
medium and may be an effective tool for manipulating particles on the microscopic
scale [40,41]. As an example of such surface plasmon-induced thermal gradients, lig-
uid droplets on a surface may be moved using the Marangoni effect that generates
differences in surface tension across the droplet [42]. In general thermal gradients, re-
gardless of origin, at the microscopic scale are known to induce convection and ther-
mophoresis [43]. In the presence of a thermal gradient, colloids migrate to the colder
region by thermal diffusion (thermophoresis). This effect is not well understood and
is sometimes termed the Ludwig—Soret effect. Convection is the more well-known and
dominant mechanism when considering thermal gradients, and it creates a circulation
of fluid around a volume in order to transfer heat to the surrounding medium and typ-
ically drives colloids toward the hotter regions within a chamber. The geometry of the
system may dictate the relative influence of these phenomena. In this manner, it has
been shown in related studies that convective and thermophoretic effects can accu-
mulate and trap colloids and macromolecules using the interplay between these two
effects [43].

Garces-Chavez and colleagues conducted a study of the collective dynamics of
large numbers of micrometer-sized particles in the presence of SPP [39]. The experi-
mental setup was similar to that in previous work, as shown in Figure 5.1. However,
in this instance, the surface was coated with a thin (40 nm) layer of gold. The incident
trapping light was tuned around the critical angle, and the reduction in reflectance at
a certain angle showed the successful excitation of the surface plasmon. The obser-
vations showed initially that in a “thick” sample chamber, the dissipation of the SPP
would typically result in heating that would lead to convective effects. In itself, this
could be usefully utilized: a mere 50 mW of laser power was used in this system to
accumulate several thousand particles in an elliptical area where the two beams were
incident upon the prism surface, as shown in Figure 5.4. Analysis of the particle po-
sitions could show liquid-solid-like behavior. By reducing the depth of the sample
chamber, the authors were able to suppress convective effects and show that optical
forces from the evanescent field dominated; in this case, an enhancement of a factor
of three was observed. By increasing the power gently, still within a thin chamber,
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Figure 5.4 Top: Experimental observation of an array of colloids (approximately 2800 particles) ac-
cumulated in the presence of a surface plasmon polariton excited by attenuated total reflection. Middle:
Voronoi plot showing the Wigner—Seitz cell for each colloid in the array indicates that at the center
there is a predominantly close-packed crystalline arrangement (hexagonal). At the periphery, particles
are more fluidlike with no preferred nearest neighbor arrangement. Bottom: Reflectivity of the incident
light and mean velocity (curve is a guide to the eye) of the particles as a function of incident angle.
Copyright 2006 by the American Physical Society [39]. See color insert.
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Figure 5.5 Localized surface plasmon modes generated on periodic patterned gold films can be used
to obtain greater field enhancement and more localized trapping volumes. (a) Excitation of the modes
may be achieved using a similar geometry to the propagating surface plasmons. (b) Demonstration of
parallel trapping of an array of 4.88 um polystyrene spheres on a patterned substrate. Reprinted by
permission from Macmillan Publishers Ltd: Nature Physics [44], Copyright 2007.

thermophoretic behavior ensued with the particle migrating away from the hot cen-
tral region to the beam periphery. Interestingly, under conditions where optical forces
dominate, particles were observed to form ordered linear arrays; this ordering was
associated with optical binding interactions, discussed later in the chapter.

Work by Righini and colleagues combined the effects of both surface-plasmon—
induced optical forces and associated thermal forces to create a new near-field optical
sorting geometry (see Figure 5.5a) [44]. By patterning the metal film, they were able
to create local SPP excitations in predefined positions, resulting in an optical potential
landscape able to influence the dynamic of the colloid flow. The strong size depen-
dence of the optical trapping at the gold structures was used to selectively filter out
a polydispersed mixture of colloids; species that strongly interact with the plasmon
traps were held in the traps, and the optically induced convective forces were used to
transport the weakly interacting particles out of the area of interest, as in Figure 5.5b.

5.3.1.3 Cavity enhancement for surface trapping

The demonstrated evanescent field enhancement achieved using both propagating
and localized surface plasmon polaritons present a promising approach; however, the
unresolved issue of thermal dissipation of the plasmon modes and the resulting ther-
mal effects may limit their potential application. An alternative method for achieving
a field enhancement in the Kretschmann configuration, which avoids the problem of
heating, is through the use of a dielectric resonator. This approach was first applied
to atom optics by Labeyrie and colleagues [45] as an evanescent wave atomic mirror.
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Figure 5.6 Principle of evanescent wave field enhancement in a resonant dielectric waveguide. Under
resonance conditions, achieved by tuning the angle of incidence, light incident at the prism-coupling
layer interface will couple to the waveguide mode via frustrated total internal reflection. The field
enhancement of the waveguide mode is determined by the thickness of the coupling layer and the
waveguide losses. The waveguide mode extends into the sample volume and interacts with colloidal
particles near the surface.

Proposals existed for application to trapping [46] and were experimentally realized by
Reece and colleagues [47] for extended-area micromanipulation of colloidal aggre-
gates.

As shown in Figure 5.6, the dielectric resonator consists of a high refractive index
prism coated with a low refractive index coupling layer and a high refractive index
cavity layer. A microfluidic chamber containing the sample solution is placed in di-
rect contact with the top cavity layer. The coupling layer and colloidal dispersion act
as cladding layers for a waveguide mode that is supported by the cavity layer and
excited through the prism by frustrated total internal reflection. This arrangement is
similar in structure to a prism coupled planar waveguide and has been exploited in
studying the nonlinear optical properties of colloidal aggregates, as discussed later in
the chapter. The key design features of the dielectric resonator that make it amenable
to optical micromanipulation are (1) the electric field enhancement is determined by
the optical properties of the structure rather than the material properties, and (2) the
guided mode is weakly confined by the cavity layer and has a large evanescent wave
component extending into the sample medium, which may be utilized for optical mi-
cromanipulation.
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Figure 5.7 (a) Example of the refractive index profile (fop) and the calculated resonant waveguide
mode (bottom) for the dielectric resonator structure used by Reece and colleagues [47]. The electric
field enhancement is calculated as the ratio of the electric field at the sample cavity layer interface to
the incident beam. (b) Experimentally determined angular dependent reflectivity around the coupling
angle showing the finite acceptance angle of the resonant structure.

The origin of the field enhancement at the sample surface is achieved by virtue of
the resonant coupling with the incident laser beam, a technique that is used widely
in photonics to excite resonant modes. It may be easily understood by considering
the structure as analogous to a Fabry—Perot optical resonator (e.g., a laser cavity),
where the coupling layer acts as the input/output coupler and the waveguide mode is
equivalent to a cavity mode. The enhancement of the evanescent field is then simply
related to the finesse of the resonator and can be several orders of magnitude greater
than the incident field (see Figure 5.7a). Importantly, the very low optical losses of the
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dielectric waveguide means that the light that is not scattered by the colloidal particles
will be reradiated from the waveguide mode back to the prism rather than absorbed,
as is the case for surface plasmons. In principle, the limit on the field enhancement
will be dictated by a combination of the optical losses of the sample and waveguide
layers (e.g., interface scattering, absorption), however as the acceptance angle of the
resonant coupling reduces with increasing finesse, this will place a practical limit on
degree of enhancement for a specified beam waist.

Using the dielectric resonator approach, Reece and colleagues [47] demonstrated
a tenfold increase in the guiding velocity of 5 pm particles in the presence of reso-
nantly coupled waveguide modes, compared with an evanescent wave generated un-
der total internal reflection. They also showed that extended area trapping of large
numbers of particles could be achieved. The ability to organize large arrays of parti-
cles over extended areas, coupled with the reduced power requirement afforded by the
cavity enhancement, provides much potential for the realization of massively parallel
processing (such as sorting) of micrometer-sized particles, such as cells. Ultimately,
the resonantly coupling approach described here may be readily applied to other reso-
nant optical structures to achieve greater levels of evanescent field enhancement in one
or more dimension. These may include the use of photonic crystal point defects [48],
toroidal resonators [49], or microsphere resonators cavities [50].

5.3.1.4 Sorting of particles in a surface trap

In addition to the more ubiquitous and well-known phenomena of guiding and trap-
ping particles, the concept of separation and sorting of objects has become a promi-
nent feature in optical micromanipulation. This has been spurred on by the need to
develop compact, microfluidic versions of the more common bulk fluorescence acti-
vated cell sorters. A variety of sorting devices and systems using optical forces have
been implemented in the last few years, and broadly they may be classed as either
active or passive devices: An active sorter requires an input signal (e.g., fluorescence
from an appropriately tagged cell) that then triggers another part of the system, which
for the purposes of our discussion would be an optical switch that either guides or
drags the particle of interest to a suitable reservoir. Sorting may also be achieved pas-
sively, which means that no tags are required and that the sorting is achieved solely
on the differing affinity of the object or cell to the periodic light pattern upon which
it is placed. This means that we do not need markers, and the sorting may be readily
extended over a large area and is thus an attractive option [51]. However, such passive
sorting is difficult and, for cells, the discrimination between different cell types is not
sufficient to ensure separation.

In the evanescent wave or near-field trapping area, some sorting has been achieved,
as we will see in the example here. In relation to this section, we will look at the
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Figure 5.8 Optical sorting based upon interfering evanescent waves. The interference of two coherent
counterpropagating beams at the top surface of a prism will create evanescent waves with a periodic
fringe pattern; the position of the fringes can be controlled by changing the relative phase of the beams.
By mismatching the beam intensities, a tilted optical potential can be produced (left). For particles that
interact weakly with the fringes, the mismatch in radiation pressures will cause the particles to move
down the potential. Strongly interacting particles will be localized by the fringes and can be made
to move up the potential by sweeping the fringes. This is realized experimentally with polystyrene
colloids sized 750 nm and 350 nm (right). Copyright 2006 by the American Physical Society [52].

particle motion upon an interferometric pattern on the surface of a prism in the
Kretschmann geometry. Cizmar and colleagues [52] used interference optical traps
to study the dynamics of particles in this geometry. In their study interference patterns
were formed by coherent counter-propagating evanescent fields and the relative inten-
sity of two fields was used to create a tilted washboard potential [53]. They observed
selective trapping based upon particle size, where where particles that weakly interact
with the interference fringes freely move down the tilted potential, whereas strongly
interacting particles remained confined to the fringes (and strongly interacting parti-
cles) could be made to move up the tilted potential, as illustrated in Figure 5.8. The
work also included a novel method to determine particle position within the extended
interference pattern.

5.3.2 Trapping Using TIR Objectives

Recently, a new near-field trapping and tweezing geometry that utilizes focused
evanescent wave illumination has been proposed and demonstrated by Gu and col-
leagues [54]. The technique makes use of a high numerical aperture total internal re-
flection fluorescence (TRIF) microscope objective with a circular obstruction placed
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Figure 5.9 Near-field optical trapping using a total internal reflection fluorescence microscope (TIRF)
objective. An expanded beam incident on the back aperture of the TIRF objective is partially blocked
by an obstruction to allow only rays that will reach the sample plane under total internal reflection
conditions to pass. The result is to produce a single beam gradient force optical trap composed entirely
of focused evanescent waves; the associated forces are indicated in the diagram. A comparison of the
electric field at the focal plane in the absence (a) and presence (b) of the obstruction highlights the
changes the axial trapping volume. Reprinted with permission from [54]. Copyright 2004, American
Institute of Physics.

at its back aperture, which allowed only light reaching the sample plane under TIR
conditions to be passed through the objective. This has advantages over previously
discussed geometries in that it provides a method for focusing the evanescent waves
to achieve a localized near-field trap while avoiding the need for metallic components
that generate undesirable heating.

The schematic diagram in Figure 5.9 illustrates the principle of the trap; the cir-
cular obstruction produces an annular beam that enters the back of the high NA ob-
jective (NA = 1.65) and is focused down to the sample plane. The beam forms a
tightly focused, circularly symmetric spot in the trapping plane and has an exponen-
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tially decaying component in the axial direction. The optical field under these trapping
conditions has been simulated using vector diffraction theory [24]. A comparison of
the field with and without the obstruction is shown in Figure 5.9(a) and 5.9(b), which
represent the conditions for trapping under evanescent waves and propagating waves,
respectively. As is evident, the axial component of the field is substantially reduced,
and, consequently, the axial size of the trapping volume (which the authors defined
by the position where the intensity drops to 50% of that at the interface) is reduced to
approximately 60 nm [6]—approximately one order of magnitude shorter than that in
the far field case. Interestingly, the transverse profile of the evanescent wave trap has
two peaks.

Gu and colleagues verified the presence of evanescent wave trapping by study-
ing the trapping efficiencies (Q-values) for different circular obstruction sizes. They
showed that for the case of the axial component, the trapping efficiency reduced as the
size of the obstruction was increased to the point where no axial translation could be
achieved; they associated this with the reduction in the propagating part of the beam.
For the in-plane trapping component, trapping was achieved for all obstruction sizes,
including size where the propagating rays are completely occluded from the trap. In
the case of the purely evanescent wave trap, the trapping efficiency also reduced sub-
stantially, compared with no obstruction.

Gu and colleagues have recently advanced these experiments and explored the use
of a near-field trap to stretch, fold, and rotate red blood cells (erythrocytes) [55]. The
study used near-infrared light at 1064 nm with a laser of power up to 2 W. To sup-
port their observations, they also looked at numerical simulations of the stresses upon
a red blood cell using both finite domain time difference and Maxwell stress ten-
sor approaches. Experimentally, rotation of a red blood cell was seen with rotation
rates of 1.5 rpm for a power of just less than 20 mW. The rotation was induced by
the alignment of the cell with the polarization of the incident beam. The trapping
geometry allowed them to create a near-field optical stretcher, deforming the cell
by up to 23% from its original size. Folding of a trapped cell was also seen with
higher laser powers (>18 mW). The technique merits further study for elucidating
the cell’s mechanical properties. Near-field manipulation may provide a new method
by which membrane elasticity, viscoelastic properties, and cell deformation may be
quantified.

5.3.3 Micromanipulation Using Optical Waveguides

A key feature of integrated optics and telecommunication is the use of optical
waveguides for transmission of signals. Such waveguides have refractive index dif-
ferences and specific modes that propagate within them. The light mode coupling is
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Figure 5.10 Channel waveguides with a fluid cladding (fop) layer provide addition gradient forces
in the transverse plane due to the confinement of the waveguide mode. Optical forces resulting from
waveguide mode are indicated, particles in the vicinity of the waveguide will be confined to the top
of the waveguide and guided along the direction of propagation due to radiation pressure. Reprinted
with permission from [5]. Copyright 1996, Optical Society of America.

an issue, but naturally the light is typically confined within the higher refractive in-
dex region and, as might be expected, the light may leak into the rarified medium
quite readily. Importantly, the use of such waveguides may provide interesting new
geometries for transport, confinement, and sorting of microparticles with the ability
to use modern micro- and nanofabrication procedures to tune the interaction as well
as develop potential observations into real devices. In this section, we will review
the geometries for optical waveguides used with particular emphasis on experiments
performed.

Propulsion and trapping of particles along waveguides originated in 1996 when
Kawata and Tani propelled particles in the Mie size regime along a channeled
waveguide, as indicated in Figure 5.10. The experiment shows the transport of
polystyrene spheres of size 1 pm to 5 um in diameter along the waveguide surface
due to the presence of an evanescent wave. The gradient force localizes the particles
to the waveguide region laterally. The laser used operated at 1047 nm with a power in
excess of 2 W and was able to propel particles along the waveguide at up to 14 um/s.
Metal microparticles (~500 nm in diameter) were also propelled along the guide, and
their lateral confinement was inferred as due to a surface current and near-field scat-
tering events.

Gold nanoparticles are highly polarizable and have numerous applications, as
stated earlier, and many are due to the exploitation of the plasmon resonance. Hole and
colleagues explored the behavior of gold nanoparticles (250 nm) on a waveguide [56].
Gold has a complex refractive index, and thus absorption needs to be considered.
Caesium ion-exchanged waveguides were used as systems in these experiment. Pho-
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tolithography was used to fabricate in a soda-lime glass substrate by defined straight
channels (diameter 2.5 um to 11 um) in an aluminium film evaporated onto the surface
of the substrate and a subsequent high-temperature process. The sample chamber was
formed in a molded polydimethylsiloxane (PDMS) elastomer situated on the surface
of the waveguides. The particles were propelled with a light field at 1066 nm but they
coupled to the end of a waveguide by means of a single-mode fiber delivery system.

Axial propulsion forces, due to particle absorption as well as the more common
scattering, resulted in a rapid motion of these particles along the waveguide. Several
key points were obtained from their data. First, the particles showed a velocity dis-
tribution that was dependent on their three-dimensional position on the waveguide,
and with careful data analysis they tracked the modal beat pattern on the surface of a
dual-mode waveguide. The peak intensity in the evanescent field of the waveguide was
estimated to be 9 GW m™2 per Watt of propagating modal power, using beam propa-
gation analysis. The trapping and propulsion of large numbers of gold nanoparticles
in the evanescent fields of the optical waveguides was observed, however the parti-
cles did not move at constant velocity, but their speed profile had a broad distribution
corresponding to the evanescent field intensity profile. For the optimal waveguides in
their systems, high velocities were recorded: a velocity of 500 um/s was achieved for
a modal power of 140 mW.

The separation (sorting) of particles has already been described in relation to sur-
face traps where bidirectional motion of submicron objects of differing size was ob-
served in relation to studies in the standard Kretschmann geometry. In the waveguide
systems, sorting can also be initiated and seen and constitute another form of near-field
optical sorting system. Grujic and colleagues used a Y-branched optical waveguide for
microparticle sorting [57]. They used polystyrene microparticles optically guided in
the waveguide’s evanescent field, which could be directed down the desired, more
strongly illuminated, output branch. The evanescent light used for guiding and sorting
was a fiber laser operating at a wavelength of 1066 nm. This was butt-coupled directly
to the waveguide. It is important to note that this form of sorting is rather more akin
to “active” sorting rather than the passive sorting schemes we described in earlier in
this chapter. A diagram of the experimental setup is shown in Figure 5.11.

The power distribution between the two output branches is selected by the rela-
tive position of the fiber to the waveguide input facet. Microspheres can be efficiently
sorted down the two waveguide branches by changing the field distribution in the mul-
timode input trunk. This provides a simple method for reliable particle sorting with
very high probability of success under appropriate conditions. The extension of this
sorting technology to the biological domain would need bio-matter with a sufficiently
high refractive index mismatch relative to the buffer medium to induce a sufficient gra-
dient force for localization. When considering biological macromolecules, these could
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Figure 5.11 Additional functionality such as sorting and routing may be achieved with the use of
optical circuits. This is illustrated in the demonstration of optical sorting of polystyrene spheres on
a Y-branched waveguide. By controlling the coupling laser into the waveguide, particles may be
switched between the upper and lower branch of the Y-junction. Reprinted with permission from [57].
Copyright 2005, Optical Society of America.

be made to adhere to suitably functionalized latex spheres for subsequent selection in
the Y sorter. The method has future potential to be easily other particle manipulation
techniques or imaging modalities.

Grujic and Helleso also looked at the formation and propulsion of chains of dielec-
tric objects upon a caesium ion exchange waveguide [58]. Chains were assembled in
a counterpropagating beam geometry and were observed to be guided along a higher
velocity by approximately 15% (for 7 micron diameter spheres) compared to the ve-
locity of single particles placed on the waveguide. Both hydrodynamic and coupling
between the microspheres may play an important role in this behavior. From the hy-
drodynamic viewpoint, the fluid displaced by one of the spheres entrains the other.
Optical binding type interactions may also be present. The study showed how to cre-
ate long one-dimensional chains of particles in this waveguide geometry.

Recently, Gaugiran and colleagues studied polarization and particle-size depen-
dence of radiation forces acting on gold nanoparticles guided on the surface of silver
ion and silicon nitride waveguides [23]. Specifically, they were interested in identify-
ing the conditions under which the force normal to the surface becomes repulsive—an
effect that had previously been theoretically predicted by Ariaz-Gonzalez and col-
leagues [22]. Experimentally, Gaugiran and colleagues found that there was indeed a
very large discrepancy between the guiding velocity of 600 nm gold particles for TM
and TE polarizations. They found that the guiding velocity for the TM polarization
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case was significantly larger than for TE. As the guiding velocities were predicted to
be similar, they associated this discrepancy to the presence of a repulsive force and an
attractive force for the TE and TM cases, respectively. Their work was supported by
finite element calculations, which showed that under the experimental conditions they
would expect to have forces of opposite signs for the different polarizations.

5.4 EMERGENT THEMES IN THE NEAR FIELD

From the previous discussions, one can see that near-field optical micromanipula-
tion is certainly establishing itself as more than a niche topic in the broader context
of optical trapping. In several respects, the field is in its infancy and promises much
in terms of new science as well as applications in microfluidics and new insights into
mechanisms of colloidal self-assembly. In this section, we will explore some emergent
themes on the topic.

5.4.1 Optical-Force-Induced Self-Organization of Particles
in the Near Field

Externally modulated optical potentials, generated using adaptive optics, are com-
monly employed for creating multiple optical trapping sites. While the method of
optical landscaping has the flexibility of producing arbitrary trapping arrangements,
the precision of predefined trap locations is limited by the resolution of the optics, and
large arrays suffer from heavy power requirements and trap-loading issues. Two types
of optical-force-induced self-assembly have been observed in near-field optical trap-
ping arrangements, which have the potential to overcome some of these limitations.
Also, the inherently coupled nature of the interactions driving these self-assembly
processes gives rise to nonlinear effects such as bistability and modulational insta-
bility, which may be utilized to create dynamically reconfigurable microstructured
arrays.

In 2005, Mellor and Bain [30] showed that large arrays of colloidal particles accu-
mulated at the surface of a counterpropagating evanescent waves trap formed into a
highly ordered array with submicrometer precision; where the lattice properties were
determined by the polarization of the trap (see Figure 5.12), the underlying interfer-
ence pattern, and the size of the trapped particles. By switching between polariza-
tion states of the trap, they observed real-time transitions between checkerboard and
hexagonal lattice patterns [59]. They associated the ordering mechanism with optical
binding interactions. Optical binding arises when optically trapped particles locally
redistribute the trapping field through refocusing and/or scattering, to create a new
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Figure 5.12 Controlling the process of self-organization in optical forces induced colloidal aggre-
gates. (a)—(d) Successive video frames showing the reorientation of a two-dimensional optically bound
lattice when the polarization of the optical trap is switched from s- to p-polarization; the lattice geom-
etry is seen to change from a square lattice to a hexagonal lattice. Reprinted with permission from [59].
Copyright 2006, Optical Society of America.

stable trapping position for adjacent particles to occupy. Under favorable conditions,
they lead to the formation of ordered arrangement of mutually interacting optically
bound states, a self-assembling process that is achieved without the need for exter-
nal modulation of the incident-trapping field. The concept of optical binding was first
demonstrated by Golovchenko and colleagues [60] and led to the proposal of opti-
cally bound matter where large crystals of particles were supported by optical forces.
To date, the concept of optical binding has been used to interpret a wide range of re-
lated observations, including the attraction/repulsion forces between two freestanding
semiconductor waveguides, the arrangement of nanoparticles in a Laguerre-Gaussian
beam, and the interactions between Mie particles aligned along the propagation axis
of an optical trap (longitudinal binding).

Reece and colleagues [61] demonstrated optically induced self-organization of col-
loidal arrays in the presence of unpatterned counterpropagating waveguide modes of
a dielectric resonator. High concentrations (>0.1% solid) of submicrometer-diameter
colloids accumulated at the center of the trap formed regularly spaced linear arrays ori-
ented along the direction of the incident EW wave vector with a lateral separation of
several micrometers. The presence of large numbers of particles was necessary to ob-
serve the pattern formation. The colloidal arrays formed along the laser propagation-
axis were shown to be linked to the breakup of the incident field into optical spatial
solitons, the lateral spacing of the arrays being related to modulation instability of



Emergent Themes in the Near Field 131

the soft condensed matter system. Optical spatial solitons (OSS) are spatially local-
ized, nondiffracting modes that are supported in nonlinear optical media. They are the
result of a balance between diffraction and self-phase modulation, which results in
self-focusing under intense illumination. For a plane-wave incident field, small wave-
front perturbations cause the optical field to break up into periodic arrays of spatial
optical solitons or more complex patterns, an effect known as modulational instability
(MD).

The presence of both OSS and MI is suggestive of the presence of optical nonlin-
earity in the colloidal dispersion. In fact, colloidal dispersions have long been con-
sidered potential candidates for artificial optical nonlinear Kerr materials. Ashkin and
colleagues indicated the potential of bulk colloidal suspensions to act as an artificial
Kerr medium in a number of nonlinear optical experiments, including self-focusing,
optical bistability, and four-wave mixing. The mechanism behind the nonlinear prop-
erties of these materials is the electrostrictive effect due to the optical gradient forces
experienced by the dielectric particulates, which aggregate at regions of high intensity,
thereby locally increasing the refractive index and leading to a self-phase modulation.
In the experiments described by Reece and colleagues [61], the dielectric resonator
was treated as a prism-coupled nonlinear waveguide, where the colloidal dispersion
acted as an artificial Kerr medium with a local nonlinear response (continuum ap-
proximation). This was sufficient to predict the main experimental observations: the
presence of a threshold power for the onset of the array formation, the magnitude of
the lateral array spacing, and its power dependence, as shown in Figure 5.13. For a
deeper understanding of the optical nonlinearity of the colloidal dispersions and its
resulting effects, the detailed granular nature must be considered, i.e., the nonlocal re-
sponse. Conti and colleagues [62] have developed a theoretical nonlocal model for the
nonlinear optical response of emulsions (including colloid dispersions) that accounts
for microscopic particle—particle interactions using a static structure factor. However,
this is just one of a number of competing models that aim to describe the detailed
dynamics of the nonlinear process.

5.4.2 Near-Field Trapping with Advanced
Photonic Architectures

Recent studies have proposed the use of a photonic crystal structure to trap
nanoparticles in the near field. Photonic crystals are intricately linked with the con-
trolled propagation and confinement of photons. The very geometry of the photonic
crystal can engineer a suitable environment for the guiding or trapping of photons.
Confinement of photons is particularly associated with photonic crystal structures em-
bedded within a slab waveguide. The ability to confine light in such structures also
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Figure 5.13 Dynamics of linear arrays of colloids formed at the surface of a dielectric resonator. The
three panels on the right show the array formations for different illumination intensities. Below the
threshold, the OSS are not observed (fop), even after extended periods of illumination; just above
threshold, stable arrays of OSS are formed. The graph on the left shows the period of array spacing
as a function of the input power above threshold. The period (L) is normalized with respect to the
period at threshold (L), and the input coupling power (P) is normalized to the power at threshold
(Py)- The solid line indicates the variation as predicted by the continuum model. Copyright 2007 by
the American Physical Society [61].

leads to large-field gradients of field intensity that thus make them ideal for creating
either optical landscapes with inherently strong forces. This is not true for just mi-
croscopic or nanoparticles, the topic of this chapter, but indeed may be extended to
the trapping of atomic species. Rahmani and Chaumet considered the near field of a
photonic crystal slab of n = 3.4 placed in a liquid of n = 1.33, typical of water [63].
The slab was perforated with a lattice of holes in a triangular geometry. Photon lo-
calization was achieved by placing a defect or localized state in the slab by omission
of one of the holes. This created a rather crude microcavity for light with a Q-factor
of 100; this is, of course, several orders of magnitude less than state of the art, but it
serves to show the principle of this method for a readily realizable system.
Calculations of the force were performed for a particle in the Rayleigh regime
(« 1) using the coupled dipole method. Computing the forces showed asymmetry in
the trapping due to the asymmetric polarization used in the illumination. Potential
depths well in excess of kT were achieved, and proposal was put forward for creating
more elaborate optical landscapes. Such multiple “nanotraps” may be created with
a coupled-cavity systems or by exploiting critical points within a bandgap diagram
(a PCS without defects). It is not just photonic crystals that can create such novel trap-
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Figure 5.14 Theoretical prediction of optical binding between two freestanding microphotonic
waveguides with geometry depicted in (a). The force per unit length is calculated for different guided
modes acting on the waveguides at various separations. (d) The symmetric modes produce an attrac-
tive force between the waveguides, while antisymmetric modes generate a repulsive force. Reprinted
with permission from [64]. Copyright 2005, Optical Society of America. See color insert.

ping systems in the near field. Naturally, one can think of the use of negative refraction
that can also achieve this end as well as the use of extraordinary transmission of light
through subwavelength apertures. Holes in metallic film have the advantage that the
surface plasmon enhancement may significantly aid the nanoparticle trapping.

If one considers the guiding of light along microphotonic waveguides, the very
overlap between the guided waves in such waveguide structures may create forces be-
tween them [64], as shown in Figure 5.14. This may be termed a form of evanescent
wave bonding. The force may be either attractive or repulsive, depending upon the
choice of the relative input phase of the fields. Povinelli and colleagues [64] consid-
ered forces between two parallel silicon strip waveguides of high refractive index in
their study (see Figure 5.14). The forces were sufficient to create experimentally ob-
servable displacements, and the authors suggested the use of slow light enhancement
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as the force scaled inversely with the group velocity of the light. More recent studies
have explored such evanescent light wave coupling between two photonic nanowires
that permits the detection of motion between the two wires, which results in a change
in the light coupling [65].

5.5 CONCLUSIONS

Near-field micromanipulation is coming of age. Significant advances have been
made with total internal reflection geometries involving microscope objectives and
prisms in the so-termed Kretschmann geometry. Optical waveguides have also been
immensely successful, showing fast propulsion and sorting of particles. Some sur-
prises have come to the fore: optical binding and patterning has been observed as well
as the onset of nonlinearity in colloidal systems. As our understanding of light prop-
agation in the near field progresses hand in hand with the progression in the field of
plasmonics and metamaterials, the future looks very promising for this form of optical
micromanipulation.
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6.1 BACKGROUND

All around the world, hobbyists and collectors take great pride in the workmanship
put into miniaturizations, producing small train sets with clear windows and seats in
the cars, and tiny buildings with working doors and detailed interiors. Clearly though,
as the size is further reduced, model building becomes more and more a painstak-
ing task, and we are all the more in awe of what has been produced. Ultimately, as
we move toward the microscopic scale, we find that for the creation and assembly
of machines—or even simple static structures—we can no longer use the same ap-
proaches that we would naturally use on the macroscopic scale. Entirely new tech-
niques are needed.

Luckily, Newton’s second law dictates that as we reduce the mass of an object
(as we shrink the size of our components), then a correspondingly weaker force will
suffice for a given desired acceleration. So, while we would not think to use light to
assemble the engine of a train, it turns out that optical forces are not only sufficient for
configuring basic micromachines, but that the optical fields required can be arrayed in
ways that offer the possibility of complex system integration (with much greater ease
than, say, magnetic fields). Indeed, within clear constraints, optics provides a natural
interface with the microscopic world, allowing for imaging, interrogation, and control.

There is no doubt that these are powerful technologies. Optical forces have con-
vincingly been calibrated [1] down to 25 fN, and recent efforts have similarly extended
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the range of optical torque calibration [2]. Careful studies of the optical torques ex-
erted upon microscale components [3—6] provided a much clearer understanding of
wave-based spin and orbital angular momentum (both optical [7,8] and, by extension
and analogy, the quantum mechanical angular momentum of electrons in atoms). This
work clearly deserves a place in the standard canon of the physics curriculum. As for
the science that has resulted from the use of optical forces, consider the experiments
done by Steven Block’s group at Stanford. Their apparatus (using 1064 nm light)
now has a resolution of order, the Bohr radius (!!) and they have used this exquis-
itely developed technique to directly observe the details of error correction in RNA
transcription of DNA [9]—a true four de force. Another prime example might be the
results from the Carlos Bustamante group at Berkeley, whose experimental confir-
mations [10,11] of new fluctuation theorems have allowed recovery of RNA folding
free energies, a key feat, given that biomolecular transitions of this sort occur under
nonequilibrium conditions and involve significant hysteresis effects that had previ-
ously been taken to preclude any possibility of extracting such equilibrium informa-
tion from experimental data. In fact, the work on fluctuation theorems now being done
(both theoretically and experimentally) is among the most significant work in statis-
tical mechanics done in the past two decades. These theorems have great general im-
portance and include extension of the Second Law of Thermodynamics into the realm
of micromachines and biomolecules. Clearly such work opens vast new intellectual
opportunities.

6.2 EXAMPLE RATIONALE FOR CONSTRUCTING
EXTENDED ARRAYS OF TRAPS

Basic optical techniques used to manipulate one or two microscopic objects at a
time have been available for some time, but the focus of this review is upon recently
emerging technical means for creating arrays of optical traps. The statistical nature
of the experiments described in the previous section—which involve samples that
are in the diffusive limit, where Brownian motion is significant—suggests that there
might be a significant benefit to simultaneously conducting an array of optical trap
experiments by creating independent sets of traps across the experimental field of
view.

At the same time, the very issue of whether or not such an array of experiments
may be treated independently points also toward an altogether different class of stud-
ies aimed at either probing or exploiting the wide array of physical mechanisms that
might serve to couple spatially separated components. For example, biological studies
of cell—cell signaling change character when, instead of dealing with a pair of cells
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isolated from all others, one deals with an ensemble, as this changes the conditions
required for quorum sensing. In such cases, the use of an array of optical traps can
ensure well-controlled, reproducible ensembles for systematic studies. As a specific
instance, the early stages of biofilm formation are studied using various mutant strains
of bacteria, with different biofilm-related genes deleted [12]; here, optical trap arrays
are used to ensure geometric consistency from ensemble to ensemble. In fact, quite a
wide variety of many-body problems are amenable to study using trap arrays [13—19].

It should be added that optical trap arrays determine not only the equilibrium struc-
tures that assemble, but also the dynamics of particles passing through the optical lat-
tices [20-23]: the flow of those particles that are influenced most by optical forces
tends to be channelled along crystallographic directions in a periodic trap array (often
referred to as an optical lattice). In such a lattice, the magnitude of the optical forces
is an oscillatory function of particle size [24], which means that it is possible to tune
the lattice constant so as to make any given particle type either strongly interacting
with the light or essentially noninteracting [25]. Therefore, it is possible to perform
all-optical sorting of biological/colloidal suspensions and emulsions [24], and strong
claims have been made as to the size selectivity associated with this type of separation
technology [26]. In any case, this approach does allow massively parallel processing
of the particles to be sorted, and so the throughput can be much higher than with active
microfluidic sorting technologies, as shown by Applegate and colleagues [27], where
particles are analyzed one by one and then a deflection control decision is based upon
feedback from that analysis. Moreover, while the laser power delivered to the optical
lattice may be, in total, significant, the intensity integrated over each biological cell
can be a fraction of what is used in conventional optical tweezers, so all-optical sorting
does relatively little to stress the extracted cells [28]. Many opportunities remain for
studies of colloidal traffic through both static and dynamic optical lattices [29,30], and
there is a real potential for the use of optical trap arrays in microfluidic lab-on-a-chip
technologies.

While trap arrays have been put to a number of good uses in microfluidics (e.g.,
for multipoint microscale velocimetry [31]), it bears repeating that optical forces are,
in the end, still relatively weak, and so for some purposes it would be reasonable to
combine the use of optical forces (to allow sophisticated, integrated assembly of com-
ponents) with the use of other forces for actuation. That said, the use of optical forces
does allow for construction of simple micromachines: components may be separated
or brought together, even allowing ship-in-a-bottle-type assembly (e.g., of axel-less
microcogs in a microfluidic chamber [32]), oriented (e.g., for lock-and-key assembly
of parts), and even actuated.

Here, we have mentioned only a few of the many reasons one might be interested
in constructing extended arrays of traps. Clearly, this is a field where a number of
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new applications are expected to emerge over the coming years. Our next task, then,
is to describe in detail some of the techniques used for generation—and dynamic
reconfiguration, in three dimensions—of optical trap arrays.

Before we begin, one must note that the holographic techniques we will describe
are not limited to array formation. They also enhance the control one can exert over
a single trap by the ability to shape optical fields in three dimensions, e.g., to create
an optical bottle beam [33,34] or even arrays of bottle beams [35]. A bottle beam is
akin to a bubble of light (a dark region of space completely enclosed by a skin of
high-intensity fields) and is intended for trapping cold atom clouds (“The Atom Motel
... where atoms check in but they do not check out!”).

6.3 EXPERIMENTAL DETAILS
6.3.1 The Standard Optical Train

The majority of experiments involving optical traps use the single-beam gradient
trap geometry [36] (referred to as optical tweezers), so we will focus upon this partic-
ular sort of setup. The most important details of experimental realizations of optical
tweezers are discussed elsewhere, for example by Neuman and Block [37], but for our
purposes it is sufficient to note that in optical tweezers the laser is very tightly focused,
so it produces strong gradients in the optical fields in the region surrounding the focal
spot, and an associated dipole force on polarizable media in that region. This dipole
force, which is usually called a gradient force, dominates over radiation pressure for
the sorts of samples usually studied with this technique.

There are alternative trapping geometries that may be desired. For gold nanoparti-
cles and for transmissive particles with an index of refraction much higher than that
of the surrounding medium, radiation pressure is significant. A counterpropagating
beam trap is strongly preferred over optical tweezers in these instances [38,39]. While
a significant radiation pressure would tend to knock particles out of optical tweezers,
radiation pressure actually plays a helpful role in both counterpropagating beam traps
and in levitation traps [40], each of which is seeing a resurgence in the literature.

Figure 6.1 shows a schematic representation of a standard holographic optical
tweezers (HOT) setup. Beginning at the laser, we first have a beam-expanding tele-
scope, so that the beam fills the holographic element, which is shown here as a re-
flective programmable spatial light modulator (SLM) but may be replaced with any
(reflective or transmissive) diffractive optical element (DOE). The size of the illumi-
nating Gaussian beam is a compromise between power efficiency and resolution: On
the one hand, the larger the beam, the better use it makes of the area of the SLM,
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Figure 6.1 Simplified standard holographic optical tweezers (HOT) setup. The beam from a laser
is widened in a beam telescope and illuminates a spatial light modulator (SLM). The first-order dif-
fracted beam is collected by the Fourier lens; as the SLM is positioned in the front focal plane of the
Fourier lens, the complex amplitude in the back focal plane, F, is the Fourier transform of the complex
amplitude in the SLM plane. The remaining combination of lenses, usually including a microscope
objective, images the beam in the Fourier plane into the central trapping plane, P, which is usually
chosen to be in a liquid-filled sample chamber.

which in turn means higher resolution of the resulting light pattern in the trapping
plane. On the other hand, if the Gaussian beam illuminating the SLM is foo large,
a fraction of the incident power misses the active area of the SLM and is therefore
either lost or goes into the zeroth order. The standard compromise is a beam diameter
that is roughly matched to that of the SLM. But it is not only for the sake of improved
efficiency that the beam diameter is matched to that of the holographic element: when
an SLM is used, any significant incident beam power must be distributed, so as to
avoid boiling the liquid—crystal active element, permanently destroying the device.
Following the SLM, there is a second telescope that ensures that the beam diameter is
appropriate given the diameter of the back aperture of the lens to be used for tweezing
(usually a standard microscope objective lens).

In practice, the two lenses comprising this second telescope are separated by the
sum of their focal lengths; the SLM is separated from the first lens in that telescope,
the Fourier lens, by the focal length of that lens, and the second lens in the telescope is
separated by its own focal length from the back aperture of the objective. In this way,
this second telescope actually serves four separate roles. First, it adjusts the beam di-
ameter so as to fill the entrance pupil (i.e., the back aperture) of the objective lens.
Second, as the placement of the SLM is equivalent to that of the steering mirror in
conventional optical tweezers, the telescope projects the hologram onto the back aper-
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ture of the objective lens, thereby ensuring that any beam deflections created by the
hologram do not cause the beam to walk off of the entrance pupil of the objective lens.
Third, the fact that the hologram and the back aperture of the objective are conjugate
image planes also creates a simple relationship between the beam at the output of the
hologram and the beam in the focal plane, P: the beam’s complex amplitude in the
trapping plane is the Fourier transform of that in the SLM plane. Fourth, because the
telescope used is Keplerian, rather than Galilean, the amount of real estate taken up on
the optical table is somewhat greater, but the benefit that comes with this cost is that it
allows for spatial filtering to be done in the plane labeled F' in Figure 6.1. Plane F' is
conjugate to the focal plane P, so an enlarged image of the trapping pattern is there,
where it may be manipulated [41]. (Commonly, a spot block is introduced at plane F
to remove the undeflected, zeroth-order spot. An alternative is to add a blazing to the
hologram, shifting the desired output pattern array away from the zeroth order, with
all subsequent optics aligned along the path of the centroid of the first-order beam-
lets.)

In optical tweezers, the strong field gradient along the direction of propagation is
produced by the peripheral rays in the tightly focused beam and not by the rays along
the optic axis. For this reason, it is essential to use a final tweezing lens with a high
numerical aperture (NA) and to ensure that the input beam delivers significant power
to those peripheral rays. Therefore, a simple telescope is usually used to match the
beam diameter to that of the entrance pupil (back aperture) of a high-NA microscope
objective or, in the case of a Gaussian beam, where the intensity of peripheral rays is
weak, to slightly overfill the back aperture of the objective. (Excessive overfilling sim-
ply throws away light that would otherwise go toward the desired mechanical effect,
and also produces an undesired Airy pattern around each trap site created.)

It should be noted that the original work using holographic methods for optical
trapping did not require that the DOE be projected onto the back focal plane of the
tweezing lens. Fournier and colleagues [42,43] simply illuminated a binary phase
hologram with a quasi-plane wave that, through Fresnel diffraction, generates self-
images of the grating in planes that are periodically positioned along the direction of
propagation (a phenomenon known as the Talbot effect). Already in 1995, scientist
observed the very strong trapping of 3-micron spheres in these Talbot planes, and they
discussed the means of creating a variety of lattices. In their 1998 paper, Fournier and
colleagues also proposed the use of programmable “spatial light modulators to obtain
a time-dependent optical potential that can be easily monitored.” Fresnel holographic
optical trapping is now seeing a revival for use in holographic optical trapping [44] for
the generation of large periodic array structures. The first demonstration of sorting on
an optical lattice [24] used a DOE that was conjugate to the image plane rather than
the Fourier plane. Because of this conjugacy condition, the use of a fan-out DOE re-
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sults in the convergence of multiple beams in the trapping volume, and the associated
formation of an interference pattern. This setup can produce high-quality 3D arrays of
traps over a large region of space, which can be tuned in ways that include the lattice
constant, the lattice envelope, and the degree of connectivity between trap sites [45].
That said, compared to Fresnel holographic optical trapping, the Fourier-plane holog-
raphy that we describe here offers a number of benefits, e.g., the ability to fully utilize
such trade-offs as, for example, restricting the area in the trapping-plane over which
the beam is shaped in order to gain resolution [46]. Moreover, generating a 3D array
of traps intended to deflect the flow of particles passing through (i.e., optical sorting)
is less of a challenge than filling a 3D array of traps so as to create a static struc-
ture: in the latter case, particles filling traps in each layer perturb the optical fields in
all subsequent layers. Direct manipulation of the beam’s Fourier-space properties can
allow the creation of optical fields in the trapping volume that are self-healing (or self-
reconstructing) in a number of arbitrarily chosen directions [47], a significant feature
for the generation of some types of 3D filled arrays. Primarily, though, the benefits of
Fourier-plane HOTs are the ability to generate generalized arrays without any special
requirements regarding symmetry, and the ability to provide flexible, highly precise
individual trap positioning [48].

Also in 1995, the group of Heckenberg and Rubinsztein-Dunlop at the University
of Queensland produced phase-modulating holograms for mode conversion of con-
ventional optical tweezers into traps capable of transmitting orbital angular momen-
tum [3]. Because the Laguerre—Gaussian modes utilized are structurally stable solu-
tions of the Helmholtz equation, the DOE/SLM need not be positioned in any partic-
ular plane. Therefore, this work in Australia, which is compatible with Fourier-plane
holographic trapping, established (along with work in Scotland [5]) the techniques that
are still in use today for the generation of traps carrying optical angular momentum.

The basic optical train shown in Figure 6.1, projecting the hologram onto the back
focal plane of a microscope objective, was first demonstrated (using a prefabricated,
commercial DOE) in 1998 [49], with a description of the most common algorithm
for creating tailored holograms for optical trapping following in 2001 [50] and again
in 2002 [51]. In this work, and in much of what has followed, it is assumed that
the phase-modulating hologram will be positioned as we have described, so that the
complex amplitude in the DOE/SLM plane and the complex amplitude in the central
trapping plane form a Fourier-transform pair. With this relationship established, the
complex amplitude distribution in one plane can be calculated very efficiently from
the other one using a Fast Fourier Transform [52].

Given this simple relationship, it may seem surprising that there is any need to
discuss algorithms at all: given a desired intensity distribution in the focal plane of
the microscope objective, one need only take the inverse Fourier transform to deter-
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mine the appropriate hologram. Howeyver, the result of that simple operation would
be a hologram that modulates both the phase and amplitude of the input beam. The
required amplitude modulation would remove power from the beam, with catastrophic
consequences for efficiency in many cases. If, then, for the sake of efficiency, we con-
strain the hologram to phase-only modulation, there is usually no analytical solution
that will yield the desired intensity distribution in the trapping plane.

Some of the required phase modulations are obvious. The simplest DOE would be
a blazed diffraction grating, which is the DOE equivalent of a prism, and the Fresnel
lens, which is the DOE equivalent of a lens. With these basic elements, we can move
the optical trap sideways (with the blazing), but also in and out of the focal plane (with
the Fresnel lens), and by superposition of such gratings and lenses we can create mul-
tiple foci, which can be moved and, through the addition of further phase modulation,
can even be shaped individually [51].

Clearly we are not limited to a superposition of gratings and lenses. Because a
standard HOT setup has holographic control over the field in the trapping plane, it can
shape not only the intensity of the light field but also its phase. For example, there are
very simple holograms that turn individual traps into optical vortices—that is, bright
rings with a phase gradient around the ring. Because light will repel particles with
a lower index of refraction than the surrounding medium, holographically produced
arrays of vortex beams can be used to trap and create ordered arrays of low-index
particles [53]. Other simple holograms can create nondiffracting and self-healing (over
a finite range) Bessel beams [54,55] (though holographic generation of Bessel beams
is not compatible with Fourier-plane placement of the DOE). Still, in all of the cases
described previously, the phase profile required for the DOE is something you could
guess, with good results.

However, while it is possible to intuit a phase modulation that will form extended
periodic structures [56], matters become more complex when considering arbitrary
arrangements of particles. As shown in the next section, the simplest guesses do not
always yield the best results. Luckily, as we will describe in detail, the quality of
the trap array can be greatly improved through the selection of an optimized iterative
algorithm, though what might be optimal within the context of a particular experiment
may involve trade-offs in terms of efficiency and computational speed.

6.3.1.1 The diffractive optical element or spatial light modulator

In this section, we will discuss the physical specifications that are required of the
diffractive optical element to be used for the generation of optical traps. This DOE can
either be static (etched in glass or, inexpensively, stamped into plastic), but is often
in the reconfigurable form of a phase-only spatial light modulator (SLM)—a phase
hologram under real-time computer control.
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Dufresne and colleagues discuss the issues involved in lithographically manufac-
tured DOE, such as the influence of the number of phase levels created and of surface
roughness upon the resulting trap array [50]. One can gain a sense of these issues not-
ing that while the light intensity directed to each spot in a 10 x 10 array was predicted
to vary by £10% for a binary DOE (given the specific algorithm used to calculate
them), in an actual experiment it varied by +23%, with the additional variation at-
tributed to manufacturing defects associated with the process of etching the phase
modulation profile into glass [57]. As more phase levels are added, the lithographic
challenges increase (though, with careful alignment, 2" phase levels can be created
by N etch steps). The greater the extent of the array, the more sensitive the uniformity
of trap intensity becomes to fabrication errors.

Although holograms etched into glass clearly produce static images, one can
rapidly raster the laser between a tiled array of such holograms, thereby producing a
dynamic hologram with a refresh rate limited only by the speed of rastering. However,
because of the heightened opportunity for real-time reconfiguration and optimization,
we will emphasize here the special case where the DOE is a programmable SLM.

There are various types of SLMs [58]: they can, for example, be divided accord-
ing to which aspect of light they modulate, which mechanism they use to do this,
or whether they work in reflection or in transmission. Most HOTs use phase-only,
liquid—crystal (LC), reflective SLMs: phase-only because of the efficiency advantage
mentioned in the previous section; liquid crystal because of the cheap availability and
maturity of this technology; and reflective because of a speed (and efficiency) advan-
tage (the switching time depends upon the thickness of the liquid—crystal layer, which
can be halved for reflective devices).

The LC character of most SLMs used in HOT's determines many of their properties.
‘We will discuss here a few of these; more detailed discussions can be found, for exam-
ple, in [59]. They work by applying locally defined voltages to an array of areas spread
across an LC layer. The liquid—crystal molecules realign themselves in response to the
voltage, thereby changing their optical properties. In parallel-aligned nematic liquid—
crystals, for example, they tilt relative to the substrate [59]. LC SLMs were first used
as holograms after correction of thickness nonuniformities [60]. Nowadays a number
of different models are commercially available, for example from Boulder Nonlinear
Systems [61], Holoeye Photonics AG [62], and Hamamatsu [63].

Liquid—crystal-based SLMs use either nematic or ferroelectric liquid crystals. Ne-
matic SLMs offer a large number of phase levels (typically 256, though the sigmoidal
grayscale-to-phase-level function of some of these systems compresses the number of
useful levels to a number well below the nominal rating), but are slow (in practice, an
update rate for a Near-IR nematic SLM would typically be 20 Hz or less). Ferroelec-
tric SLMs have only two phase levels (phase shift 0 and ), which limits the choice of
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algorithms for the calculation of the hologram patterns and the diffraction efficiency
(by always creating a symmetric — Ist order of the same brightness as the +1st order)
[64]. On the other hand, with update rates of typically tens of kilohertz, ferroelectric
SLM:s are significantly faster. While nematic SLMs are the usual choice, ferroelectric
SLMs [65,66] have also been used in HOT's [64,67].

The maximum phase delay an LC SLM can introduce increases with the thickness
of its LC layer. Depending on the LC-layer thickness, an LC SLM has a maximum
wavelength for which it can achieve a full 27t phase delay; this is often taken as the
upper limit of an SLM’s specified wavelength working range. On the other hand, the
response time is proportional to the square of the LC layer’s thickness [68]. Again, in
reflective SLMs, light passes through the LC layer twice, halving the required thick-
ness.

Due to lack of surface flatness, reflective SLMs usually aberrate the light beam
more than transmissive SLMs. Like the spherical aberration introduced by the ob-
jective, this can deteriorate the quality of the traps and limit the trapping range [37].
Aberrations in the flatness of the SLM can (together with other aberrations in the
optics) be corrected by displaying a suitable phase hologram on the SLM [69-72].
This is perhaps not surprising, as SLMs are also used in other adaptive-optics sys-
tems [73,69].

Commercial LC SLMs are either optically (Hamamatsu) or electrically (Boulder,
Holoeye) addressed. Electronically addressed SLMs contain (square or rectangular)
pixels, with a small gap—an associated dead area—between pixels. The convolution
theorem dictates that the field in the SLM’s Fourier plane (the trapping plane) is the
Fourier transform of the field of coherent point light sources centered in each pixel
(the phase and intensity is that of the pixel) multiplied by the Fourier transform of the
field of a single centered pixel. The first term (the Fourier transform of the point light
sources) is periodic in x and y. The copies of the central field are essentially diffraction
orders of the grating formed by the point light sources. The second term (the Fourier
transform of a single pixel) is usually close to a sinc function in x and y (whereby the
sinc function gets wider when the pixel gets narrower, and vice versa), which means
that the intensity of the field in the Fourier plane falls off to zero at the nodes of
the sinc function. This limits the power that is wasted into higher diffraction orders.
By optimizing the pixel shape, the power diffracted into higher grating orders can be
further reduced. This is essentially what is happening in the optically addressed SLMs
by Hamamatsu, where a “write light” pattern produced with the help of a pixelated
liquid-crystal display is projected onto a photoconductive layer. The projected pattern
is slightly out of focus, resulting in an image consisting of pixels with smoothed edges.
The photoconductive layer controls the voltage across the LC layer, which modulates
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the phase of “readout light” passing through it. The resulting phase modulation is such
that diffraction into the higher grating orders is almost completely suppressed.

It should again be noted that a light beam with too much power can destroy an
LC SLM by boiling the liquid crystal. This limits the number of optical traps that has
been achieved with LC-SLM-based Fourier-plane HOTs to ~200 [74], a limit that
can perhaps be overcome by using cooled SLMs (SLMs with a larger area over which
the beam’s power can be distributed) or other types of SLMs such as deformable
mirrors [75].

6.4 ALGORITHMS FOR HOLOGRAPHIC
OPTICAL TRAPS

Holographic optical tweezers are usually employed to individually trap and ma-
nipulate an ensemble of small objects in three-dimensional space. The desired
light intensity distribution for such applications consists of a set of high-intensity,
diffraction-limited spots on a dark background. Many pre-existing algorithmic strate-
gies developed for computer-generated holograms have been adapted and optimized
for this special task. Other approaches, such as genetic algorithms, have been ap-
plied to holographic lithography [76] and would complement the work described here.
Some of the algorithms that we explicitly examine are valued primarily because they
are fast and are therefore particularly suited to interactive use (e.g., in reference [77]).
When a higher degree of control in trap intensities is required, one has to resort to
calculating the holograms prior to the experiment, using the more iterative algorithms
required for high-quality traps. This is the case when, for example, one requires a set
of traps with uniform (or precisely controlled) potential well depths, or when ghost
traps cannot be tolerated (for example when they prevent filling of the intended trap-
ping sites). Following and extending a recent review of the literature contained in [78],
we will review the algorithms that are presently available for optical trapping using
the standard optical train described in the previous section. We will then discuss both
why and how they work.

We assume a uniform plane-wave illumination of the pixellated SLM and call
u;j = |ulexp(i¢;) the complex amplitude of the electric field reflecting off of the jth
pixel, where ¢; is the corresponding phase shift. The total, time-averaged energy flux
through the SLM is given by Wy = ceoN|u|?d?/2, where N is the total number of
pixels and d? is the surface area of a pixel. We can use scalar diffraction theory to
propagate the complex electric field from the jth pixel’s surface to the location of the
mth trap in the image space [79]. Summing up the contributions from all of the N
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Figure 6.2 Geometry of pixel and trap positions relative to the (effective) Fourier lens’s focal planes.
The transverse position of the jth pixel in the SLM plane is (x;, y;); the position of the mth trap
relative to the center of the Fourier plane is (X, ym, Zm), x and y are the two transverse coordinates;
z is the longitudinal coordinate.

pixels, we obtain the complex amplitude v,, of electric field at the position of trap m:
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xj, y; are the jth SLM pixel’s coordinates (projected into the back focal plane of
the objective), and x,,, Y, z;» are the mth trap’s coordinates referred to the Fourier
plane, as shown in Figure 6.2. We can easily generalize the A’;‘ to add orbital angu-
lar momentum to trapping beams [51]. To make the notation more compact, we will
introduce the dimensionless variable V,,,:

1 i, —am
V=3 e 3)
j=LN
whose physical meaning can be understood by noting that I, = |V,,|> measures

the energy flux (in units of Wy) flowing through an area f 232 /(Nd) (the area of
a diffraction-limited spot) centered at the mth trap site. For z,, = 0, V), corre-
sponds to the discrete Fourier transform of ¢/%/ evaluated at the spatial frequencies

X /Mfs Ym /M)
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Our task here is to search, given a set of Af;’, for the best choice of ¢ ;s to maximize
the modulus of V,, on all traps. We will use as a benchmark the task of computing an
N =768 x 768, 8-bit hologram for the generation, of M = 100 traps arranged on
a 10 x 10 square lattice located in the Fourier (z,, = 0) plane. The performance of
different strategies is quantified by three parameters: efficiency (e), uniformity (u),
and percent standard deviation (o)

o=\{(I— (). @

ezzlm, ye1— maX[Im]—m%n[Im],
~ max|[/, ]+ min[/,]

In the above equation, (- - -) denotes the average over all trap indices m.

In the trivial case of one trap, M = 1, this best choice is easily found by setting
;= A}, which makes all terms in the sum (3) real and equal to 1/N and |V;|? = 1.
In the following section, we will refer to the array A;" as the single mth trap hologram.

6.4.1 Random Mask Encoding

For multiple traps, M > 1, we must seek a compromise between the M different
choices ¢; = A'f (one choice for each m value) that would divert all energy onto
trap m. One of the fastest routes is the random mask encoding technique (RM) [80].

The compromise is obtained by setting:

¢j =47 5)

where m ; is a number between 1 and M randomly chosen for each j. The technique
is very fast, and performs remarkably well as far as uniformity is concerned. However,
the overall efficiency can be very low when M is large. In fact, on average, for each m,
only N /M pixels will interfere constructively, and all others will give a vanishing con-
tribution. Therefore, |V,,|> ~ 1/M? and e ~ 1/M, which can be significantly smaller
than one when M is large. In the present case, where M = 100, we numerically ob-
tained u = 0.58 but ¢ = 0.01 = 1/M. However, the RM algorithm is particularly use-
ful to quickly generate either one or a few additional traps on top of a complex light
structure obtained via a precalculated hologram. Such “helper tweezers” are useful for
filling in the precalculated array of traps, allowing the user to interactively trap, drag,
and drop initially free particles into the desired locations. For such purposes, a frac-
tion of the SLM pixels can be randomly chosen and temporarily used to display the
“service-trap” hologram.
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6.4.2 Superposition Algorithms

In superposition algorithms, the phase on each pixel is chosen as the argument of
the complex sum of separate, single-trap holograms. Though we are completely dis-
regarding the amplitude of the complex sum, the resulting hologram produces usable
trap arrays. In terms of the quantities V,,, a superposition hologram maximizes the
sum of the projections of all of the V,,, on a fixed axis in the complex plane.

To illustrate this, we will now try to maximize the real part of ), V;, with re-
spect to ¢;. The stationary points are easily obtained by imposing the condition of a
vanishing gradient:

0 ie'fi —iam|
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whose solutions are given by
d3j=arg[zem?]+njn, nj=0,1. )
m

For the stationary point to be a local maximum, the corresponding Hessian matrix has
to be negative definite. In the present case, the Hessian is purely diagonal, and when
evaluated on the stationary points reads
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The maximum condition is obtained when all of the 7 are set to zero, and, therefore,

;= arg[Ze"AT} ©)

which can be read as the phase of the sum of single-trap holograms. We call this
algorithm “superposition of prisms and lenses” (S) [81,82]. The S algorithm, though
slower than RM (due to the extra N arg function evaluations), gives efficiencies of
order 1, but gives very poor uniformities. In fact, in our benchmark case seven though
the uniformity is only u = 0.01, the efficiency has risen to e = 0.29. Moreover, when
highly symmetrical trap geometries are sought, as for the square lattice, a consistent
part of the energy is diverted to unwanted ghost traps [83].

A better compromise can be obtained if we only try to maximize the sum of the
amplitudes of V,, projected on randomly chosen directions in the complex plane. In
other words, we can seek a maximum of ), Re{V;, exp(—i6,,)}, where 6,, are ran-
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dom numbers uniformly distributed in [0, 277]. In this case we obtain

b= arg[z eim'fue"’)], (10)
m

which is the phase of the linear superposition of single-trap holograms with coeffi-
cients of unit modulus and random phase. This last choice, usually called Random
Superposition (SR) [84], has the same computational cost as S, but results in a much
better efficiency than S though trap intensities will still vary significantly (e.g., for our
benchmark case, ¢ = 0.69, u = 0.01).

We want to stress that, when dealing with low-symmetry geometries, SR holo-
grams can also produce good uniformity levels, and no further refinement is needed.
If precise trap positioning is not an issue, one can deliberately reduce the pattern sym-
metry by adding a small amount of random displacement to trap locations as demon-
strated by Curtis and colleagues [83].

Though slower than RM, the computational speed of SR still allows for interactive
manipulation. Since the entire hologram is continuously recalculated, SR is preferred
to RM for interactive applications requiring dynamic deformation of the entire trap-
ping pattern.

6.4.3 Gerchberg-Saxton Algorithms

The GS algorithm [84-89] was developed by the crystallographers Ralph Gerch-
berg and Owen Saxton to infer an electron beams phase distribution in a transverse
plane, given the intensity distributions in two planes. It can also be applied to light,
specifically to find a phase distribution that turns a given input intensity distribution
arriving at the hologram plane (SLM) into a desired intensity distribution in the trap-
ping plane. In GS, the complex amplitude is propagated back and forth between the
two planes taking care at each step to replace the intensity on the trapping plane with
the target intensity and that on the SLM plane with the laser’s actual intensity pro-
file.

The algorithm can be extended to 3D trap geometries where multiple planes are
considered for forward propagation. The back-propagated field is then obtained as
the complex sum of the corrected and back-propagated fields from the target planes.
Generalization to full 3D shaping [90,91] is currently far too slow for interactive use
(taking days to calculate the desired phase modulation).

In these implementations of GS, forward and back propagations were performed
with FFT transforms. However when the target intensity is an array of point traps, it
is rather pointless to calculate the field complex amplitude in points whose amplitude
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will be replaced by zero before back propagation. FFT has also the drawback of dis-
cretizing trap transverse coordinates in units of the Nyquist spatial frequency. A much
faster and more versatile implementation of GS for HOT only computes the field at
the trap locations.

In terms of the V,,, it can be shown that GS converges on a phase hologram that
maximizes the sum of the amplitudes of V,,, without projecting them onto any special
directions in the complex plane (real axis for S or randomly chosen directions for SR).
Again, differentiating with respect to ¢;, we obtain the stationary points
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This time the Hessian computed on the stationary point is not purely diagonal
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However the nondiagonal terms are 1/N smaller than the diagonal ones. It can be
shown that such a perturbation will only affect the sign of one eigenvalue at most [92].
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When N is very large, we can neglect this eventuality and call the stationary point
j A Vm
o; =arg[ e —] (14)
! ; Vil

a maximum. In this case, ¢; are obtained as the phase of the linear superposition
of single-trap holograms with coefficients of unit modulus and a phase given by the
phase of V), that is, the field produced by the ¢; themselves on trap site m. It is now
impossible to write the ¢; in an explicit form given the implicit dependence of V,
on ¢;. One possible approach to a solution is simply to start with a guess for ¢; (i.e.,
the one obtained from SR) and use equation (14) in an iterative procedure. We refer to
this iterative procedure as Gerchberg—Saxton (GS) [93,94] and note that it converges
after a few tens of iterations. In particular, after thirty iterations, we obtained ¢ = 0.94
and u = 0.60 for our benchmark case.

The reason the algorithms discussed so far usually result in poor uniformities can
be understood if one observes that these algorithms were only designed to maximize
the sum of the amplitudes of V,,,, having no bias toward uniformity. There are a num-
ber of optimization criteria one could use. For example, a bias toward uniformity is
included if we instead seek a maximum in a quantity like [, |V;x| or equivalently
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> m10g |V, |. By differentiating the biased function with respect to ¢; we obtain
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It is easy to show that in this case, the Hessian matrix is once again diagonal (in the
limit of large N) and negative definite at the stationary point
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If we seek the solution of equation (16) by an iterative procedure, we obtain the Gen-
eralized Adaptive Additive algorithm (GAA) [50,51]. With the choice £ = 0.5, GAA
produces a uniformity improvement u = 0.79 with the same efficiency e = 0.93 as GS.

We may wonder if an improvement in uniformity can be obtained by aiming at
a slightly modified target intensity distribution. To do this, we can introduce the M
extra degrees of freedom w,, that maximize the weighted sum ), w;,|Vy,|, with the
constraint that |V}, | are all equal. By differentiating with respect to ¢, we obtain the
maximum condition

iA™ me
¢j=arg[2 4 "fv—d (17)

m

Again, the above formula expresses ¢; in an implicit form, this time containing also
the unknown weights w;,. Starting from a SR guess for ¢; and setting w,, = 1, the
iteration proceeds as follows

Oth step: w® = 1, d)? = d)js-R,

m
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In other words, at each step we adjust the weight w,, in such a way to reduce |V,,|
deviations from the average (|V|). The above procedure converges, with a speed
typical of GS and GAA, to a hologram having the almost optimal performance of
e =0.93, u = 0.99. This is referred to as the Weighted Gerchberg—Saxton algorithm
or GSW [78].
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6.4.4 Direct-Search Algorithm and Simulated Annealing

One can also achieve hologram refinement through a direct search for a maximum
in a “gain function” defined over the space of phase levels. There is some freedom in
how the gain function is defined, but for simplicity we might choose a linear combi-
nation of our efficiency and uniformity metrics, such as

e/M — fo. (18)

Starting from a good initial guess for the hologram, such as what one obtains from
SR, we pick 1 pixel at random and cycle through all the P = 256 gray levels while
looking for an improvement (increase) in the gain function. The Direct Search al-
gorithm (DS) involves continuation of this process [7,95,96]. As suggested in [96],
when starting from an SR hologram and setting f = 0.5, the algorithm achieves a
perfect uniformity (# = 1.00) after 1.3N steps, with the computational cost scaling
as M x P, though the overall efficiency is diminished to e = 0.68. Better holograms
can be obtained by giving more bias to efficiency (f = 0.25) and waiting for a sub-
stantially longer time (~10N steps—that is, about a hundred times longer than GS).
However, we have observed that reducing the number of gray-levels P to just 8 can
significatively reduce the computational cost (by a factor of 32) without affecting per-
formance too much (see [95] for a systematic exploration of parameter space). With
eight “grayscale” phase levels and all other parameters set as before, we obtained
e =0.84 and u = 1.00 after 7N steps (that is, about three times longer than GS). At
this point, the whole hologram has been reduced to 3-bit depth, and a comparison with
other algorithms working at full, 8-bit depth is not necessarily a fair comparison. For
a better exploration of the gain function landscape, we could define more complex ac-
ceptance rules, allowing moves that temporarily decrease the gain (as in a Metropolis
algorithm). This sort of “simulated annealing” of the gain function was investigated
for 2D light distributions by Yoshikawa and Yatagai [97]. Though applications to 3D
trap arrays could lead to better holograms than simple DS (which might be referred to
as a “quenched” simulated annealing), longer computational times would be needed.

6.4.5 Summary

Table 6.1 summarizes the results of the performed benchmark test on a 10 x 10
square grid. The conclusion is that when aiming at such a symmetric pattern, GSW
gives the best performance in terms of both quality and computational time. However,
it is worth reiterating that when working with lower-symmetry patterns, superposition
algorithms can provide reasonably good traps in a much reduced time [83]. When



Algorithms for Holographic Optical Traps 157

Table 6.1

Summary of theoretical performances of the investigated algorithms

Algorithm Detail e u o (%) K Scaling

RM 0.01 0.58 16 - N

S 0.29 0.01 257 - NxM

SR 0.69 0.01 89 - NxM

GS 0.94 0.60 17 30 KxMxN
GAA 0.93 0.79 9 30 KxNxM
DS 0.68 1.00 0 7.5 % 10 KxPxM
GSW 0.93 0.99 1 30 KxNxM

The target trap structure is a 10 x 10 square grid. Column 2 contains a 100 x 100 detail of the total
768 x 768 hologram. Performance parameters after K (column 6) iterations are reported in columns
3, 4, and 5. Computational cost scaling is reported in column 7, where: M = number of traps, N =
number of pixels in hologram, K = number of iterations, and P = number of gray levels (256 here).

speed is an important issue, the time needed to compute an SR hologram, or equiv-
alently to perform a single step in GS-based algorithms, can be efficiently reduced
by relying on the Graphic Processing Unit (GPU) of a graphic board for both com-
putational and rendering tasks [98]. Being concerned with algorithms for calculating
fields only on the trap sites, the overall performance ratings in Table 6.1 are basically
unchanged when moving to 3D geometries. As an example, Table 6.2 shows the re-
sults of a similar test performed on a three-dimensional target consisting of 18 traps
arranged in the conventional unit cell of the diamond lattice.

6.4.6 Alternative Means of Creating Extended Optical
Potential Energy Landscapes

Large arrays of optical traps can be generated in several ways. While holographic
optical tweezers are very flexible, there are situations in which alternative approaches
might be considered.
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Table 6.2

Predicted algorithm performances on a 3D target

Algorithm e u o (%) K

RM 0.07 0.79 13 -

S 0.69 0.52 40 -

SR 0.72 0.57 28 -

GS 0.92 0.75 14 30

GAA 0.92 0.88 6 30

DS 0.67 1.00 0 1.7 x 10%
GSW 0.93 0.99 1 30

There are 18 traps arranged on the sites of the conventional unit cell of the diamond lattice. Perfor-
mance parameters after K (column 5) iterations are reported in columns 2, 3, and 4.

For example, multibeam interference is simple, produces high-quality optical lat-
tices over extended 3D volumes, and can tolerate high beam powers. Extensive work
on laser-induced freezing and other novel phase transitions has utilized this approach
[13,19]. Burns and colleagues used the standing optical field resulting from the inter-
ference of several beams to trap polystyrene spheres, thereby producing a 2D colloidal
crystal, and to propose the existence of optically mediated particle—particle interac-
tions in this system (optical binding) [99,100]. However, such approaches are limited
to symmetric patterns.

Alternatively, galvan mirrors [101] or piezoelectrics [37,102] have served as the
basis for designs involving scanning laser tweezers. These approaches are briefly sum-
marized in the next section. Another (SLM-based) strategy that allows flexible gener-
ation of trap arrays uses the Generalized Phase Contrast (GPC) method. In addition,
arrays covering large areas have now been produced using evanescent waves. In the
remainder of the section, we will discuss these promising alternative techniques.

6.4.6.1 Time-sharing of traps

For generating a simple, smooth potential, such as a ring trap, the use of analog
galvo-driven mirrors might be preferred over either HOTSs or acousto-optic deflectors
(AODs). Coupled with an electro-optical modulator, this can yield smoothly varying
intensity modulations in a continuous optical potential [103,104]. Galvo systems pro-
vide much higher throughput of the incident light than either AODs or Fourier-plane
HOTs, and have been put to good use in many experiments (e.g., the Bechinger group
uses galvo-driven mirrors to create simple optical “corrals” that controllably adjust
the density of 2D colloidal ensembles). However, inertia limits the scan speed of any
macroscopic mirror to a fraction of what is available via AODs.
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Acousto-optic deflectors are simply another class of reconfigurable diffractive op-
tic element—a class that is limited to simple blazings but has a much higher refresh
rate: AODs can be scanned at hundreds of kilohertz, repositioning the laser on such a
short time scale that, under some circumstances, the trapped particles experience only
a time-averaged potential. This short time constant allows for the creation of multi-
ple “time-shared” traps using AOD deflection of the same (first-order) diffraction spot
[105,106].

In order for each trapped particle to feel only the time-averaged potential, the max-
imal time that the laser can spend away from any one trap would be something like a
tenth of the time scale set by the corner frequency in the power spectrum of particle
displacements. The inverse of this corner frequency indicates, essentially, the time it
takes the particle to diffuse across the trap. The smaller the particle, the shorter this
time scale becomes. Less viscous environments also present challenging time scales:
for aerosols, the corner frequency can be 2 kHz even for an 8-micron sphere [107].
Because of these high corner frequencies, it could be a challenge to use AODs to gen-
erate large arrays in such samples and, indeed, HOT-based array generation has been
preferred for such work [108]. It should be emphasized that, for any type of sample,
“while the laser’s away, the beads will stray!” That is, over time interval + when the
laser is elsewhere (at other trap sites or traveling between traps), a microbead will dif-
fuse away from its nominal trap site a distance d = ~/2Dt. For a 1-micron-diameter
bead in water, the diffusion coefficient is D = kpT /6w nr = 0.4 um?/s. So if the
laser is absent for 25 microseconds, the bead is expected to diffuse 5 nm. Clearly,
smaller spheres would diffuse further during the same time, and (even for micron-
scale spheres) as the number of trapping sites increases, the demand for speed from
all components of the control system (both hardware and software) becomes signifi-
cant. This (coupled with the requirement that the laser spend sufficient time at each
trap site to produce the time-averaged power required for the desired trap strength,
and the fact that while trap strength depends only on the time-average power, sample
damage due to two-photon absorption and local heating contain a dependence upon
the peak power [109]) represents a maximum limit to both the type of arrays that can
be constructed and the accuracy to which the spheres can be positioned when using
time-shared trapping.

That said, impressive results have been obtained. A 20 x 20, two-dimensional ar-
ray of traps was constructed and (mostly) filled with 1.4 pum silica spheres by the
van Blaaderen group [110]. Moreover, by physically splitting the beam and creating
two optical paths with offset image planes, the group was able to make small arrays of
traps in two separate planes. Because nearly all of the colloidal particles in their sam-
ple were index-matched to the surrounding medium, they were able to tweeze a dilute
concentration of nonindex-matched tracer particles so as to controllably seed nucle-
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ation of 3D order in a concentrated colloidal sample [110], and then use fluorescent
confocal microscopy to image the results. Primarily, though, work utilizing AODs has
been limited to the generation of 2D arrays of traps.

For experiments involving just one or two spheres, the positioning resolution of
AODs driven by low-jitter digital frequency synthesizers cannot be beaten. It is not
unheard of for such systems to claim a positioning resolution of less than one-tenth of
a nanometer, though, at this level, the accuracy of positioning is not only affected by
diffusion of the particle in the optical trap, it is also affected by the pointing stability
of the trapping laser and by hysteresis and drift of the sample stage and of the objec-
tive lens. There are a number of technical points one must be aware of. For analog
AOD systems, there can remain problems with “ghost traps” (as the beam is often
sequentially repositioned in x and then in y, so the generation of two traps along the
diagonal of a square yields an unintended spot at one of the other corners). Moreover,
because the AOD efficiency falls off as a function of the deflection angle, for applica-
tions requiring uniform arrays, one must compensate, either by spending more time at
peripheral traps or by increasing the power sent to those traps. If such steps are taken,
AODs offer good trap uniformity, precise positioning in 2D, and fast updates. Also,
in some sense, AOD-generated arrays can be thought of as being made of incoherent
light (different beams do not interfere, being present only one at a time).

More details, including references, can be found in [37]. For generating arrays of
traps using AODs, pages 2964-2965 of [110] clearly and concisely describe many of
the relevant parameters that must be considered.

Unlike the SLM-based techniques, AOD-based systems cannot normally do mode
conversion or aberration correction, and they cannot generate arrays of traps dispersed
in 3D.

6.4.6.2 Generalized phase-contrast method

Frits Zernike won the 1953 Nobel Prize for developing an imaging technique that
could turn a phase modulation caused by a transparent sample (e.g., a biological cell)
into an intensity modulation at the plane of a camera or the eye. While Zernike’s ap-
proach was valid for weak phase modulation, workers at Risg National Laboratory
in Denmark have created a Generalized Phase-Contrast technique (GPC), which pro-
vides a simple method for using the SLM to produce arbitrary user-defined arrays of
traps in 2D [111], and can also be made to work in 3D [112,113].

In the GPC approach, the SLM is conjugate to the trapping plane, and no compu-
tations are required in order to convert the phase-only modulation of the SLM into an
intensity modulation in the image plane; instead there is a direct, one-to-one corre-
spondence between the phase pattern displayed on the SLM and the intensity pattern
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created in the trapping plane. In the Fourier plane, a small 7-phase filter shifts fo-
cused light coming from the SLM so that at the image plane it will interfere with a
plane-wave component. The result is a system that only requires the user to write the
desired 2D patterns on the SLM. The downside to this is that xy positions are limited
to pixel positions, meaning that ultra-high-precision trap positioning is not possible
to the degree it is with the other techniques we have described. Also, beam-shaping
Fourier-holography tricks are not applicable to the GPC approach.

Extension of the GPC method to 3D requires the use of counterpropagating beam
traps, rather than optical tweezers, and so three-dimensional control is, in some sense,
more involved. For this reason, the Risg team has developed an automated alignment
protocol [114] for users interested in 3D control. It is not possible to controllably
place traps behind each other with this method, but there are now many impressive
demonstrations of 3D manipulation using the GPC technique.

Notably, in this “imaging mode,” the SLM efficiency is much higher, providing a
throughput of up to 90% of the light, as there is no speckle noise and no diffraction
losses (i.e., there are no ghost orders; there is no zero-order beam) [115]. The version
of GPC using counterpropagating beam traps can also use low-NA optics, which can
have a large field of view, and a large Rayleigh range. So, while Fourier-plane holo-
graphic optical traps can provide only a small range of axial displacements, limited by
spherical aberration, the low-NA GPC trap arrays are sometimes called optical eleva-
tors because of the large range over which the traps can be displaced along the optic
axis. Moreover, the working distance can be up to 1 cm, which is 100 times that of a
conventional optical tweezers setup. This long working distance even makes it possi-
ble to image the trapped structure from the side [116]. Because no immersion fluid is
required for low-NA imaging optics, one could imagine performing experiments using
this approach in extreme environments, such as vacuum or zero gravity. That said, the
use of a high-NA, oil-immersion trapping lens is necessary in order to provide high
trap stiffness along the axial direction.

6.4.6.3 Evanescent-wave optical trap arrays

Evanescent fields hold promise for future generation of trap arrays, primarily for
two reasons. One is not subject to the free-space diffraction limit and can therefore
create significantly subwavelength structures in the optical fields. Also, it has been
shown that patterned evanescent fields can create large numbers of traps spanning
macroscopically large areas [117]. Interestingly, in an unpatterned, but resonantly en-
hanced, evanescent field, arrays of trapped particles have recently been observed to
self-organize, due to the onset of nonlinear optical phenomena (optical solitons) [118].
Several schemes have been proposed for holographic control of evanescent fields, and
a tailored algorithm for doing this sort of light shaping has recently appeared [119].
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The disadvantages of evanescent fields are that one must obviously work very close
to the surface, create patterns using only the range of incident angles beyond the crit-
ical angle for total internal reflection, and allow for the strong variation in penetration
depth as a function of incident angle (which, on the other hand, allows 3D shaping of
the evanescent field [119]). Taken together, these necessarily constrain the shapes that
can be holographically achieved in the near field, and clearly require the development
of specialized algorithms.

6.5 THE FUTURE OF HOLOGRAPHIC
OPTICAL TWEEZERS

Good, fast algorithms currently exist for Fourier-plane holographic optical tweez-
ers consisting of arbitrary 3D trap configurations. Already, today, HOTs can be bought
commercially [74]. A number of researchers have begun to use HOTs as the center-
piece of integrated biophotonic workstations [120—122]. With the capability of doing
holographic work established, it is reasonable to combine HOTs with digital holo-
graphic microscopy [123-125]. Moreover, as the traps are already under computer
control, it is relatively easy to combine HOTs with pattern recognition to automate
particle capture and sorting [126], and to trigger key events, localized in space and
time, in systems near instabilities [127]. Related techniques are also undergoing sig-
nificant development. So, while a great deal of science has been accomplished with
one or two pointlike traps, there clearly remains enormous potential associated with
extended arrays of optical traps.
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7.1 INTRODUCTION

Optical manipulation is a field that encompasses a wide range of well-attested
mechanisms and methods. The mechanisms that are most prominent in any specific
system are primarily dictated by the size of the target particles. The particle size,
in turn, determines the nature of the physical system in which such effects can be
observed; the scale of size for optical tweezers and allied methods runs up to a sig-
nificant fraction of the beam width. Microscopic particles such as cells and polymer
beads represent optically controllable particles at this higher limit of size [1-3]. To
offset gravitational forces, such materials are most conveniently studied in liquid sus-
pension, and in such cases the particle position and motion are controllable by vari-
ous means, including intensity gradients (optical tweezing of individual particles at a
laser focus, or for large numbers of particles in holographically generated traps) and
multiple-scattering (optical binding). Together, such methods represent a branch of
optical technology that already has extensive applications in the fields of medicine,
sensors, and micromechanical devices.

At the opposite extreme, the lower end of the size scale, most such methods are
clearly unusable. Individual atoms and small molecules do not present sufficient cross-
section to respond differentially across their own dimensions to wavelength-scale vari-
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ations in intensity, nor are they so readily localizable. In the condensed phase, the op-
tical manipulation of particles smaller than 100 nm becomes problematic because of
Brownian motion. In the gas phase, laser cooling schemes such as the configuration
known as optical molasses, based on momentum exchange and exploiting Doppler
shift to its own ultimate demise, allow the optical generation of traps within which
further optical manipulation can be achieved. This science of cold atoms [4-8] has, of
course, recently developed into another burgeoning area of study, the generation and
control of Bose—Einstein condensates [9]. In such systems, the responsive motion of
individual atoms or molecules, or of the whole assembly in the Bose—Einstein case, is
determined by an optically generated potential well.

Against this background, the theoretical and technological developments that have
recently led to the production of structured laser light introduce another tier of pos-
sibilities associated with orbital angular momentum (OAM) content [10—14]. The in-
tricate wavefront structures of Laguerre—Gaussian, Bessel, and Mathieu light beams,
for example, allow the production of force fields and torques that have no counter-
part in conventional optical beams. Already it has been shown that the exploitation
of such beams for atomic and molecular manipulation can lead to a variety of lattice
structures, clusters, and rings [15—17]. In this chapter, we will describe the general
principles and give the key equations. We will also exhibit some of the results that
have emerged from studies of optically trapped atoms, and molecules in the quasi-
static environment of a liquid crystal [18]. First, we will begin with a brief overview
of the context of the engagement of light possessing orbital angular momentum with
atoms and molecules.

7.2 A BRIEF OVERVIEW

The literature dealing with study of the engagement of light endowed with orbital
angular momentum with atoms and molecules is relatively sparse in comparison with
that involving optical manipulation of the larger particles [5] mentioned earlier, such
as biological cells and polymer beads. Most published works on atoms and molecules
are concerned with theoretical studies, but there are also a few experimental studies.

The possibility that orbital angular momentum effects can influence matter at the
atomic and molecular level was first mentioned as a speculation in pioneering work
by Allen and colleagues [19]. This was followed by a number of theoretical inves-
tigations [20-24] that led to the prediction of the light-induced torque [20], the az-
imuthal Doppler shift [21], and a number of studies on the motion of atoms and ions
in Laguerre—Gaussian beams, including optical molasses in one, two, and three dimen-
sions [22-24]. The role of photon spin when considered in the same context as OAM
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was clarified [23]. This led to the identification of a spin—orbit term and a contribution
involving 1-s coupling in the azimuthal force due to circularly polarized Laguerre—
Gaussian light. More recent work concentrated on trapping in dark regions of the
beam profile, indicating that under such circumstances the trapped atoms would ex-
perience diminished heating effects [25]. Studies dealing with the selection rules gov-
erning the interaction of light with the internal and external degrees of freedom were
undertaken by van Enk [26] and Babiker and colleagues [27], while Juzelitinas and
colleagues identified novel features in the interactions of Bose—Einstein condensates
[28,29]. As interest in the subject has grown, many other groups have also engaged in
issues surrounding the effects of OAM on atoms and molecules [30-35].

Tabosa and Petrov conducted the first experimental study involving atoms interact-
ing with orbital angular momentum of light [36]. They demonstrated the transfer of
OAM from the beam to cold cesium atoms. Other studies have dealt with the channel-
ing of atoms in material structures possessing cylindrical symmetry, where the optical
modes are distinguished by orbital angular momentum features. Theoretical studies
[32,37] have shown that, in such structures, the channeling of atoms involves light
torques similar to those produced by free space Laguerre-Gaussian beams—which
have also been employed as atom guides [37—42]. In the molecular context, particular
interest has focused on liquid crystals, despite their complexity, since their distinctive
combination of anisotropic local structure and relatively labile orientational motion is
directly amenable to optical interrogation. The effects of OAM on liquid crystals have
been studied recently by Piccirillo and colleagues [43,44], and a subsequent analy-
sis employing the dielectric model of the nematic liquid crystal has been reported by
Carter and colleagues [18].

7.3 TRANSFER OF OAM TO ATOMS AND MOLECULES

For both structured and unstructured light, most optical processes involve electric
dipole interactions with the radiation fields, this type of interaction generally being
the strongest form of coupling. Depending upon the specific process, the dipolar in-
teractions entailed may invoke either static or transition moments.

If, as shown by Berry [45], orbital angular momentum is an intrinsic property of all
types of azimuthal phase-bearing light, then it could be argued that orbital angular mo-
mentum should be exchanged in an optical transition, just as spin angular momentum
is exchanged in a radiative transition, leading to modified selection rules for electronic
transitions. These matters have been explored by an explicit analysis [27], which con-
cluded that the exchange of OAM occurs in the electric dipole approximation and
couples only the center of mass to the light beam. The internal degrees of freedom
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associated with the “electronic”” motion are not involved in any OAM exchange with
the light beam to this leading order. It is only in the next order, namely in an electric
quadrupole transition, that an exchange involving the light, the center of mass, and the
internal degrees of freedom can be realized. One unit of OAM is exchanged between
the light and the internal dynamics, so that the light beam possesses (I &= 1)7 units
of OAM and the center of mass motion gains %1 units. These conclusions suggest
that no experiments can detect OAM exchange between Laguerre—Gaussian light and
molecular systems through changes involving electric dipole transitions. The analysis
confirms the fact that OAM effects are manifest primarily in the center mass motion
by the imposition of additional forces and associated torques. The study of these addi-
tional forces is best carried out by a extending the formalism of Doppler cooling and
trapping to the case of light possessing OAM, as we will discuss next.

7.4 DOPPLER FORCES AND TORQUES

It has long been known that the Doppler effect responsible for broadening atomic
transitions can be exploited for laser cooling. On irradiating an atomic gas with a laser
beam detuned to the red of an absorption frequency, only a subset of the atoms—those
that experience a compensating (blue) Doppler shift due to motion toward the light
source—can absorb the light. The decay of the resulting excited state releases a photon
in a random direction. Due to the extremely short lifetime usually associated with the
excited state, this is a process that can recur with great rapidity, and the net effect over
a series of absorption and emission cycles is that such atoms experience a net imparted
momentum against their direction of travel, slowing them down. For the self-selected
group of atoms within the laser beam profile, this loss of translational energy signifies
cooling, to the extent that such a term can meaningfully be applied to a nonequilibrium
system. With two counterpropagating beams, the velocities of the fastest atoms in
each direction can be reduced; and as the laser frequency is gradually increased, the
breadth of the initially Maxwellian velocity distribution becomes increasingly narrow.
Transverse motions can be controlled by the addition of further counterpropagating
beams, with each pair of sources in a mutually orthogonal configuration; this is the
essence of optical molasses.

The significant features introduced by the use of structured light possessing or-
bital angular momentum are: (1) there is, in addition to translational effects, a light-
induced torque that causes a rotational motion of the atoms about the beam axis and
(2) there are regions of maximum and minimum intensities in the beam cross-section.
The forces and torque are, in general, time-dependent as well as position-dependent.
As we will discuss, the full space- and time-dependence of the motion is, in gen-
eral, characterized by a transient regime, followed by a steady state regime after a



Doppler Forces and Torques 173

sufficiently large time has elapsed from the instant in which the beam is switched
on (typically for elapsed times much larger than the characteristic timescale of the
problem).

7.4.1 Essential Formalism

Consider an atom or a molecule for which the gross motion is that of the center
of mass and the internal dynamics is modeled in terms of a two-level atom. In the
presence of a laser field, the total Hamiltonian for the whole system is

2

hoata o B to_iplat fRY
H=hwa'a+ 3 + hoor ' —ih[7" f(R) —h.c.], D
where 7 and f(R) are given by
F=me,  fR) = (- OaFipR)e PR /h, )

Here 7w and 77 are the ladder operators for the two-level system; P is the center-of-
mass momentum operator with M the total mass and wp the dipole transition fre-
quency. The operators ¢ and a are the annihilation and creation operators of the laser
light, and w is its frequency. In the classical limit, appropriate for the case of a coher-
ent beam, the @ and a' operators become c-numbers involving the parameter o such
that

a(t) — ae ¢, a’(t) > a*el®. 3)

The last term in equation (1) is the interaction Hamiltonian coupling the laser light
to the two-level system in the electric dipole and rotating wave approximations, eval-
uated at the center of mass position vector R. The coupling function f(R) in equa-
tion (2) involves i 1,, the transition dipole matrix element of the atom interacting with
a Laguerre-Gaussian light mode characterized by €, the mode polarization vector, the
mode amplitude function, F;, (R) and phase ®y;, (R), given by

N V2r\ ! 2r? 22
Fiap(R) = Fioo . < ) Lg‘( e/, “4)

(1+22/23)12 \w(2) w?(z)
o (R)—Lzz+l¢+(2 +1+ D tan"(z/zg) + k (5
kip = 2(zz+z%) p Z/ZR Z.

Here Fioo may be identified as the amplitude for a plane wave propagating along the
z-axis with wave vector k; the coefficient Ny, = /p!/(][] + p!) is a normalization
constant; w(z) is a characteristic width of the beam at axial coordinate z and is ex-
plicitly given by w?(z) = 2(z> + z%)/kzg, where zg is the Rayleigh range. The LG
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mode indices / and p determine the field intensity distribution and are such that /% is
the orbital angular momentum content carried by each quantum.

We will now assume that the position R and the momentum operator P of the
atomic center of mass take their average values r and Pop = MV, where V is the cen-
ter of mass velocity. Thus, we are treating the atom gross motion classically, while
its internal motion continues to be treated quantum mechanically. This treatment is
justified provided that the spread in the atomic wave packet is much smaller than the
wavelength of the light, and that the recoil energy is much smaller than the linewidth.
The system density matrix can then be written as

ps=3R—1)SP—-MV)p (1), (6)
where p(t) is the internal density matrix, which follows the time evolution

d,o_
dr —

and where the term Rp represents the relaxation processes in the two-level system.

—%[H,p] +Rp. %

The optical Bloch equations governing the evolution of the density matrix elements
can be written as follows:

p21(1) —(I3 —iA) 0 2f(r) p21(t)
P2 | = 0 —(+iA) 2f*(@) | | p12(®)
£22(1) —f*() —f () —I p22(1)
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Here the relaxation processes are assumed to be characterized by an inelastic collision
rate, 7, and an elastic collision one, I'>. The effective, velocity-dependent, detuning
A is given by A = Ag — VO .V and we have set p = pexp(—itV - VO). We have
also made use of the relation p;1(¢) + p22(t) = 1.

The average force due to the light acting on the center of mass is the expectation
value of the trace of —pV H,

(F) = —{tr(pV H). ©

The total force can be written as the sum of two types of force, a dissipative force
(Fdiss) and a dipole force (Fgipole), and these are related to the density matrix elements
as follows:

(FaissR, 1)) = =AYV O (53, £ () + pa1 [*()) (10)

\4?
{Faipote (R, 1)) = ih?(lsmf(r) — b f*(m). an
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Here we have introduced the position dependent Rabi frequency £2(R), defined as

h2R) = (- OeFR)|,  fR)=2R)O®, (12)

Clearly all quantities depend upon the mode type and implicitly carry the labels k/p.

The center of mass dynamics is determined by Newton’s second law, written in the
form

Mdz—R =(F®)) (13)
dr? '

where (F(¢)) is the total average force. Since this differential equation is second or-
der in time, values of the position vector components R(0) and initial velocity vector
components V(0) should be stated as initial conditions. The main outcome of solv-
ing equation (13) is a complete determination of the trajectory function R(z), along
with V(r) = R(r). Furthermore, as will become apparent, the development furnishes
important information about the evolution of the light-induced torque.

7.4.2 Transient Dynamics

The transient effects are most prominent for transitions with a long excited state
lifetime. Rare-earth ions provide such a context. Consider an Eu* ion that has M =
25.17 x 10720 kg, and for its Dy — 7D transition A = 614 nm and I" = 1111 Hz.
We focus on the [ = 1, p = 0 Laguerre—Gaussian mode and assume the laser intensity
to be I = 105 Wem™2, and the beam waist wo = 35X. The transient regime can be
explored for three special cases, namely (a) exact resonance; (b) strong collisions
and (c) intense field. For the latter case, we will assume the higher intensity [ =
103 W cm—2. Evaluations have been carried out for a period fyax ~ 5T ™! 2 4.5 ms,
which is sufficiently long to exhibit effects both for the transient regime and the steady
state.

The results are shown in Figure 7.1 for the cases of strong collisions. The atom fol-
lows a characteristic path with an axial motion superimposed on an in-plane motion.
The in-plane motion is seen to be in the form of loops in the shape of petals. It is in
this characteristic motion that the effects of the optical torque are evident. A similar
trajectory arises in the case of an intense external field, as shown in Figure 7.2, but
here it is seen that there are many more loops due to the atom gaining kinetic energy
with a larger force and torque. Figure 7.3 explores the initial stages of the trajectory
before the second petal is formed. In the case of exact resonance, as shown in Fig-
ure 7.4, there is no dipole force acting upon the atom and therefore no radial force,
due to the zero-detuning. The atomic radial position is constant.
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2 1 T T T I I

Figure 7.1 The path in the x—y-plane of an Eu?t ion subject to an LGy (o mode in the case of strong
collisions. The initial position is represented by a dot. Other parameters used for the generation of this
figure are described in text.

yiA

Figure 7.2 As in Figure 7.1, but for the case of a strong external field, as described in the text.
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y/h

Figure 7.3 The initial stages of the trajectories shown in Figures 7.1 and 7.2 exhibiting the initiation
of the first petal-like loop. Inset: variation of the x-component of the position with time.

z/h [

Figure 7.4 The path of an Eu?t jon subject to an LGy ¢ in the case of exact resonance. Other param-
eters are the same as those shown in Figures 7.1 and 7.2.

The time-dependent torque is defined as
T (1) =r(1) x (F(0)). (14)

The evolution of this torque can be determined along with the corresponding trajecto-
ries. The torque experienced by the Eu* ion for the case of strong collisions is shown
in Figure 7.5. It is evident from the figure that once the beam is switched on, there is
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Figure 7.5 The variation of the (axial) light-induced torque acting on the Eu3t ion subject to an
LG g in the case of strong collisions. The detuning Ag = 5007 and the initial radial position is
r=>5\.

an abrupt increase in the magnitude of the torque, which then oscillates and rapidly
decays toward a steady state value. Furthermore, the evolution exhibits a collapse and
revival pattern, with each cycle corresponding to a loop in the trajectory. The peak of
the torque corresponds to the outer tip of the loop, and the collapse corresponds to the
points near the beam axis. The sudden jumps in the torque are real events arising from
the change in the direction of motion as the atom is repelled from regions of extremum
field intensity values.

7.4.3 Steady State Dynamics

The formal expressions for the steady state forces can be deduced by taking the
limit t — o0, or the time derivatives in the optical Bloch equations set equal to zero.
In the steady state, where I't >> 1 (where I" is the de-excitation rate of the upper
state of the atomic transition), the total force on a two-level atom exhibits position-
dependence and is naturally divisible into two terms. Restoring the explicit reference
to a specific Laguerre—Gaussian mode, the steady state force on a moving atom due to
a single beam propagating along the positive z axis is written

(F)kip = (Fdiss)kip + (Fdipole)kip- (15)
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where (Fgiss)xip is the dissipative force

(Faiss(R, V), = 21T 2} (R)( VOu,®) ) (16)
S Ky VN A, R V) 4228 R +12)
P P
and (Fgipote (R, V))1p is the dipole force
(Fdipole (R, V))klp
App R, V)
= —2h821, R)V 2y ( . 17
P "\A},R V) +227 (R) + I

The effective detuning Ay, (R, V) is now both position- and velocity-dependent.

AkpR, V) =Ag — V. VO, R, V). (18)

The dissipative force is due to absorption followed by spontaneous emission of light
by the atom, while the dipole force is seen to be proportional to the gradient of the
Rabi frequency. Both types of force feature prominently in atom cooling and trapping,
with the dissipative force creating a net a frictional force in optical molasses, and the
dipole force trapping the atom in regions of extremum field intensity.

The inference that a light-induced torque is automatically created in this context
can be confirmed by examining at the velocity-independent forces. For V = 0 and for
7 K Zg, we have

2nI 2% (R) .
(Fiiss R) & [ i+ écb]. (19)

s Ry = AF+225,R) + 17?2

There are thus two components of force: an axial component and an azimuthal com-
ponent. The latter has a nonvanishing moment about the axis, i.e., a torque given by

21125, (R)
=— 5 5lz. (20)
Aj+ Zlep(R) + I
In the saturation limit, where £2 > Ag and £2 > I, we have
T ~ hiTl'zZ. 21

This simple form of the light-induced torque was first pointed out by Babiker and col-
leagues [20]. In general, the torque is velocity- and position-dependent, and therefore
changes along the path of the atom.
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7.4.4 Dipole Potential

The velocity-independent dipole force can be derived from the dipole potential
hho 202}, (R)
({Um),, = — ln|:1 + rervell (22)

0
such that (Fdipo1 .

tensity regions of the beam for Ay < 0 (red-detuning). For blue detuning, Ay > 0, the

Ykip = —V{U (R))u1p. This potential would trap atoms in the high in-

trapping would be in the dark regions of the field. For example, consider the LG mode
for which / =1, p = 0. On the plane of the beam waist z = 0, the potential minimum
occurs at r =rg = wo/ V2. For a beam propagating along the z-axis, the locus of the
potential minimum is a circle in the xy plane given by

x2 4+ y2 = rg. (23)
Expanding (U (R))x10 about ro we have
1
(U)kio~ Up + EAkIO(’” — )%, (24)

where |Up| is the potential depth given by

2k o5

1
Upl = =h|Ag|In| 1
|Uo| 2| 0|H[+A(2)+F2

and Agjo is an elastic constant given by

41| Ao e~ 12?2
Ano= s S () (20)
0 k00 0

An atom of mass M, trapped if its energy is less than |Up|, will exhibit a vibrational
motion about » = rq of angular frequency approximately equal to / Ax10/M.

7.5 THE DOPPLER SHIFT

The force expressions contain the effective detuning Ay, defined by
App=w—wo— V6.V, 27
this can be written as

Apip =w — wp — 8, (28)
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where § is an effective Doppler shift associated with the beam. In the limit z < zg,
we have

!
§=kV, 4+ -V, (29)
r

where V; and V, are the components of the atomic velocity in cylindrical polar co-
ordinates. The first term is the Doppler shift associated with the axial component, as
one would expect from a plane wave traveling along the z-axis. The second term is
entirely new, arising from the orbital angular momentum content of the beam. It is im-
portant to note that this azimuthal Doppler shift increases with the angular momentum
quantum number /.

7.5.1 Trajectories

Newton’s second law determines the form of the atom dynamics, subject to ini-
tial conditions. The solutions lead to the trajectory R(#), and they also determine the
evolution of other variables of the system. Unfortunately R(#) cannot, in general, be
determined analytically, and it is necessary to proceed using numerical analysis. It is
easy to check that the trajectories for two cases in which an Mg™ ion is subject to
single separate beams differing only in the sign of / will only display a reversal of the
direction of rotation. This is consistent with the existence of the light-induced torque.

7.5.2 Multiple Beams

Doppler cooling manifests itself in the so-called optical molasses configurations in
one, two, and three dimensions. For beams endowed with OAM, a description of op-
tical molasses requires the specification of individual field distributions to be referred
to the laboratory coordinate system. We therefore need to apply multiple coordinate
transformations with reference to the original Cartesian axes. The total force acting on
the atom is the vector sum of individual forces in a given configuration of light beams.

For a light beam of frequency w, axial wave vector k, and quantum numbers / and
p coupled to an atom or an ion at a general position vector R = (r, ¢, z) in cylindrical
coordinates, the phase ®y;, (R) and the Rabi frequency £2;;,(R) can be taken as

Oup =1¢ +kz (30)

and

r/2\ 1 2, 2\l 2r?
lep(R)~.§20<w—0> exp(—r*/wg)L}, (w—%> @31
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These expressions are applicable for a Laguerre—Gaussian beam in the limit z < zg,
where zg is the Rayleigh range, and w(z) = wy, i.e., we ignore all beam curvature
effects.

The total forces acting upon the atomic center of mass moving with velocity V.= R
are given above in the steady state, but with the approximate phase ®;,(R) and Rabi
frequency $2x;,(R), as in equations (30) and (31). These are given in cylindrical polar
coordinates, with the beams propagation parallel to the z-axis. However, in order to
consider multiple beams, it is convenient to begin by expressing the position depen-
dence in the Rabi frequency and phase in Cartesian coordinates R = (x, y, z), simply
by substituting r = y/x2 4 y2 and ¢ = arctan(y/x). A beam propagating in an ar-
bitrary direction is determined by applying two successive transformations. The first
transformation is a rotation of the beam about the y-axis by an angle 8, and the second
is a subsequent rotation about the x-axis by an angle . This signifies to the following
overall coordinate transformation:

x — x' = cos(8)x + sin(0)z, 32)
y — ¥y = —sin(@) sin(y)x + cos(y)y + cos(8) sin(y/)z, (33)
7 — 7 = —sin(@) cos(y¥)x — sin(Y)y + cos(0) cos(v/)z. (34)

By suitable choice of the angles 6 and i, we obtain the force distribution due to a
twisted light beam propagating in any direction. In this manner, we are able to con-
sider geometrical arrangements involving counterpropagating beams (especially those
corresponding to one-, two-, and three-dimensional optical molasses configurations)
for beams possessing OAM.

We will concentrate on the case of optical molasses of magnesium ions Mg* with
a transition of frequency wy corresponding to the transition wavelength A =280.1 nm
and transition rate 1" = 2.7 x 108 s™!. The Mg* mass M = 4.0 x 1072° kg. We
consider red-detuned light to induce trapping in areas of high intensity, Ao = —I" and
wo = 35A. The equation of motion for the Mg™ ion is now

2

d
M—SR(0) = Z<F,->, (35)

11

where the sum is taken over individual (total) force contributions from each beam
present. In the one-dimensional molasses configuration, a pair of counterpropagating
beams is set up along the z-axis. The specification of the force due to the beam prop-
agating in the negative z-direction is shown in equations (32), (33), and (34) with
0 =7 and ¥ = 0. Figure 7.6 shows the trajectory of the Mg* ion with [} = —p =1
and p; = pp = 0. The initial radial position is r = 10A, and the initial velocity is
v =>5Z ms~!. The motion is for a time duration equal to 2 x 10° "1 It is clear that
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Figure 7.6 Path of an Mg ion in the one-dimensional twisted optical molasses created by two coun-

terpropagating Laguerre—-Gaussian beams, with /1 = —Ip = 1 and p; = p, = 0 propagating along the
1

z-axis. The initial velocity is v=5Z ms™".
the atom is slowed down to a halt in the z-direction, while in its motion in the x—y
plane it is attracted to the region of high-beam intensity at approximately ro > wq/ V2.
The long-time motion is a uniform circular motion, as can be deduced from Figure 7.7,
which exhibits the corresponding evolution of the velocity components. Once the Mg™
ion is trapped axially, it continues to rotate clockwise about the axis, subject to a torque
which, in the saturation limit, is given by [(T)| ~[jil"’ — [LbAI" = 2hI". The motion
of the ion gives rise to an electric current equal to e/t = ev/2mrg. With v, of about
2 ms~! and rg & wy = 35X, we have an ionic current of the order of a femtoAmp
if a single ion is involved. It is significant that the current scales with the number of
trapped ions; obviously, 1 million or so ions can produce a current on the nA scale.

7.5.3 Two- and Three-Dimensional Molasses

We will now introduce a second pair of counterpropagating beams along the x-
axis, and one pair could be characterized by a different width w. The total force is
now the vector sum of individual forces from the four beams. The specifications of
three of the beams is made with the help of transformation equations (32) to (34).
The trajectories of two Mg™ ions positioned at different initial points, each having
an initial velocity of v, =5 ms™!
beams has an azimuthal index / = 1, and radial index p = 0. Since by choice of

[-values in this case, the total torque arising from either pair of beams is zero, each

, are shown in Figure 7.8, where each of the four

ion ends up at a specific fixed point where it remains essentially motionless. To un-
derstand this, note that the deepest potential well is four times as deep as that of a
single beam, with the potential minima situated along the locus of spatial points de-
fined simultaneously by two equations: x2 4+ y% = w(z) /2 and y? + 72 = w(’)2 /2. For
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Velocity (ms'l)

0 5 10 15 20
rtx10®
Figure 7.7 Evolution of the three velocity components of the MgJr ion in the one-dimensional optical
molasses shown in Figure 7.6. The axial component of the velocity rapidly approaches zero, consistent

with Doppler cooling, while the in-plane components vy and vy show a convergence toward uniform
circular motion.

z/A

25 A

x/A 25 =25

Figure 7.8 Trajectories of two Mg ions with different initial locations subject to a two-dimensional
optical molasses formed by two pairs of counterpropagating twisted beams, with /; = 1 and p; = 0 for
i =1 —4. Each ion ends up motionless on the locus of lowest potential energy minima corresponding
to two oblique orthogonal circles, as explained in text.
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z/A p A

1

20

Figure 7.9 Trajectories of eight Mg™ ions in a three-dimensional twisted optical molasses formed
by three pairs of counterpropagating Laguerre-Gaussian beams with /; =1 and p; =0 fori =1—8.
The initial velocity of each ion is v; =5 ms~ 1. The ions end up motionless at the corners of a cube
of side wy.

wy = wo, these equations describe two orthogonal oblique circles representing the
intersection curves of two cylinders of radii wo/~/2. Solving for x and y, we have

x==zand y ==,/ w(z) /2 — 72. The locus of spatial points where the dipole poten-

tial is minimum can be described by the parametric equations x (1) = (w6 / V2) cosu;
y() = (wy/~/2) sinu; z(u) = i\/ w3 /2 — (w(?/2) sin® u. All Mg* ions in the two-
dimensional configuration of orthogonal counterpropagating pairs of twisted beams
will be trapped at points lying on one of the two oblique circles, as determined by
the initial conditions. An ensemble of Mg™ ions with a distribution of initial positions
and velocities will populate the two circles, producing two orthogonal essentially sta-
tic Mg™ ion loops. Associated with this system of charges would be a Coulomb field
whose spatial distribution, for example, for ions uniformly distributed in the ring can
easily be evaluated. When the values of / are such that each pair of beams generates
a torque, the motion becomes more complicated, but the ions will seek to congregate
in the region of potential minima, while responding to the combined effects of two
orthogonal torques and orthogonal axial cooling forces.

When a third pair of counterpropagating beams is added to the two-dimensional
configuration, orthogonal to the plane containing the original beams, we have a three-
dimensional configuration. In this case, the deepest potential minima are located at
eight discrete points defined by the coordinates x = &0, y =+, and z = +30.
These coincide with the eight corners of a cube of side wp, centered at the origin of
coordinates (see Figure 7.9).
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7.6 ROTATIONAL EFFECTS ON LIQUID CRYSTALS

As observed earlier, a liquid crystal is another physical system where new physical
effects should arise when subject to twisted light. The most prominent effect in this
case can be expected to be an optical influence on the angular distribution of the
director n(r) in the illuminated region. To focus on a case of direct and practical
relevance, let us consider a liquid crystal film of thickness d occupying the region
0 < z < d, with the light incident in such a manner that the beam waist coincides with
the plane z = 0.

To begin with, we first note that in the absence of the light, the free energy density
of the system is given by [46]

Fo(r) = %/cl[v ]+ %/Cz[ﬁ LV xam] + %IC3 [AxVxam]’, 36

where KC; 2 3 are the Frank elastic constants and the terms represent splay, twist, and
bend contributions to the free energy density, respectively. As an approximation, we
set K1 = Ky = K3 = K, corresponding to elastic isotropy. Then equation (36) be-
comes

1
For) = SK{[V RO + [V x dm]*}. (37)

Symmetry considerations suggest that i can be written in terms of ¥ (r), the local az-
imuthal angle such that n = (sin ¥, cos ¥, 0). The free energy expression thus reduces
to

1
Fo=KVW. VY. (38)

Next, we will consider the electric field of a twisted light beam at a general position
vector r = (7, ¢, z) in cylindrical coordinates, expressed as

Eip (1) = fiyp (r) el Otr ™, (39)

where fy;, is the electric field amplitude function corresponding to the expressions
given in equation (4). At frequencies far removed from a molecular resonance, the
coupling of the light can be cast in terms of the dielectric properties of the liquid
crystal. Ignoring any frequency dispersion, the application of the twisted light thus
leads to an additional field-dependent free energy term Fiy given by [46]

1 N R
Fin = =7 €0¢a(t Eyp) (it . Efy,), (40)



Rotational Effects on Liquid Crystals 187

where ¢, is the dielectric isotropy of the liquid crystal. Assuming that the field is
plane-polarized along the x-axis, we find that total free energy can be written as

1
F=Fo+ Fim=5KVE. V¥ = Ay sin” ¥ (r, 2) (41)
where A; , is given by

1 2

Agip = ESOEaIfklpl . (42)

Using Landau’s free energy formalism, it emerges that ¥ satisfies a second-order
partial differential equation in two dimensions (r, z):

2w 1w 9w
kd— 4y 2= 47 "
orz  r or 972

} — Ay psin2¥(r,z) =0. 43)

The above theory has been applied to the case of the nematic liquid crystal SCB
(pentylcyanotrphenyl) doped with an anthraquinone derivative dye (AD1). The system
is modeled as an infinitely wide film of thickness d, sandwiched between two thin
glass plates, those which fix the director angle along the top z = d and bottom z = 0.
The general boundary conditions are then in the form

W (r,0) = W,
W (r,d) = ¥, (44)
and
a"pa(:’ 2) =0 45)

The relevant parameters in this case are K = 0.64 x 10712 N, and &, = 0.5832 [47].
The thickness of the film is taken as d = 20001, where the wavelength is A = 600 nm
and the intensity of the light is 108 W m~2; the beam waist is taken as wy = S0A. We
consider the cases of (I, p) = (5,0) and (I, p) = (5, 1), but the theory can be applied
to any /, p mode, and we will choose other modes for illustration.

Figures 7.10 and 7.11 display a vector field distribution and the corresponding
color-coded plot of the director orientations in the r, z plane with the boundary condi-
tions ¥p = 0 and ¥, = 7 /2 corresponding to the situation in the absence of the twisted
light. Figures 7.12 and 7.13 show the modified landscape once a twisted light beam
with [ =5, p =0 has been switched on. It is clear that there is a marked reorientation
of the directors, when compared to the situation in the beam-free case. Figures 7.14
and 7.15 concern the case where [ =5, p = 1 for the applied twisted light mode. It is
shown that differences in the variation of intensity of the light manifest themselves in
the director reorientation.
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Figure 7.10 Vector field representation of the director orientation of the twisted nematic liquid crystal
before application of the twisted light. The orientation at the boundaries z = 0 (bottom) and z = d (top)
are fixed as described in text.
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Figure 7.11 Color-coded contour representation of the same data as shown in Figure 7.10. The key
represents a scale of the local director orientation angle ¥ relative to the r-axis. It spans the angular
range ¥ = 0 at the bottom (red) to ¥ = /2 at the top (magenta). See color insert.
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Figure 7.14 Vector field representation of the director orientation of the twisted nematic liquid crystal

after the application of the twisted LGy ;, with / =35, p = 1. Other parameters are described in text.
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Figure 7.15 Color-coded contour representation of the same data as shown in Figure 7.14. The key

represents a scale of the local director orientation angle ¥ relative to the r-axis. It spans the angular

0 at the bottom (red) to ¥ = 7 /2 at the top (/magenta). See color insert.

range ¥



Comments and Conclusions 191

7.7 COMMENTS AND CONCLUSIONS

This chapter is concerned primarily with a theory of two-level systems responding
to the field of Laguerre—Gaussian light and, as a supplementary topic, the influence of
such light on liquid crystals. The primary aim is to present an up-to-date account of
work in this branch of optical angular momentum effects. The results for atomic, ionic,
and molecular motion display novel features; not only do such particles experience
modified translational forces in such fields, but the radiation forces include rotational
components that are solely attributable to the OAM of the light. In the transient regime,
applicable within the time interval of the order of I"~!, where I' is the transition
rate from the upper state, the particles experience time-dependent forces and torques
leading to characteristic particle trajectories. In the steady-state regime, applicable for
times much larger than I"~!, the particles experience time-independent forces and
torques and the motion leads to cooling, trapping, and novel rotational effects in a
variety of situations. The saturation light-induced torque has the simple form

T~ hilz. (46)

The result has the simple interpretation that a single transition transfers angular mo-
mentum of magnitude %/, and since there are I” transitions per unit time, the product
amounts to a torque of magnitude 41"/ along the beam axis Z. This supports the pre-
diction that the orbital angular momentum of light is quantized in units of /. We
have also seen that the two-level system subject to such light will experience a new
Doppler shift associated with the rotational component of the interaction. We have
seen that this additional Doppler shift is the source of modification of the dissipa-
tive forces responsible for laser cooling. The treatments of optical molasses involving
pairs of Laguerre—Gaussian beams in one, two and three dimensions involve a vari-
ety of steady-state optical forces with the propensity to produce a novel and highly
distinctive behavior. The Laguerre—-Gaussian light generates optical potential wells
associated with the total dipole force contributions from all the beams present, while
the total dissipative force provides a mechanism for cooling or heating the azimuthal
motion along with the axial motion. For each pair of counterpropagating beams, the
light-induced torque is doubled or annulled, depending on the relative sign of the
OAM quantum number /.

It is clear that the subject of atomic and molecular manipulation using structured
light, especially light carrying orbital angular momentum, is still at an early stage of
development. Experimental work in which atoms, ions, and molecules are trapped in
optical potentials generated by multiple beams still needs to be carried out. Although
the theoretical predictions presented here involve trapping in the maximum intensity
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regions, similar predictions, albeit differing in detail, can be made for trapping in the
dark regions of higher-order intersecting multiple beams.
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8.1 INTRODUCTION

Since the pioneering work by He and colleagues [34,35], the transport of optical
angular momentum by optical vortex beams has been applied to the rotation of micro-
scopic particles in optical traps. Even earlier, optical vortex traps had been proposed
as a method to reduce the scattering forces that oppose optical trapping; in the ray
optics picture, only high-angle rays contribute to the gradient force, and the use of a
hollow beam eliminates the low-angle rays that would still contribute to the scattering
force [1].

There are many interesting phenomena in trapping and micromanipulation of mi-
croscopic particles using optical vortex beams; some depend on the transport of orbital
angular momentum by the beam, and others do not. It is not easy to predict the be-
havior of conventional optical traps other than in a very general way. To go beyond
that to accurate quantitative results (and sometimes the revelation of behavior that is
qualitatively surprising as well) requires computational modeling of the interaction
between trapping beam and trapped particle.

While methods such as geometric optics and Rayleigh scattering are only accurate
in large and small particle regimes outside the usual range of particles trapped and
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manipulated [1,33], it is possible to use electromagnetic theory to model optical trap-
ping in the gap between the domains of these methods [60,64—66,71]. In practice, it is
possible to obtain agreement with experiment to better than one percent [43].

After an initial review of theoretical basics, and the properties of nonparaxial opti-
cal vortices, we will computationally investigate a variety of different phenomena in
optical vortex trapping and micromanipulation, review related experimental results,
and discuss possible further experimental work.

8.2 COMPUTATIONAL ELECTROMAGNETIC
MODELING OF OPTICAL TRAPPING

The calculation of optical forces and torques is essentially an electromagnetic scat-
tering problem—the incident field carries energy, momentum, and angular momentum
toward the particle in the trap, and the superposition of the scattered and incident
fields carries these away. The difference between the inward and outward fluxes gives
the absorbed power, and optical force and torque. As noted above, particles typically
trapped and manipulated using optical tweezers are inconveniently both too small
for short wavelength approximations such as geometric optics and too large for long
wavelength approximations such as Rayleigh scattering.

There are many different methods available for the computational modeling of
electromagnetic problems in this intermediate size range. Perhaps the most widely
used are the finite-difference time-domain method (FDTD) and the finite-element
method (FEM). Due to the popularity and versatility of such methods, it is remarkable
that so little use has been made of them for modeling optical trapping. On a closer
examination of the problem, the reasons for this become clear. First, repeated calcu-
lations are needed for modeling trapping—perhaps a few dozen calculations to find
the equilibrium position of a particle within a trap, and the spring constant, through
to thousands when, for example, calculating a “map” of the force exerted on the par-
ticle as a function of axial and radial displacement in the trap. Second, the typical
optical tweezers arrangement provides us with a relatively simple electromagnetic
problem—there is one particle, usually spherical and on the order of a few wave-
lengths in size, scattering a monochromatic beam, far enough away from surfaces so
that they can be safely ignored. This is not far removed from the Lorenz—Mie prob-
lem, the scattering of a plane wave by a single sphere, for which an analytical solution
exists.

The basic formulation of the Lorenz—Mie solution is very simply extended to arbi-
trary monochromatic illumination, or even to nonspherical particles (while the theo-
retical extension is simple, the practical extension is another matter; some of the issues
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involved are considered later). Fundamentally, the Lorenz—Mie solution makes use of
a discrete basis set of functions w,(linc), where n is mode index labeling the functions,
each of which is a divergence-free solution of the Helmholtz equation, to represent the
incident field,

o0
Uine = ) _ an ", (0
n
and w,fsmt) to represent the scattered wave, so that the scattered field can be written as

0
Uscat = Z Pk wlfscat). 2
k

The expansion coefficients a, and pj together specify the total field external to the
particle.

When the electromagnetic response of the scatterer is linear, the relationship be-
tween the incident and scattered fields must be linear, and can be written as the matrix
equation

o
pe=Y_ Tinay 3)
n
or
P=TA. 4

The T,, which are the elements of the transition matrix, or system transfer matrix,
often simply called the T-matrix, are a complete description of the scattering proper-
ties of the particle at the wavelength of interest. This is the foundation of the classic
Lorenz-Mie solution [51,54], the extension of the Lorenz—Mie solution to arbitrary
illumination, usually called generalized Lorenz—Mie theory (GLMT) [28], the exten-
sion of the Lorenz—Mie solution to nonspherical but still separable geometries such as
spheroids, also usually called GLMT [31,32], and general problem considered for an
arbitrary particle and arbitrary illumination, usually called the T -matrix method [55,
69,89].

When the scatterer is finite and compact, the most useful set of basis functions
is vector spherical wave functions (VSWFs) [55,69,70,89]. In particular, the conver-
gence of the VSWFs is well-behaved and known [9], and this allows the sums given
above to be truncated at some finite nmax Without significant loss of accuracy.

At this point, we can outline the basic procedure for calculating the optical force
and torque acting on a particle in a trap:

1. Calculate the T -matrix
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2. Calculate the incident field expansion coefficients a,
Find the scattered field expansion coefficients pj using P = TA

o

. Calculate the inflow of energy, momentum, and angular momentum from the total
field

For a spherical particle, the 7-matrix is diagonal, and there is an analytical for-
mula for the diagonal elements. The formula does require the calculation of spherical
Hankel and Bessel functions, and practical use necessitates numerical calculation on
a computer. However, even an unoptimized algorithm gives the 7 -matrix for a sphere
10 wavelengths in radius in under 1 second, and considering that step 1 does not need
to be repeated unless calculations are performed for a different particle, it is not a
computationally onerous task.

Step 2 is the most demanding step in the procedure. For a Gaussian beam, the
localized approximation [29,47,56] gives reasonable results. For an arbitrary beam,
our approach is to find the field that gives the best least-squares fit to the beam entering
the objective lens, treating the objective lens as an ideal plane-to-spherical wavefront
converter [70]. For a rotationally symmetric beam, this reduces to a one-dimensional
problem, and can take on the order of a second, depending on the truncation parameter
nmax- The transformation properties of the VSWFs under rotation of the coordinate
system or translation of the origin of the coordinate system [9,11,30,87] can be used to
find the a,, for an arbitrary position of the focal point of the beam from the a,, for when
the focal point is at the origin [16,70]. The transformation matrices for both rotations
and axial translations can be efficiently computed using recursive methods [11,30,87].

Step 3 is a simple matrix-vector multiplication.

Step 4, as it requires integration of the Maxwell stress tensor and its moment,
appears at first glance to be an especially time-consuming step. However, the orthog-
onality properties of the VSWFs can be exploited to reduce the integrals involved to
sums over products of the field expansion coefficients [7,14,66].

As a result, repeated calculations can be made for the optical forces and torques
within an optical trap, taking on the order of a second or a few seconds for each
calculation. Thus, while general methods such as FDTD and FEM have been used for
modeling optical trapping [26,90], the comparative efficiency of the GLMT/T -matrix
method makes it a very attractive method.

The interested reader is invited to download our optical tweezers computational
toolbox, available at http://www.physics.uq.edu.au/people/nieminen/software.html
[64-66].

Apart from allowing us to calculate optical forces and torques, this method also
allows us to investigate the behavior of nonparaxial beams, since we obtain a beam
that is an exact solution of the vector Helmholtz equation in the process of finding
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the force and torque. Since the VSWFs are also angular momentum eigenfunctions,
we also obtain further detail on the transport of electromagnetic angular momentum.
While most readers are likely to be familiar with the basic principles of transport of
spin and orbital angular momentum by paraxial laser beams, the situation is less clear
for nonparaxial beams. Therefore, we will briefly review the fundamental theory of
electromagnetic angular momentum, and then review the angular momentum prop-
erties of the VSWFs and the transport of angular momentum by nonparaxial optical
vortices.

8.3 ELECTROMAGNETIC ANGULAR MOMENTUM

There is a certain degree of confusion and disagreement in the literature on elec-
tromagnetic angular momentum. To at least some extent, this results from the very
limited coverage, if any, that angular momentum receives in typical electromagnet-
ics texts. This situation is not helped by the various conflicting statements (including
ours!) appearing in the research literature that are of unstated restricted validity, or
even wrong. In addition, there are a number of points of genuine difficulty (fortunately
we will find that they do not pose any problem for the case at hand). Therefore, a brief
coverage of the fundamentals of angular momentum in field theory is worthwhile.

Since angular momentum is a quantity of interest because it is a conserved quan-
tity, the proper starting place is conservation laws in classical field theory. The deriva-
tion of the conservation laws closely parallels that in classical mechanics [27], where
Noether’s theorem [72] is used to obtain conserved currents when the action integral
is invariant under some transformation. Noether’s theorem is often stated informally
along the lines of “for every symmetry, there is a conserved quantity.” Invariance with
respect to translations in space leads to conservation of momentum, translations in
time to conservation of energy, and invariance under rotations to conservation of an-
gular momentum.

The following is a brief summary of the presentation given by Soper [83]. If the
Lagrangian density transforms as a scalar density under homogeneous Lorentz trans-
formations, which include rotations in 3D space as a subset, we find that the angular
momentum current is

JaﬁM=XQT,§M—XﬁTaM+S¢xﬁM, (@)

where Sqg# is the spin tensor, and the corresponding conserved tensor

Jop = / d3x Jy8° (6)
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is the angular momentum. Since T is the canonical energy—momentum tensor, the
first two terms are the moment of the linear momentum density, and therefore are the
orbital angular momentum. If all of the fields appearing in the Lagrangian density
are scalar fields, then the last term is always zero—for scalar fields, the only type of
angular momentum that can be present is orbital angular momentum.

For field theories with vector fields or higher-rank tensor fields, the last term can
be nonzero, and is generally described as the spin angular momentum, or intrinsic
angular momentum [39,80,83].

Since the Lagrangian density of the free field is

Ez—%Fa,gF“ﬂ, )
where F is the electromagnetic 4-tensor, which, in turn is given in terms of the
4-potential by

Fop = 04Ap — 08 A, ®)
we can explicitly write the spin tensor in terms of fields and potentials as
Saupt = FFoAp — FlpgAqy. )
At this point, the spin density s; = %ejkl Si;° can be shown to be
s=E xA. (10)

This makes it clear that this is in fact spin angular momentum—there is no depen-
dence on the choice of origin about which moments are taken; this is an intrinsic
angular momentum density, which we can take as the very definition of “spin” density
in field theories. Therefore, as unambiguously as possible, we see that the total elec-
tromagnetic angular momentum is equal to the sum of an orbital angular momentum
term and a spin term.

Notably, the expression for the total angular momentum density,

j=1+s, (11)

incorporating this spin density disagrees with the commonly seen statement that the
angular momentum density of an electromagnetic wave is

j=rx (Ex H)/c’. (12)

This disagreement constitutes one of the four or so long-standing controversies in
classical electrodynamics, apparently first noted by Ehrenfest in the early twentieth
century [37]. That the controversy has persisted for so long is due in large part to
the observable consequences—such as the torque exerted on a material object—being
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the same whether we choose either expression (11) or (12) as the angular momentum
density, for any physically realizable electromagnetic fields [37,39,66,83,91]. There-
fore, the reader who is primarily interested in the concrete topic of particle rotation is
readily forgiven for steering clear of discussion of this controversy.

However, expression (12) is essentially a statement that spin angular momentum
does not exist; if the angular momentum density is indeed equal to r x (E x H)/c?, it is
clearly dependent on r, and thus the choice of origin. Choosing an origin such that r =
0 would yield an angular momentum density of zero, showing that the spin density is
zero. Since there is a useful physically observable distinction between spin and orbital
angular momentum (spin flux can be found by measuring the Stokes parameters of
the light [14]), at least for physically realizable monochromatic fields, we will discuss
this issue later in the chapter.

Since the derivation of the conservation laws of the classical electromagnetic field
is one of the keystones of both classical and quantum electrodynamics, and mathe-
matical physics more generally, there are sound theoretical reasons to prefer expres-
sion (11). However, the separation of the angular momentum density into spin and or-
bital parts, as embodied in this expression, is not, in general, gauge-invariant (although
it is for the special case of a monochromatic field [3,14]). Therefore, it is common to
transform the angular momentum density into a gauge-invariant form, by transform-
ing the canonical energy—momentum tensor into the symmetric energy—momentum
tensor [38,39]. While some authors, such as Jauch and Rohrlich [39], are careful to
state that this transformation requires the vanishing of surface terms in an integral as
r — 00, others do not.

The reverse of this procedure, obtaining the division of the angular momentum
into spin and orbital parts from the more intuitive expression (12) was demonstrated
by Humblet [37], with the same surface terms appearing.

For a physically realizable field, which is bounded in both space and time, these
surface terms automatically become zero at infinity, leading to the equivalence of ex-
pressions (11) and (12) in practice, as far as the fotal angular momentum is concerned.
Only for fields that do not vanish sufficiently rapidly as r — oo, such as infinite plane
waves, is there a discrepancy. Therefore, expression (12) provides a simple way of
calculating the total angular momentum of a realizable electromagnetic field directly
from E and H, even though it is not the correct angular momentum density.

We realize that at least some readers will be skeptical of our argument for the
correctness of expression (11); there would hardly be a controversy if it was found
convincing by all. For example, one could argue that the Noetherian conservation law
only tells us the total angular momentum, and identification of the integrand with the
angular momentum density is unjustified.
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Since the discrepancies with physically observable effects can only arise from un-
physical electromagnetic fields, such as an infinite plane wave, we invite skeptical
readers to consider such an unphysical ideal case—a circularly polarized plane wave
normally incident on an infinite planar medium. The torque per unit area can be cal-
culated for two revealing cases: a semi-infinite absorbing medium, and a quarter-wave
plate thickness of birefringent material. The simplest way to obtain the torque is to
consider the torque due to the interaction of the incident field and the induced dipole
moment per unit volume; the calculation for the second case is originally due to Sad-
owsky, and is given by Beth [6] in his classic paper. If the circularly polarized plane
wave catries no angular momentum, where does the torque come from?

8.4 ELECTROMAGNETIC ANGULAR MOMENTUM
OF PARAXIAL AND NONPARAXIAL
OPTICAL VORTICES

The VSWFs have already been mentioned, and some of the details are important
when it comes to considering the transport of angular momentum. When considering
the transport properties of the field, it is simplest to use purely incoming (designated
as type 2 VSWFs) and purely outgoing (type 1) VSWFs, which are

M2 (kr) = Ny b2 (kr)Crm (6, ),

nm

(1,2)
hi? (kr)
N2 k) = == N, Pn(©.®)

1,2)
+ N, (hfj;? (kr) — M)Bnm ©. ), (13)

kr

where hfll’z) (kr) are spherical Hankel functions of the first and second kind,
N, = [n(n + 1)]~Y? are normalization constants, and B, (0,¢9) = VY6, ¢),
Cum (0, 9) =V x (xY' (6, ¢)), and P, (6, ¢) =Y (0, ¢) are the vector spherical
harmonics [55,69,70,89], and Y, (6, ¢) are normalized scalar spherical harmonics.
The usual polar spherical coordinates are used, where 6 is the colatitude measured
from the +z-axis, and ¢ is the azimuth, measured from the +x-axis toward the +y-
axis.

Significantly, the spherical harmonics Y, (6, ¢) are separable into polar and az-
imuthal parts and can be written as

Y (0, ) = Onn(0) Py () = O (0) exp(imep). (14)

Since the process of obtaining the vector spherical harmonics and VSWFs involves
taking partial derivatives with respect to the angular variables, this azimuthal term,
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exp(im@), is retained throughout. As a result, there is a close relationship, discussed
below, between the transport of angular momentum by VSWFs and paraxial optical
vortices.

It should be noted that each mode is described by two mode indices—a radial mode
index, or degree, n, and an azimuthal mode index, or order, m—and polarization—
M,,;, and N,,;,, are transverse electric (TE) and transverse magnetic (TM) modes, re-
spectively (by “transverse” in this context, we mean that the radial vector component
of the field is zero).

Since the wave functions given above are purely incoming and purely outgoing,
each has a singularity at the origin. Since fields that are free of singularities are often
of interest, the singularity-free regular vector spherical wave functions are often used:

1

RgM,,, (kr) = 3 [ M, (kr) + M (ko). (15)
1

ReN,,, (kr) = [N}, (kr) + N (k) . (16)

If we note the relationship between Bessel and Hankel functions, we see that we can
simply write these by replacing the spherical Hankel functions in the expressions for
the incoming/outgoing VSWFs with spherical Bessel functions. As these carry angular
momentum both toward and away from the origin, we will not consider them further
as far as transport properties are concerned. However, it is useful to note that these
are the VSWFs that we will use to calculate the propagation of nonparaxial optical
vortices.

At this point, is useful to consider the relationship between paraxial optical vortex
beams, and the nonparaxial vortices we can represent using the VSWFs above. The
most important difference is that the paraxial beams are solutions of the scalar parax-
ial wave equation; as noted above, scalar fields cannot carry spin angular momentum,
and the usual clear and distinct separation between spin and orbital angular momenta
in the paraxial limit follows as a necessary consequence. In turn, the spin angular
momentum is added on as an extra term, usually conceptually based on the quantum
mechanical description of photon spin of £/, in much the same way that polariza-
tion is joined onto the scalar paraxial field, in the form of a transverse polarization
vector.

As far as orbital angular momentum is concerned, the most important feature of
a paraxial optical vortex beam is the azimuthal mode index ¢, which we will refer to
as the order, although this usage is not universal. The azimuthal mode index ¢ most
notably appears in the complex exponential azimuthal phase term, exp(if¢), which
gives orbital angular momentum of £ P /w where P is the power and w is the optical
angular frequency, or in quantum mechanical terms, £/ per photon. For completeness,
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we can note that this orbital angular momentum of £7 is not the total orbital angular
momentum—it is the component of the total orbital angular momentum in the direc-
tion of the beam axis, with the moment taken about the beam axis. The dominant
component of the total orbital angular momentum, with moments taken about an arbi-
trary point, would be the factor r x Sy /c, where Sy /c is the total linear momentum
flux across the beam. However, this is not usually of any great interest—the important
vector component of the orbital angular momentum is that parallel to the beam axis,
i.e., the orbital angular momentum about the beam axis, and it is this part of the orbital
angular momentum that makes optical vortex beams special and interesting. Accord-
ingly, we will also focus on this same aspect of the angular momentum for nonparaxial
vortices as well.

As an aside, there is an interesting feature of this axial orbital angular momentum
that appears to be unique to optical vortices; while the orbital angular momentum
density depends on where we choose the origin to be, the orbital angular momen-
tum flux integrated across the beam profile is independent of this choice of origin.
This has been termed intrinsic orbital angular momentum, and it is the optical analog
of the spin of a classical rigid body about its center of mass (in which case, the “spin”
density also depends on the choice of origin, but the total “spin” angular momentum
does not).

If we return now to the VSWFs, we can note that the presence of spherical har-
monics means that there is an azimuthal exp(im¢) phase term, which we can expect
to be related to the angular momentum in much the same way as the exp(il¢) phase
term for paraxial vortices. Indeed, we find that both mode indices relate to the angular
momentum—the radial index n gives the magnitude of the total angular momentum,
while the azimuthal index m gives the component along the z-axis. (This can be in-
terpreted as the physical reason why the allowed values of the azimuthal index m are
restricted by —n < m < n, since the magnitude of a single vector component of the
angular momentum cannot exceed the magnitude of the angular momentum.)

While one might at first expect that the boundary conditions when we match the
paraxial and nonparaxial beams might require that the azimuthal mode indices be
equal, that is, that m = £, this is not the case. The paraxial beam is described by the
product of a Cartesian polarization vector and the scalar paraxial field, and thus the
fields are given in terms of Cartesian basis vectors. The VSWFs, on the other hand,
make use of spherical basis vectors, and if we proceed from ¢ = 0 in the xy-plane,
around the z-axis to ¢ = 7, the radial and azimuthal basis vectors  and 43 also rotate
by a half-turn. Therefore, for the VSWF fields to match the paraxial fields requires
an extra half-wave phase shift in the course of this half-rotation, and we find that
m = £ &£ 1. Physically, this corresponds to the combination of spin and orbital angular
momentum. If the paraxial beam is left circularly polarized (i.e., carrying +# spin
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per photon), then we have m = £ + 1. If right circular, then we have m = ¢ — 1. If
the paraxial beam is plane polarized, then treating this as a superposition of the two
circular components, we see that both values of m are present.

This reminds us immediately that in the nonparaxial case, we are dealing with the
total angular momentum, rather than the spin and orbital angular momenta separately.
However, the physical distinction between spin and orbital angular momentum is im-
portant if we are planning to make an optical measurement of the angular momentum.
Therefore, we can follow a similar procedure to that used to obtain an expression for
the optical force and torque, integrate the spin flux through a spherical surface sur-
rounding the trapped particle, and obtain an expression for the spin flux in terms of a
sum of products of field expansion coefficients [14].

8.5 NONPARAXIAL OPTICAL VORTICES

In order to find the least-squares best-fitting nonparaxial beam that matches the
focused “paraxial” beam (i.e., the original paraxial beam with the wavefront converted
from plane to spherical by the objective lens), we begin with the far-field limit for a
Laguerre—Gaussian beam in spherical coordinates [70,81],

U = Upy) 12 LI 2y) exp(—y +itgh), a7

where ¥ = (k2 w(% tan?0) /4, k is the wavenumber in the medium, and Ll,f‘ is the gen-
eralized Laguerre polynomial. For p = 0, which is the only case we will consider in
detail, we have Lgfl =1.

Since we want to express the focused field in terms of VSWF expansion coeffi-
cients, we need to find a,, and b,,, such that

Nmax

E(r) =) annRgM,,, (kr) + by ReN,,, (kr), (18)
n=1

with m equal to the total angular momentum per photon of the incident paraxial beam,
gives the closest possible match to that given by equation (17), converted to a vector
field by an appropriate polarization vector [70]. Since the fields of Laguerre-Gaussian
beams are rotationally symmetric apart from the exp(im¢) variation, it suffices to
choose a set of points along a single “line of longitude,” most simply ¢ = 0, at which
to determine the least-squares fit. This makes the choice of polarization vector simple,
since before the objective we have

E= (Exﬁ + E)f’) Uparaxialv (19)
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and after the objective we have
E = (Egf + E4h)U, (20)

since the wavefronts are now spherical, and we have Ey = E, and Ey = E, when
¢=0.

Typically, we would wish to consider the most tightly focused beam achievable
with a given numerical aperture. Aiming to have a parameter easily relatable to the
usual criterion for optimal overfilling in optical tweezers, we can describe the degree
of convergence by a convergence angle Ocony such that

U Oconv)/ Umax = 1/e. 2D

For practical purposes, this means that we need to find the parameter i corresponding
to a particular cony, OF Yeony = ¥ (Bcony)- Since Unax occurs at ¥ = |£]/2, and Yeony
lies between this value and ¥ = 0o, this requires the numerical solution of

(2Wconv/1€1) "2 exp(—Veony + 1€1/2+1) = 1=0 (22)

subject to those limits on allowable values of 1. We include a routine for this, and
an accurate polynomial approximation of the solution in our optical tweezers tool-
box [65].

As the beam becomes more and more tightly focused, we expect to see more
deviation from the paraxial beam. In particular, once the focal spot approaches the
diffraction-limited focal spot in size, it will cease to shrink significantly as the conver-
gence angle continues to increase. For a Gaussian beam, the resulting deviation be-
tween far-field matched paraxial fields and exact electromagnetic fields exceeds 10%
for waist radii smaller than 1.2A. In Figures 8.1 and 8.2, we show the effect of increas-
ingly strong focusing of an LGo3 beam, circularly polarized such that the total angular
momentum is m = 4/ per photon. Cross-sections of the beam are shown for beam con-
vergence angles of 30°, 40°, 50°, and 60°. Figure 8.1 shows the cross-sections with
whiteness linearly proportional to |E|?, while Figure 8.2 shows them with a logarith-
mic whiteness scale, highlighting the structure of the lower-energy-density regions.

A striking feature, especially visible in the logarithmic-scale plots (Figure 8.2),
is the cone-tube-cone appearance of the more tightly focused beams. Physically, this
results from the transport of angular momentum by the beam. Since, as noted above,
the angular momentum flux of a finite beam is given by the integral of the moment
of the Poynting vector over the beam profile, a sufficient moment arm to obtain the
required angular momentum flux is required [13]. Essentially, once the bright ring of
the beam has reached a radius equal to this minimum moment arm, its minimum size
has been attained. Mathematically, this behavior results from the radial part of the



Nonparaxial Optical Vortices 207

55 -4 -3 -2 1 0 1 2 3 4

(2]

5 4 -3 -2 -1 0 1 2 3 4

(41

4

% 4 3 21 01 2 3 4 5 % 4-38-2-1012 8 4 &

Figure 8.1 Cross-sections of increasingly tightly focused LGg3 beams. The beams are circularly po-
larized such that the total angular momentum is m = 44 per photon. The convergence angles of the
beams are 30° (top left), 40° (top right), 50° (bottom left), and 60° (bottom right). The whiteness is
linearly proportional to |E|2. The scales show radial and axial distances in units of the wavelength of
the light.

VSWFs being spherical Bessel functions, which are strongly peaked in the vicinity of
kr = n, as shown in Figure 8.3.

This mathematical property of the VSWFs, coupled with the requirement that
n > m, means that, apart from beams with very low angular momentum, the width
of the most tightly focused optical vortices is linearly proportional to the total angu-
lar momentum flux of the beam. This has been noted, with some surprise, by Curtis
and Grier [15] as an experimental finding. This also means that we can expect optical
vortices with spin angular momentum of the same handedness as their orbital angular
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Figure 8.2 Cross-sections of increasingly tightly focused LG(3 beams. The beams are circularly po-
larized such that the total angular momentum is m = 4/ per photon. The convergence angles of the
beams are 30° (top left), 40° (top right), 50° (bottom left), and 60° (bottom right). The whiteness is
logarithmically proportional to [E|2, emphasizing the low-energy-density regions of the cross-section.
The scales show radial and axial distances in units of the wavelength of the light.

momentum to have larger minimum sizes than those with spin opposing their orbital
angular momentum. This effect is shown in Figure 8.4.

We can also note the close resemblance of the focal plane of the most tightly fo-
cused beam in Figure 8.2 to a Bessel beam carrying orbital angular momentum, with
a bright ring surrounded by secondary rings. Mathematically, the secondary rings also
result from the radial dependence of the VSWFs on spherical Bessel functions, which
continue to oscillate for kr beyond the maximum peak, as shown in Figure 8.3. The be-
havior of Bessel beams can help us understand the nature of the cone-tube-cone struc-
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Figure 8.3 Spherical Bessel function with n = 15. The close-to-zero value for kr < n is the mathe-
matical explanation for the dark hollow region in optical vortex beams. Since n > m, this also explains
the minimum size to which optical vortices can be focused. The oscillatory nature of the function out-
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Figure 8.4 Radius of bright ring in the focal plane for tightly focused LG, beams, for £ from 1 to 16.
Radii are shown for beam with circular polarization adding to the orbital angular momentum (solid
line), and partially canceling the orbital angular momentum (dotted line). The radii for any given £
differ by almost exactly 1/(2m).
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ture of focused optical vortices. While Bessel beams, strictly speaking, are not physi-
cally realizable since they require an infinite energy flux, truncated approximations of
Bessel beams can be generated by axicons or spatial light modulators. Unlike Bessel
beams, such finite approximate Bessel beams are not propagation-invariant. However,
for some distance, the central region of such beams is approximately propagation-
invariant. The central part of a Bessel beam consists of either a bright spot or a ring
about a phase singularity, surrounded by a succession of secondary rings; in a true
Bessel beam, the power in each ring is the same, leading to the infinite power of the
overall beam. As is usual in multiringed laser beams, each successive ring is a half-
wave out of phase with the preceding ring (thus, each dark region between rings con-
tains a line phase singularity), and therefore each ring prevents diffractive spreading
of interior rings—only the outermost ring can effectively expand through diffraction.
This diffractive expansion continues until the outermost ring has negligible power den-
sity, at which point the next inward ring is effectively the new outermost ring, and can
begin to spread. This continues until only the innermost ring remains, and can itself
spread. This process is shown in Figure 8.2, from the focal plane proceeding along the
beam. Since an ideal spherical beam results in an energy density distribution that is
symmetric about the focal plane, the convergence of the beam to the focal plane is the
exact opposite of its divergence away from the focal plane.

In principle, we could also describe focused optical vortices as superpositions of
vector cylindrical wave functions (that is, vector Bessel beams). However, while this
would give a uniform angular momentum per photon about the beam axis, just as we
get with VSWFs and paraxial Laguerre—Gaussian modes, the total angular momen-
tum of each individual mode is infinite due to the infinite power per mode. This is in
marked contrast with VSWFs and LG modes, where modes are orthogonal with re-
spect to both power and angular momentum about the beam axis. Since vector Bessel
beams have neither of these orthogonality properties, the total power and angular mo-
mentum cannot be understood in terms of sums of those of individual modes, greatly
reducing their utility in such cases. However, since vector Bessel beams appear to
have attracted recent interest in the optical vortex literature [88], it is worth mention-
ing that the sum of single TE and TM vector Bessel beams might be a useful analytical
approximation of the field of a strongly focused optical vortex near the beam axis in
the focal plane. Vector Bessel beams have been used for many decades in electromag-
netics for the analysis of systems with cylindrical geometry, such as waveguides [84].
However, most work on optical Bessel beams appears to have used the scalar version.

We will now move on to considering the basic features of optical trapping using

optical vortices.
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8.6 TRAPPING IN VORTEX BEAMS

Trapping by hollow beams has attracted attention since the early years of optical
tweezers due to the possibility of increased axial trapping efficiency [1]. When op-
tical tweezers are used to trap particles other than the smallest or lowest refractive
index contrast particles, the trap is distinctly asymmetric—interestingly, one of the re-
sults obtainable from all three major theoretical pictures (geometric optics, Rayleigh
scattering, and exact electromagnetic theory). While in the radial direction (i.e., for
displacements of the particle away from the beam axis), the restoring force is sym-
metric, this is not the case for axial displacements, where the gradient force acts sym-
metrically, but the “scattering force” acts in the direction of beam propagation. In the
geometric optics picture, only the high-angle rays contribute to the gradient force, so
changing from a Gaussian beam trap to a hollow beam trap eliminates the small-angle
rays that contribute only to the scattering force.

However, outside the geometric optics picture, the situation is not so clear. The
focal spot is necessarily larger, so one might reasonably expect axial trapping to be
weaker, even if the force versus axial displacement curve is more symmetric. As im-
proved axial efficiency is one of the major suggested reasons for optical vortex trap-
ping, we calculate the axial force versus displacement for a number of optical vortex
traps and present the results in Figures 8.5 and 8.6.

Interestingly, while improved axial trapping is found in the form of a larger max-
imum restoring force for displacements beyond the focal plane, this appears to result
from an increased gradient force rather than any reduction in scattering force; an in-
crease in forward force pushing the particle toward the focus is shown in Figures 8.5
and 8.6. In the case of the n = 1.59 particle (Figure 8.5), where this increase is greater
than the improvement in the reverse restoring force, there appears to be an increase in
the scattering force. Neither increase is large. For the lower contrast, and therefore less
reflective, n = 1.45 particle, the curves for both the Gaussian and Laguerre-Gaussian
beams are much more symmetric, and an increase in the scattering force will be small
and have little effect.

Consideration of the beam shape suggests that an increased gradient force is likely.
As the particle moves away from the focus along the axis of a tightly focused optical
vortex such as those shown in Figures 8.1 and 8.2, the furthermost portion of the
particle is moving into the dark region of the beam. Since, in the Gaussian beam case,
the particle remains centered on the most intense portion of the cross-section, the axial
gradient is smaller. Comparison of Figures 8.5 and 8.6 with the final (i.e., most tightly
focused) beam cross-sections in Figures 8.1 and 8.2 shows that the maximum force
pushing and pulling a particle toward the focus (when the center of the particle is
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Figure 8.5 Axial and radial trapping efficiencies for LG(3 beams, compared with a Gaussian beam
trap. Both beams are circularly polarized with the same handedness as the orbital angular momentum
of the LG(3 beam. The angle of convergence of both beams is 60°. The particle is 2Apedium in radius,
corresponding to a diameter of 3.2 um for trapping in water at 1064 nm. The relative refractive index
corresponds to that of polystyrene (n = 1.59) in water. The force efficiencies for the LGq3 beam trap
(solid lines), and the Gaussian beam trap (dotted lines) are shown.

about two wavelengths away from the focus) does occur when the particle is starting
to move into the dark region.

However, this improvement in axial trapping, both in terms of increased trap stiff-
ness and increased maximum restoring force, comes at the cost of reduced radial trap-
ping. Furthermore, the distance over which the radial force is linear with radial dis-
placement is reduced compared to the Gaussian beam trap, reducing the utility of the
trap as a radial force sensor. Considering that the generation of optical vortices from
Gaussian beams generally involves loss of power, the decrease in axial force resulting
from this loss of power is likely to be comparable to, or greater than, the increase re-
sulting from the improvement in axial trapping efficiency. Therefore, an optical vortex
trap as shown here does not appear to be useful simply for improved trapping. Other
features of optical vortices, such as transport of orbital angular momentum, and the
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Figure 8.6 Axial and radial trapping efficiencies for LGg3 beams (solid line), compared with a
Gaussian beam trap (dashed line). The beams and particles are identical to those in Figure 8.5, ex-
cept that the relative refractive index is that for PMMA (n = 1.45) in water.

presence of a dark hollow center of the beam may, however, make such an optical
vortex trap desirable.

In Figures 8.5 and 8.6, the axial force about the equilibrium region is very lin-
ear with axial displacement. However, the diameter of the trapped particle is almost
exactly the same as the length of the “tube” of the cone-tube-cone beam.

Calculation of the axial force on larger and smaller particles reveals two interesting
features. For small particles, shown in Figure 8.7(a), the axial force is still linear with
displacement, but the gradient force only becomes large as the particle approaches the
end of the “tube.” Within the tubular portion of the beam, the scattering force easily
overcomes the feeble gradient force, and the particle is trapped much further beyond
the focus than an identical particle trapped in a Gaussian beam.

For large particles, shown in Figure 8.7(b), the axial force ceases to be as linear
as the earlier case of a particle with diameter similar to the “tube” length. As the
enhancement in the force pushing the particle along the beam toward the focus is
much larger than the enhancement in the reverse force, the scattering force appears to
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Figure 8.7 Axial trapping efficiencies for large and small particles in LGg3 beams, compared with
a Gaussian beam trap. Both beams are circularly polarized with the same handedness as the orbital
angular momentum of the LGg3 beam. The angle of convergence of both beams is 60°. The particles
have radii of (a) 1A pedium and (b) 4Amedium» corresponding to 1/2 and 2 times that in Figure 8.5. The
relative refractive index corresponds to that of polystyrene (n = 1.59) in water. The force efficiencies
for the LG3 beam trap (solid lines), and the Gaussian beam trap (dotted lines) are shown.

be significantly larger than in the Gaussian beam trap. This conclusion is supported
by the equilibrium position being further beyond the focal plane than in the Gaussian
trap. Despite this, axial trapping is still stronger than in the Gaussian trap.

However, it is known that small particles will be trapped in the bright ring rather
than on the dark beam axis [21,36]. Common sense suggests that the critical particle
radius separating these two behaviors should be approximately equal to the radius of
the bright ring; when the particle is smaller than the bright ring, it will experience an
outward radial gradient force for any displacement away from the beam axis. Calcu-
lation of the radial forces shows that the critical particle radius is very nearly equal to
the beam ring radius, as shown in Table 8.1. The particles considered in Figure 8.7 are
indeed trapped on the axis, although the small particles are close to the minimum size
for on-axis trapping.
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Table 8.1

Trapping in bright ring versus trapping on axis

Polarized with Polarized against
¢ Tparticle Tring Tparticle Tring
1 0.49 0.46 0.37 0.33
2 0.73 0.72 0.63 0.60
3 0.95 0.95 0.84 0.82
4 1.15 1.17 1.04 1.04
5 1.34 1.39 1.23 1.25

The particle radius below which the particle is trapped in the bright ring is shown. At larger radii, the
particle is trapped on the beam axis. For comparison, the radius of the bright ring, which is almost
identical to the particle radius separating the two trapping behaviors, is shown. The radii are given
as multiples of the beam wavelength in the trapping medium. The particles have a relative refractive
index equal to that of polystyrene (n = 1.59) in water. The beam convergence angle is 60° in all cases.
The left side shows the critical radii for beams with circular polarization of the same handedness as
the orbital angular momentum; the right side shows radii when polarization opposes orbital angular
momentum.

At the critical radius separating the two types of radial trapping behavior, the ra-
dial force is very close to zero for displacements near the beam axis, as shown in
Figure 8.8. The behavior changes very rapidly with particle size, as shown by the dot-
dashed and dashed lines in Figure 8.8, which show the force on particles 1% larger
than and smaller than the critical radius (solid line), respectively. Particles significantly
smaller than the critical radius are trapped centered on the bright ring; the particle 1%
smaller than the critical radius is trapped off-center, with the ring passing through the
particle but not through its center.

Nonabsorbing homogeneous isotropic spherical particles on the beam axis will
not experience a torque, regardless of the orbital angular momentum flux and the
polarization of the beam. Smaller particles that are trapped in the bright ring will
experience a torque about the beam axis (although not about their own centers). This
results in the particles orbiting about the beam axis, in the bright ring. This has been
demonstrated on a number of occasions [25,74,78].

This orbital motion results from the so-called “scattering” force (technically, both
the scattering and gradient force result from scattering [62,68]), since the gradient
force will only act to pull the particle into the bright ring (with no azimuthal intensity
gradient around the ring, the gradient force cannot cause orbital motion). Therefore,
the orbital torque should be proportional to the volume squared for Rayleigh particles
(i.e., proportional to r°). For larger particles, the bright ring will illuminate approxi-
mately a diameter, and the scattering force can be expected to be proportional to the
diameter. Since the viscous drag force is approximately proportional to the radius, we
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Figure 8.8 Radial force on particles of different sizes in an LGq3 beam. The beam is circularly po-
larized with the same handedness as the orbital angular momentum, and has an angle of convergence
of 60°. The particles have radii of 0.9483A edium (solid line), which is the critical radius separating
trapping on-axis and trapping in the bright ring, 1% greater than the critical radius (dot-dash line), 1%
less than the critical radius (dashed line), and 0.5\ pedium (dotted line). The relative refractive index
corresponds to that of polystyrene (n = 1.59) in water. The particles are assumed to be in the focal
plane.

can expect the orbital speed of the smallest trappable particles to be very small, with
the speed increasing as the radius increases, until a plateau is reached. Of course, as
the particle radius exceeds the critical radius, the particle will move to the beam axis,
and orbital motion will cease.

These expectations are confirmed by calculation of orbital speed, shown in Fig-
ure 8.9, assuming Stokes drag (which will only approximate the drag force since the
motion is not linear). The ripples on the curves arise from the reflectivity of the particle
varying with radius, due to thin-film-like interference effects. Notably, the curves for
the dashed and dotted—dashed lines are very similar; these correspond to LGg3 beams,
with circular polarization of opposite handedness. The dotted-line and dashed-line
beams have the same total angular momentum, being LGg; and LGg3z with polariza-
tion adding to and subtracting from the total angular momentum, respectively. The
other two beams are LGo3 and LGgs beams with identical total angular momentum
obtained in the same way.

Interestingly, as the angular momentum of the beam increases, the orbital speed
decreases. This effect is even more noticeable for the orbital frequency. However, the
similarity of the results for the two LGo3, although their angular momentum is very
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Figure 8.9 Orbital speed and frequency for particles trapped in the bright ring. The beams are se-
lected from those shown in Table 8.1: LGq, polarized with (dotted line); LGz, polarized with (dot-
ted—dashed line); LGz, polarized against (dashed line); and LGys, polarized against (solid line). The
particles are polystyrene (n = 1.59) trapped in water by a 1 W beam at 1064 nm free-space wave-
length. Speed and frequency scale linearly with power.

different, suggests that the angular momentum is not the major factor. Furthermore,
since the results for the LG5 are also close to the LGq3 curves, despite differing
significantly in orbital angular momentum, the variation does not seem due to the
differences in orbital angular momentum, per se. Instead, it appears to be primarily
due to the radius of the bright ring of the beam (listed in Table 8.1). As the bright ring
becomes larger, a particle of the same size intercepts a smaller fraction of the beam,
resulting in less azimuthal force, and hence a smaller orbital speed. The frequency is
affected even more, since the circumference of the orbit increases as well.

Although the speeds and frequencies shown in Figure 8.9 appear high, these are
for a power of 1 W at the focus. The azimuthal force efficiencies are modest, reach-
ing a maximum of approximately 0.005 for the largest particles. This is consistent
with measurements of the transfer of orbital angular momentum to clusters of spheres
arranged in a ring [76,78], taking into account that we have only considered a single
sphere here.
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As noted earlier, nonabsorbing homogeneous isotropic spheres trapped on the
beam axis will experience no torque. This is a result of the effect of particle sym-
metry on angular momentum transfer. Since one interesting practical application of
optical vortex trapping is the application of optical torques to both naturally occurring
and artificial particles, we proceed to discuss the relationship between optical torque
and symmetry in more detail.

8.7 SYMMETRY AND OPTICAL TORQUE

The shape of a trapped particle plays a central role in the transfer of angular mo-
mentum between it and the trapping beam. As mentioned above, even if the beam car-
ries a large angular momentum flux, a spherical particle will not experience a torque
about its axis in the absence of absorption. Perhaps the most important aspect of the
shape of a particle with respect to the application of optical torque is its rotational
symmetry. Considerations of the effect of particle symmetry on the interaction be-
tween particle and beam allows us to understand some quite general aspects of the
generation of optical torque.

The coupling between incident and scattered azimuthal orders, when the fields are
expressed as superpositions of VSWFs, is dominated by the rotational symmetry of
the scatterer. Since the azimuthal order m is the total angular momentum per photon,
this means that the rotational symmetry of the particle is the predominant influence
on optical torque, in the absence of absorption. (In the presence of absorption, angular
momentum can be transferred to the particle without changing the angular momentum
per photon, simply by changing the photon number flux.)

The principal features of optical angular momentum transfer can be deduced from
Floquet’s theorem, which relates solutions of differential equations and the periodicity
of boundary conditions. In the same way that when an incident plane wave with a wave
vector with component k, parallel to a grating with lattice vector g, = period/2x
gives rise to scattered waves with parallel components of their wave vectors k,, =
ky —nqy, incident VSWFs with rotational phase variation of exp(im¢), scattered by a
particle with rotational symmetry exp(ip¢) result in scattered VSWFs with rotational
phase variation exp{i(m — np)¢}. For a particle lacking rotational symmetry, p = 1
(i.e., we need to rotate the particle by 27 radians before the original shape reappears),
and an incident VSWF can, in principle, couple to all angular momenta in the scattered
VSWFs. A particle with discrete rotational symmetry, on the other hand, only couples
to a limited subset of scattered angular momenta, determined by its order of rotational
symmetry. For example, if a particle has fourth-order discrete rotational symmetry
(i.e., p =4), an incident VSWF with m = m¢ only couples to scattered VSWFs with
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m = mg, mg £ 4, mgx 8, mo=£ 12, and so on. The case of a rotationally symmetric
particle can be seen as the limit as p — oo, which means that there is no coupling
to angular momenta different from the incident angular momentum—a rotationally
symmetric particle cannot alter the angular momentum per photon about its axis of
symmetry [55,57,67,89]. Optical torque about the particle axis can only result from a
change in photon flux—in practical terms, through absorption. Since optical tweezers
require very high power densities to produce effective forces and torques, absorption
easily produces high temperatures and does not appear to be a technologically useful
method of optical angular momentum transfer.

Therefore, if we wish to produce structures designed to transfer angular momentum
from a trapping beam, whether or not the beam carries angular momentum, the struc-
ture must deviate from continuous rotational symmetry. This asymmetry can be either
microscopic in the form of electromagnetic anisotropy, such as birefringence [20],
or macroscopic due to the shape of the particle. One strand of the web of optical
tweezers has been directed toward the practical implementation of optical rotation of
microstructures, especially specially fabricated microparticles intended for use as op-
tically driven micromotors, micropumps, or other micromachine components. Work
in this field has been recently reviewed by Nieminen and colleagues [61].

Such optically driven micromachines typically possess discrete rotational symme-
try. A particle with pth-order rotational symmetry has a shape with an azimuthal com-
ponent that can be described by a Fourier series of the form

[o.¢]
@)=Y Arexp(ipg). (23)
k=—00
The lowest-order non-DC Fourier components (i.e., k = £1) determine to which az-
imuthal orders of scattered VSWFs the incident wave can be coupled by the particle.
As noted earlier, pth-order rotational symmetry results in an incident wave of order
mg being coupled to scattered VSWFs with m = mo — np, for integer n.

Firstly, we can, on average, expect scattering to the lowest orders of scattering (i.e.,
n =0, £1) to be strongest. Thus, most light is likely to be scattered to scattered wave
azimuthal orders m = mq, mg % p.

Secondly, only m such that |m| < nmax are available, with ny,x being determined
by the radius of a sphere required to enclose the micromachine element. Therefore, if
the order of symmetry p is large and the micromachine small, only a small number
of azimuthal modes will be available. The ultimate case of this is the homogeneous
isotropic sphere, with p = oo, when only the incident m = my is available for the
scattered wave. In principle, this can be exploited to maximize torque. As a numerical
example, consider a structure with p = 8§ and size such that ny,,x = 6, illuminated with
a beam such that mo = 4. In this instance, the only scattered wave azimuthal orders
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that are available are m = —4, 0, 4, and we might expect such a structure to generate
more torque, cetera paribus, than a structure that can also scatter to m = %8 (since
the scattering to m = 48 will probably be stronger than the scattering to m = —8).
However, such a structure would have a maximum radius of less than a wavelength,
which, apart from causing fabrication to be difficult, with subwavelength resolution
being required even at the perimeter, would mean that the device would largely sit
within the dark center of a typical tightly focused optical vortex. Alternative methods
of illumination, such as a Gaussian or similar beam perpendicular to the device sym-
metry axis illuminating one side [41], can avoid this, but will not necessarily result in
greater efficiency. In the long run, the maximum torque is proportional to the particle
radius [13]. Thus, designing the particle itself to more efficiently scatter preferentially
into either higher m (i.e., more positive or less negative) or lower m (i.e., less positive
or more negative) orders is desirable.

Consequently, it is useful to note that, thirdly, the symmetry of scattering to pos-
itive and negative orders of scattering (i.e., to m < mo and m > mo) is dependent of
the chirality of the particle shape. If the particle is achiral—mirror symmetric about a
plane containing the axis of rotational symmetry—the coupling from mg =0 to £m
will be identical, since these modes are mirror-images of each other. For a chiral par-
ticle, however, the coupling to these mirror-image modes will not be identical; even
in this case of illumination with zero angular momentum modes (i.e., my = 0), optical
torque will be generated. If the particle is chiral such that scattering from mo = 0 to
+m is favored, then, even for incident modes with mg # 0, scattering to higher (i.e.,
more positive) m will generally be favored. In this way, a particle can be optimized
for the generation of torque with a particular handedness, leading to greater efficiency
when this handedness is the same as that of the angular momentum carried by the
driving beam.

Fourthly, we can note another factor that is to some extent a generalization of the
second result from symmetry above. Since, for any given particle, there are always
more modes available with low |m| than with high |m]|, scattering from a given mg
to modes with m = 4§ will usually be such that modes with |m| < |mg| will receive
more power than those with |m| > |mg|. As a result, an arbitrary particle placed in illu-
mination carrying angular momentum, but otherwise arbitrary, will usually experience
a torque.

Why, then, is optical torque regarded as unusual, if most randomly chosen parti-
cles should experience torques? Although a torque might exist, it might also be very
small; if smaller than torques associated with the rotational Brownian motion of the
particle, the optical torque will not be noticeable. Rotation should be more readily
observable in environments of low viscosity, such as particles in gas. Under such cir-
cumstances, rotation is observed [18], although convection and thermophoresis may
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well be the dominant effects. Torques on random particles can also be maximized by
a high refractive index, increasing the reflectivity [42]. However, most naturally oc-
curring light is predominantly unpolarized, and as such can be represented as sums of
VSWFs with m = £1. The same is the case for linearly polarized light. It is especially
in this case that torques can result most readily in alignment rather than continuous
spinning, which can also mask the presence of an optical torque.

Noting that light with a mixture of azimuthal modes with m = %1 has modes sep-
arated by Am = 2, particles with 2nd-order rotational symmetry (p = 2) will couple
between these orders. In these circumstances, interference effects between light scat-
tered, for example from mo = —1 to m = +1 and light scattered from mo = +1 also
to m = +1, becomes important. The phase of the scattered light depends upon the ro-
tational orientation of the particle, and therefore the final amplitudes in each scattered
azimuthal order depend on the particle orientation. As a result, the optical torque also
depends on the orientation, often leading to the existence of a stable equilibrium in
which the torque is zero—particles will be aligned in a particular direction, depending
on the relative phases of the incident m = 1 modes. The relative phase of the inci-
dent modes determines the plane of polarization, and therefore the alignment direction
depends on the direction of linear polarization. Noting that essentially an elongated
particle has a p = 2 component to its shape, we can expect elongated particles to, in
general, tend to align to the plane of polarization of light incident perpendicularly to
their long axis [5,7]. Similar considerations apply for illumination with shaped beams
of light with a mixture of azimuthal modes with Am = 2; in particular, this will be the
case for beams with elongated focal spots [19,75].

Therefore, we can summarize some general principles for the design of optically
driven micromachines:

e Size matters! The maximum angular momentum available from the beam is pro-
portional to the radius of the particle, assuming that the entire beam can be focused
onto the particle [13]. If the beam is larger, the portion that misses the particle can-
not contribute to the torque. However, as well as maximizing the overlap between
the beam and particle, it is also important to maximize the angular momentum con-
tent of the beam. This can be achieved in either of two ways; first, by choosing a
wavelength such that the diffraction-limited Gaussian spot of a circularly polarized
beam is the same size as the particle (since the angular momentum flux is P/w, re-
ducing the wavelength maximizes the angular momentum), and second, by exploit-
ing orbital angular momentum. The use of orbital angular momentum maximizes
the angular momentum content at a particular wavelength, allowing a single set of
optical components to be used for micromachines of various sizes. We can also note
that the viscous drag on a rotating sphere is proportional to 3. Thus, the highest
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rotation speeds will typically result from smaller micromachines. The torque, on
the other hand, will increase with increasing size.

e The rotational symmetry of the particle can be chosen so as to optimize the torque.
The ideal choice depends upon the angular momentum of the incident beam—for an
incident beam of azimuthal order mg, pth-order rotational symmetry with p = mg
appears to be a good choice, allowing coupling of the incident beam to the lowest
angular momentum modes possible, with m = 0. More generally, mo < p < 2myg
should give good performance. For smaller p, the difference between the magni-
tudes of the n = %1 orders is less than 2my, and thus the difference in coupling
is likely to be smaller, and for greater p, all scattered orders have a magnitude of
their angular momentum greater than that of the incident beam, which is likely to
increase coupling to the nontorque-producing zeroth order scattered modes (n = 0).

e Chiral particles can be produced, allowing rotation even by incident beams carry-
ing little or even no angular momentum. Greater torque will also result, compared
with a similar particle, when illuminated by high angular momentum light of the
appropriate handedness. The price that is paid is that rotation in one direction is
preferred; if one desires equal performance in both directions, then an achiral de-
vice is necessary.

e The coupling between incident and scattered VSWFs is essentially a vector ver-
sion of the coupling between an incident paraxial Laguerre-Gaussian mode and
diffracted modes due to a hologram; in both cases the phase variation is of the
form exp(im¢), and the effect of the symmetry of the particle or hologram on the
coupling is the same. This allows a simple conceptual model of optically driven
micromachines: microholograms.

The principles outlined in this section have been applied to the design of optically
driven micromachine elements and have proved successful [44]. These principles can
also be recognized in successful devices that appear to be based upon geometric op-
tics principles, or even trial and error [61]. Figure 8.10 shows two very simple p =4
devices based upon these principles. The achiral cross rotor is designed to be rotated
by an incident beam carrying angular momentum, while the chiral rotor will rotate in
an incident linearly polarized Gaussian beam. Viewing these structures as microholo-
graphic elements, they can be seen as binary phase approximations of interference
patterns between paraxial Gaussian and LGo4 beams. If both have planar wavefronts,
then the achiral rotor will result; if the Gaussian beam has curved wavefronts the chi-
ral rotor will result. This suggests that the direction of rotation of the chiral rotor can
be reversed by reversing the curvature of an incident Gaussian beam; this effect has
been observed by Galajda and Ormos [23]. Simple structures such as those shown
in Figure 8.10 have also been fabricated and tested by Ukita and Kanehira [85]. The
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Figure 8.10 Simple designs for achiral (left) and chiral (right) optically driven micromachines, based
upon the design principles outlined in text. They can be considered as binary phase holograms. The
centers are solid for structural integrity.

Figure 8.11 Stalked cross microrotor. This is similar to the chiral design shown in Figure 8.10, but
is equipped with a central stalk so as to maintain the proper orientation when three-dimensionally
trapped by optical tweezers. A computer-generated model (leff) and a scanning electron micrograph
of an actual device produced by two-photon photopolymerization (right) are shown.

microhologram picture of these devices suggests that the optimum thickness is that
which produces a half-wave phase difference between light that passes through the
arms of the structure and light that passes between them.

However, simple planar structures such as these have a major flaw if three-
dimensional trapping of them is intended—flat structures will tend to align with their
short axis perpendicular to the beam axis [5,10,24]. An additional structure—a central
stalk—can be introduced to maintain the proper orientation. A design of this type is
shown in Figure 8.11.
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Figure 8.12 Scanning electron micrograph of a diffractive optical element designed to produce a
beam with 87 angular momentum per photon.

A useful method of producing such devices is two-photon photopolymeriza-
tion [22,44,53]. A chiral stalked cross produced by this method is also shown in Fig-
ure 8.11.

This type of microfabrication can also be used to incorporate the production of
beams carrying orbital angular momentum into an integrated device [44]. A micro-
scopic diffractive optical element of this type is shown in Figure 8.12. Since this type
of structure alters the angular momentum content of a beam that passes through it, it
experiences a reaction torque—such a structure can also be used as a microrotor in its
own right [86]. Again, this type of rotor can be viewed as a chiral holographic element.

While a number of optically driven rotating devices conforming to the general
principles outlined in this section have been experimentally demonstrated, analysis
of such structures has predominantly been carried out by the use of geometric op-
tics. Since wave effects (such as the phase difference between different regions of the
transmitted wave) are clearly important from the microhologram viewpoint, there is a
great deal of useful work to be performed in the way of computational modeling of
such devices. However, the geometries generally make the methods that can be used
to calculate optical forces and torques on simple structures such a spheres, spheroids,
cylinders, or similar, inapplicable. While direct methods such as the finite-difference
time-domain method (FDTD) have been used [12], the repeated calculations required
to characterize the behavior of a rotor within an optical trap places strong demands
on efficient repeated calculations. Therefore, it appears to be useful to combine such
general methods with the 7 -matrix method described earlier [48-50,63].
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One disadvantage resulting from the use of orbital angular momentum to drive
rotation is that while spin angular momentum is relatively easy to measure optically
[7,8,14,45,58], it is rather more difficult to optically measure orbital angular momen-
tum. In principle, it should be possible to do so by a variety of methods, such as using
holograms as mode filters [52,77], interferometry using Dove prisms to introduce a
phase shift [46], or measurement of the rotational frequency shift [2,4]. While such
methods have been demonstrated to accurately measure optical torque [77], accurate
optical measurement of orbital torque within optical tweezers has proved elusive. This
appears to largely result from sensitivity to alignment, both transverse and angular, and
aberrations.

However, a method of estimating the orbital torque has been demonstrated [76,78],
wherein the rotation rate and spin torque are measured for the same object being ro-
tated by left- and right-circularly polarized beams, and a linearly polarized beam, all
carrying the same orbital angular momentum. If the spin torque is similar in magni-
tude (the handedness will be opposite) for the two circularly polarized cases, and the
difference in rotation rate as compared with the linearly polarized beam is also the
same for the two, then we can safely assume that, as a reasonable approximation, the
orbital torque is the same in all cases. The variation in rotation rate with the spin then
allows the viscous drag to be measured. The orbital torque can then be estimated from
the rotation rate in the linearly polarized beam.

The orbital torque was measured using this method for planar clusters of two, three,
and four spheres rotated by LGqy, LGo3, and LG4 beams [76,78]. The torque efficien-
cies are shown in Figure 8.13. As noted earlier, these measured torque efficiencies are
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Figure 8.13 Orbital torque efficiencies for planar clusters of spheres rotated by focused La-
guerre—Gaussian beams of varying orbital angular momenta.
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comparable with the efficiency of 0.005 calculated above for a single sphere. These
results also support the general principles of coupling between angular momentum or-
ders outlined above. For example, with the LG4, the highest torque efficiency occurs
for four spheres, when the first-order scattering couples to the lowest possible angular
momenta. The variation of efficiency with beam mode also supports this. Analysis of
these results is complicated by the fact that the incident beam is not a pure angular
momentum mode when linearly polarized; ideally, many more particle-mode combi-
nations should be tested.

Finally, we will move on to consider two special cases of optical vortices—optical
vortices carrying no angular momentum, and longitudinal optical vortices.

8.8 ZERO ANGULAR MOMENTUM
OPTICAL VORTICES

Noting that Gaussian beams consisting of a single azimuthal mode—circularly po-
larized beams—carry angular momentum of 4/ per photon, we next turn to ask what
kind of beam might carry zero angular momentum. In the context of optical vortices,
the answer is clear—an LGg; beam with circular polarization opposing the orbital
angular momentum [82].

Two other types of beams also meet these criteria of zero angular momentum
and single-modedness: radially and azimuthally polarized beams. Radially and az-
imuthally polarized beams are optical vortices, but are usually considered to be “po-
larization vortices,” rather than the more usual “phase vortex™ optical vortex. As all
three types of beams can be represented in terms of VSWFs with m = 0, there must
be a close relationship between them.

An azimuthally polarized beam has no radial component of its electric field (in
spherical coordinates), and is therefore a pure TE mode. By symmetry, the radially
polarized beam is a pure TM mode. The LG mode, on the other hand, with radial
components of both E and H, with electric and magnetic fields on an equal footing, is
a superposition of TE and TM modes of amplitudes of equal magnitude. The counter
polarized LGo; mode is therefore a combination of radially and azimuthally polarized
beams.

In the same way that Laguerre—Gaussian beams attracted attention due to the pos-
sibility of improved axial trapping due to the absence of low-angle rays, radially and
azimuthally polarized beams have also generated interest. In addition, the tight fo-
cal spots produced [17,79] suggest that tighter confinement is possible when trapping
nanoparticles. Finally, since tightly focused radially polarized beams have a large lon-
gitudinal electric field component on the beam axis, where the Poynting vector is
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Figure 8.14 Axial and radial trapping efficiencies for radially polarized (dashed line), azimuthally
polarized (dot—dash line), and counter-circularly polarized LG (solid line) beam traps, compared
with a Gaussian beam trap (dotted line). The angle of convergence of all beams is 60°. The particle
iS 2Amedium 1N radius, corresponding to a diameter of 3.2 ym for trapping in water at 1064 nm. The
relative refractive index corresponds to that of polystyrene (n = 1.59) in water.

zero, they offer the prospect of improved trapping of reflecting or absorbing parti-
cles.

Figure 8.14 shows the axial and radial force efficiencies for traps based on these
three related zero angular momentum optical vortices. The radially polarized beam
shows a large increase in the maximum reverse axial force, the LGg; beam a smaller
increase, and the azimuthally polarized beam a decrease compared to a Gaussian
beam trap. All three beams show a similar increase in the maximum forward axial
force.

Kawauchi and colleagues [40] calculated a similar pattern of behavior using geo-
metric optics, explaining the improvement due, the dark center, and for the radially
polarized beam a larger fraction of p-polarization. Here, unlike the case for angu-
lar momentum carrying Laguerre-Gaussian beams, we find agreement between the
approximate and exact results.
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8.9 GAUSSIAN “LONGITUDINAL” OPTICAL VORTEX

Since an ideal lens is rotationally symmetric, it cannot alter the angular momen-
tum per photon (as measured about the axis of symmetry of the lens) of a beam that
passes through it. Therefore, a paraxial Gaussian beam carrying # spin angular mo-
mentum per photon and zero orbital angular momentum (after being focused by a high
numerical aperture lens) must still carry # angular momentum per photon.

However, a simple semiclassical picture of spin transport by photons suggests that
not all of this angular momentum can be spin after the beam has been focused. In the
far field, where the converging beam is a spherical wave, the field is locally a plane
wave. However, everywhere away from the beam axis, the direction of propagation
is not parallel to the beam axis. Since a photon in a plane-wave mode has spin either
parallel to or antiparallel to the direction of propagation, the spin of each photon can-
not be parallel to the beam axis. Since only the component of the spin of the photon
that is parallel to the beam axis contributes to the total spin angular momentum flux
(since the other components will cancel when integrated across the beam), the total
spin must be less than % per photon.

Since the scalar far-field amplitude of the focused Gaussian beam is equal to

U= erxp{—(kzw%tanze)/4}, 24)
or
U=U exp(— tan’ 0/ tan’ 90), (25)

where 6y is the beam convergence angle, we can readily find an expression for the
total spin by integrating over the beam profile. If the beam is circularly polarized
everywhere in the far field, we can integrate over a hemisphere to obtain

S.=A/P, (26)
where
/2
A= / exp(—2tan’ 6/ tan” ;) sinf cos 6 db, 27)
0
/2
P = / exp(—2 tan’ 0/ tan’ 00) sin6 dé, (28)
0

and §; is the component of the total spin per photon parallel to the beam axis. These
expressions can be readily integrated numerically, giving the dependence of spin on
beam convergence angle shown in Figure 8.15. A rigorous electromagnetic calculation
can also be carried out, which yields exactly the same numerical result [59].
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Figure 8.15 Spin angular momentum of a focused TEM Gaussian beam.

Since the spin angular momentum is less than % per photon, while the total angular
momentum is still equal to / per photon, the beam necessarily carries orbital angular
momentum, equal to the difference.

The conversion from spin to orbital angular momentum at the lens is at first surpris-
ing, since it is usual to use deliberate departure from rotational symmetry to generate
orbital angular momentum. The generation of orbital angular momentum usually in-
volves a torque; in this case, the torque parallel to the beam axis is zero. However,
since spin density is independent of the choice of origin about which moments are
taken and the orbital angular momentum density is not, there must be a choice-of-
origin—dependent torque density on the lens. If we consider a ray parallel to the beam
axis being focused by the lens, we can see that the momentum of the ray changes.
Therefore, there must be a reaction force acting on the lens at the point where the ray
passes through, and therefore, a torque density depending upon the choice of the ori-
gin results. We can even consider the presence of this torque density is what requires
orbital angular momentum to be generated, in order to conserve angular momentum
in all coordinate systems. Consideration of the symmetry of this reaction force shows
that the components of the total force acting on the lens perpendicular to the beam
axis must be zero, and the component of the total torque about any axis parallel to the
beam axis must also be zero. As a result, the component of the total angular momen-
tum flux of the focused beam parallel to the beam axis must also be independent of
the choice of origin, despite the dependence of the angular momentum density of this
choice. This independence is one of the characteristic features of optical vortices [73].
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Figure 8.16 Longitudinal optical vortex. The vector component of the amplitude parallel to the beam
axis has the form of an optical vortex, with phase variation exp(i¢).

Therefore, a closer look at a focused circularly polarized Gaussian beam is war-
ranted in order to discover a possible optical vortex hiding within such a nonvortical
beam. Direct calculation of the amplitude, and the individual Cartesian vector com-
ponents thereof, shows that the components of the field perpendicular to the beam
axis are approximately Gaussian, as expected. However, the component parallel to the
beam axis, which can be 1/3 the magnitude of the transverse components for an easily
achievable tightly focused beam, has the appearance of a typical optical vortex; this is
shown in Figure 8.16.

Further consideration of the field of a tightly focused linearly polarized Gaussian
beam in which there are longitudinal components of opposite phase on either side of
the beam axis in the plane of polarization shows that this is exactly what we should ex-
pect. The pattern of the longitudinal field components of the focused linearly polarized
beam are similar to the profile of a TEMy; beam. Just as we can add two orthogonally
linearly polarized beams a quarter-wave out of phase to produce a circularly polarized
beam, we can add TEMg; and TEM g beams a quarter-wave out of phase to produce
an LGg; beam. Thus, we obtain a longitudinal optical vortex.

Again, we can see this result in the mathematics of VSWFs. Both the paraxial and
focused circularly polarized Gaussian beams consist of VSWFs with m = 1. Thus, the
fields all share an azimuthal phase variation exp(i¢). This variation does not give rise
to a vortex structure of the transverse components since the radial and azimuthal basis
vectors themselves rotate by 2w as we circle the beam axis; this is why a nonvortex
field such as a plane wave parallel to the z-axis requires that only m = +1 modes are
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present. The polar basis vector, on the other hand, does not change direction as we
proceed around the beam axis in the focal plane; in this plane, § = —z. This results in
the longitudinal field having a vortex structure, while the transverse field does not.

8.10 CONCLUSION

Computational modeling of optical traps is a convenient method to illustrate and
study their properties. Models are particularly useful for optical vortex traps, as the in-
tricate details of such traps are often difficult to disentangle in experimental work. An
example of such detail is the trapping efficiency of Laguerre-Gaussian beams com-
pared to the standard Gaussian trap. We have shown that while the gradient force can
be increased, the scattering force remains the same. In this case, the use of Laguerre—
Gaussian beams does not result in much change in the trapping efficiency.

The trapping positions of different-sized particles in Laguerre—Gaussian beam
traps were also investigated to establish when a particle is trapped centered on the
beam axis and when it is trapped in the bright ring of the optical vortex, which causes
the particle to orbit about the beam axis. This orbital motion was studied, and it was
shown that the geometry of the trap could be more important than its orbital angular
momentum content for torque generation.

Symmetry is perhaps the most important aspect of torque in optical tweezers. Treat-
ing particles as microholograms or Laguerre—Gaussian mode-converters is convenient
when considering the symmetry of objects trapped in vortex beams.

We have also discussed some zero angular momentum trapping beams that have
some interesting properties, such as the possibility of enhanced trapping of reflective
or absorbing particles in a radially polarized beam due to the longitudinal fields at the
focus of the trap.
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Chapter 9

Rotation of Particles
in Optical Tweezers

Miles Padgett and Jonathan Leach
University of Glasgow, UK

9.1 INTRODUCTION

Optical tweezers were pioneered by Ashkin and colleagues in the 1980s [4], work-
ing in Bell Labs. They utilized the gradient force associated with a very tightly focused
laser beam to create a potential well, such that any nearby dielectric particle experi-
ences an attractive force toward the beam focus. In competition with the gradient force
are the scattering force, which acts in the direction of propagation of the light, and the
force due to gravity. For micron-sized particles, a single focused laser beam can pro-
duce a gradient force that is greater than the scattering force and force due to gravity
and hence is sufficient to create a 3D trap. The required laser power is minimized
by the buoyancy generated by immersing the particles in a surrounding fluid, which
through Stoke’s drag forces also acts to make the trap stable.

Within a ray-optic picture, the trapping force arises from a refraction of the light by
the microscopic particle. Implicit in this refraction is a redirection of the light’s linear
momentum and hence a reaction force acting on the particle. The effect of the reaction
force is to draw the particle to the focus of a beam where the redirection of the light
is minimized. In addition to its linear momentum, light can carry angular momentum.
This can be spin angular momentum, which is dependant upon the polarization of
the light, or orbital angular momentum, which is dependent upon the light beam’s
phase structure. Just as the transfer of linear momentum from light to a particle results
in optical trapping, it is also possible to transfer angular momentum from light to a
particle, resulting in rotation. The controlled trapping and rotation of micron-sized

STRUCTURED LIGHT AND ITS APPLICATIONS
Copyright © 2008 by Elsevier Inc. All rights of reproduction in any form reserved.

237



238 Rotation of Particles in Optical Tweezers

particles has generated a wealth of research dedicated to the underlying principles
of the structure of light and the details of momentum transfer. Rotation in optical
tweezers has also found applications ranging from biology to microfluidics [18].

The details of light’s momentum can be understood by considering the linear and
angular momentum together, rather than as independent properties. A generic descrip-
tion can be made by recognizing that at any point, the light field has a Poynting vector
associated with it [3]. In isotropic media, the Poynting vector indicates the direction of
both the energy and the momentum flow. Summing the axial components of this vector
gives the linear momentum flow, whereas summing the transverse components, acting
about radius vectors with respect to a defined axis, gives the angular momentum of the
beam. Depending upon the exact nature of the interaction leading to particle rotation,
it can be convenient to calculate the torque either in terms of a transfer of angular mo-
mentum or linear momentum acting as a radius vector. However, fundamentally the
origin of the light’s various momentum components is the same, no matter what the
detailed method of momentum transfer; it can always be linked to the magnitude and
direction of the Poynting vector.

Although not uniquely a property of individual photons, it is convenient to express
the light’s momentum as a per photon quantity. In free space, the linear momentum
per photon is %k, and the torque applied to an object can be maximized by applying
this linear momentum in an azimuthal direction at the perimeter of the object. Assum-
ing the object to be of radius r, the maximum torque and hence angular momentum
transfer is therefore Zkr. In practice this will be further reduced by the numerical aper-
ture of the coupling optics, restricting the skew angle of the Poynting vector [10]. For
a wavelength-sized particle, the maximum angular momentum transfer is of order 7#,
the spin angular momentum of the photon. For larger particles, the maximum torque
scales with the radius, but note also that larger particles have a larger moment of in-
ertia and are subject to larger drag forces, scaling with the fifth and third power of
the radius, respectively. Hence, optically induced rotation is only really effective for
objects in the micron size range.

9.2 USING INTENSITY SHAPED BEAMS TO ORIENT
AND ROTATE TRAPPED OBJECTS

In early work, Ashkin had observed that the inherent alignment of objects with the
beam symmetry could cause rod-shaped bacteria to rotate upright, aligning vertically
along the trapping axis of the beam [5]. Here it is energetically favorable for the object,
which is elongated, to align its long axis with the direction of propagation of the light.
If it is the case that the light is deliberately brought to a focus in an asymmetric pattern,
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Figure 9.1 Rotation in optical tweezers using the rotation of intensity shaped beams. Sato and col-
leagues (a) used a Hermite—Gaussian laser mode to trap and rotate a red blood cell, Paterson and
colleagues (b) used a spiral interference pattern, and O’Neil and colleagues (c) used a rotating me-
chanical aperture to shape a Gaussian beam. See color insert.

rather than a circularly symmetry focus, nonspherical objects will align themselves in
the beam. It follows that rotation of an asymmetric trapping pattern results in rotation
of the trapped object.

Deliberate rotation within optical tweezers has a history dating back to 1991 when
Sato and colleagues used a high-order Hermite—Gaussian mode in an optical tweezers
to trap a red blood cell [38], as shown in Figure 9.1(a). They showed that the gradient
force acted to draw the cell into the high-intensity region of the beam. The rectan-
gular symmetry of both the mode and the cell meant that the long axis of the cells
naturally aligned with the long axis of the beam cross-section. Varying the orientation
of a rectangular aperture within the laser cavity set the angle of the mode. Rotating
the aperture caused the mode to rotate, giving a corresponding rotation of the cell.
Although simple in concept, the rotation of a laser beam exactly about its own axis is
more complicated than might be expected. Any asymmetric beam can be reoriented
by passage through a Dove prism, but such systems are extremely difficult to align if
any lateral translation is to be eliminated. However, a number of groups have success-
fully used various techniques to create noncircularly symmetric trapping beams that
can be rotated in a controlled fashion to similarly set the orientation, or rotation, of a
trapped asymmetrical object.

In 1994, Harris created angular patterns by interfering a Laguerre—Gaussian laser
beam with its own mirror image [19]. Interestingly, although neither recognized nor
relevant to that work, it is also the Laguerre—Gaussian beams that are the best known
examples of those carrying orbital angular momentum. In 2001, Dholakia and col-
leagues used the same interference approach to create interference patterns within an
optical tweezers [35], as shown in Figure 9.1(b). They showed that the resulting spiral
interference pattern could be rotated by changing the path difference between the two
beams and then used to rotate a Chinese hamster chromosome. This approach was
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adaptable in that changing the mode indices of the Laguerre-Gaussian mode could
set the rotational symmetry of the interference pattern, thereby optimizing its shape to
that of the object.

Another method of producing an asymmetric beam is to introduce a rectangular
aperture into the optical path prior to the trapping beam’s entry into the tweezers,
thereby shaping the focused spot into an ellipse, Figure 9.1(c). Mounting the aper-
ture within a rotatable stage that is mounted on an x/y translation stage means that
its rotation axis can be aligned to the beam axis. As demonstrated in 2002, a rotating
rectangular aperture mounted in the tweezing beam has been used to rotate assem-
blies of silica spheres that could be both trapped in three-dimensions and rotated syn-
chronously with the aperture [34]. This simple method for rotational control does not
require high-order modes, interferometric precision, or computer-controlled optical
modulators.

9.3 ANGULAR MOMENTUM TRANSFER TO PARTICLES
HELD IN OPTICAL TWEEZERS

In the previous section, the applied forces and resulting torques arise directly from
the gradient force generated from an asymmetry of the trapping beam, or asymmetric
configuration of trapping beams. However, rotation is also possible using beams with
a circularly symmetric intensity distribution where it is the angular momentum of the
trapping beam that is transferred. It is now well recognized that light beams carry
both spin and orbital angular momentum [1,2]. The spin angular momentum arises
from the beam’s polarization state and has long been known to have a value of %7
depending upon whether it is right- or left-hand circularly polarized. The orbital an-
gular momentum is completely independent of this and arises from the beam’s phase
structure. Beams with helical phasefronts, described by ¢ = exp(i£6), have a signifi-
cant azimuthal component to their Poynting vectors and an associated orbital angular
momentum corresponding to £/ per photon.

In the 1930s, Beth used the spin angular momentum associated with circularly po-
larized light to drive the torsional motion of a wave-plate suspended by a quartz fiber.
However, the detection of this motion required measurements of great precision [6].
But, as mentioned previously, the moment of inertia of a uniform body scales with the
fifth power of its linear dimension, hence smaller particles require much less torque to
accelerate.

In 1995, Rubinsztein-Dunlop and colleagues demonstrated that the orbital angu-
lar momentum carried by a Laguerre-Gaussian beam could be transferred to an ab-
sorbing particle trapped in an optical tweezers, making it spin at several Hertz [20].
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Figure 9.2 Angular momentum transfer in optical tweezers. Rotation of a trapped object can be in-
duced by (a), the transfer of spin angular momentum using a circularly polarized beam or (b), the
transfer of orbital angular momentum using a beam such as a high-order Laguerre—Gaussian or Bessel
beam. See color insert.

This ground-breaking work was the first demonstration that light’s angular momentum
could induce a visible rotation, albeit on a microscopic object. With respect to absorp-
tion of the light, both the orbital and spin angular momentum should be transferable to
the trapped object. Circularly polarizing the Laguerre—Gaussian trapping beam means
that it carries spin angular momentum, which, depending upon the relative handed-
ness of the two terms, can add to or subtract from the orbital component. Changing
the relative handedness of the components speeds up or slows down the rotation [14]
or, in the case of a Laguerre—Gaussian beam with £ = 1, and hence an orbital angular
momentum the same magnitude as the spin angular momentum, causes the particle to
stop [39].

The absorption of light by the trapped particle will transfer both the spin and orbital
angular momentum components with equal efficiency. However, rather than absorp-
tion, it is sufficient simply to change the angular momentum state of the light upon
transmission through the particle. In Beth’s experiment, the torque arose because the
suspended wave, plate changed angular momentum of the transmitted light, without
any absorption. Materials such as calcite have a high birefringence such that a thick-
ness of a few microns is sufficient to act as a quarter-wave-plate, changing the polar-
ization state of the transmitted light from circular to linear. Consequently, a micron-
sized birefringent particle trapped in a circularly polarized light beam experiences a
torque comparable to the total angular momentum flux in the beam, resulting in rota-
tion rates up to 100 s Hz [15]. One might imagine a similar experiment for orbital an-
gular momentum, where a microscopic object acts to transform the orbital angular mo-
mentum state of the beam. We will discuss one potential example later in the chapter.

So far we have restricted these angular momentum-based interactions to particles
that are trapped on the beam axis and are larger than the beam diameter. In these cases,
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both the transfer of spin and orbital angular momentum result in the particle spinning
about the axis of the beam. A more interesting comparison occurs when the particle is
small with respect to the size of the beam and displaced from the beam axis. All beams
with an exp(i£¢) phase structure (e.g., a Laguerre-Gaussian beam) and an associated
orbital angular momentum of £/ per photon possess a phase singularity on the beam
axis and hence no on-axis intensity. In 2001, metal particles were observed to circulate
around the external perimeter of a Laguerre—Gaussian mode in a direction set by the
orbital angular momentum of the beam and independent of its spin angular momentum
state [33]. In 2002, a circularly polarized ¢ = 8 Laguerre-Gaussian beam was used to
confine small dielectric particles by the gradient force within the bright ring [32].
When the particle was birefringent, then the local transformation of the polarization
state resulted in a torque acting on the particle causing it to spin about its own axis.
By contrast, the azimuthal component of the light’s Poynting vector, arising from its
orbital angular momentum, meant that light scattering from the particle resulted in
it orbiting around the beam axis. In these experiments, where the small particle is
displaced from the axis of the laser beam, the transfer of spin and orbital angular
momentum transfer are distinguishable, producing a spinning and orbiting motion
of the particle, respectively. Similar results have also been obtained for high-order
Bessel beams, the multiple bright rings of which allowed quantitative confirmation
that the rotation rate as a function of distance from the beam center had a dependence
consistent with the orbital angular momentum of the beam [17].

9.4 OUT OF PLANE ROTATION IN OPTICAL TWEEZERS

Following some early studies in 1999 [36], in 2002 Grier and colleagues revolu-
tionized optical tweezers by showing that commercially available spatial light modu-
lators (SLMs) could be used to generate many optical traps simultaneously, and that
these traps could be repositioned at video frame rates [12]. One obvious application of
these SLMs was to create two or more traps, positioned close together to trap and ori-
entate larger asymmetric objects. Moving the traps in a circular trajectory would then
impart a corresponding rotation to the trapped object [7]. Because the SLM can intro-
duce both axial and lateral displacement to the trap position, the circular trajectory and
corresponding rotation can be about any axis, including an axis that is perpendicular to
the optical axis of the tweezers [7]. An interesting observation inherent in this process
is that in an optical tweezers, two objects can be trapped and positioned immediately
above one another. The very high numerical aperture of the objective lens means that
the shadow created by one particle does not extend far, even in the axial direction.

SLMs can also be used to create multiple traps, arbitrarily distributed about the
3D volume, the dimensions of which are set by the spatial resolution of the SLM.
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Figure 9.3 Out of plane rotation in optical tweezers. (a) Bingelyte and colleagues used a spatial light
modulator to generated two independent optical traps that were controlled independently. (b) Sinclair
and colleagues used a similar setup to generate a diamond unit cell using silica particles. In these
examples, the rotation axis can be perpendicular to the optical axis of the trapping beams. See color
insert.

As mentioned earlier, for small numbers of particles these trap positions can be set
independently of each other without undue concern of shadowing effects. In this way,
several layers of particles can be assembled into crystal [40] and quasi-crystal [37]
configurations, and subsequently rotated about any axis of choice, as shown in Fig-
ure 9.3.

9.5 ROTATION OF HELICALLY SHAPED PARTICLES
IN OPTICAL TWEEZERS

Another approach to inducing rotation within optical tweezers is to use a conven-
tional, circularly symmetric trapping beam containing no angular momentum and then
rely upon the shape of the trapped object to scatter light in an azimuthal direction such
that the object suffers a recoil torque. Alternatively, one can regard the object as being
a simple form of mode converter, transforming the incident beam containing no an-
gular momentum into a scattered beam that does. This method is analogous to that of
a windmill, where it is the shape of the blades that determines the sense and scale of
the torque. In 1994, four armed rotors 10s microns in diameter were fabricated from
silicon oxide and then trapped and set into rotation within an optical tweezers [21].
The sense of the rotation was determined by the handedness of the rotor construction.
An important point is that unlike most micromachines that suffer from frictional wear,
the three-dimensional trapping eliminated the need for a mechanical axle or other
constraint.

Various other techniques for forming asymmetric structures have been demon-
strated, including using partly silvered beads [27] and, more recently, making the
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Figure 9.4 A helically shaped object placed in an optical tweezers will introduce orbital angular mo-
mentum to the transmitted or scattered light. The corresponding reaction torque will result in rotation
of the object. See color insert.

objects within the tweezers itself using two-photon polymerization [16]. In the last
example, multiple rotors were fabricated and positioned so that their vanes engaged to
function as gear teeth. Driving either of them caused both to rotate; it was a multicom-
ponent micromachine driven by light. Most recently, two-photon polymerization has
been employed to create explicit mode converters based upon miniature spiral phase
plates where the helicity of the microcomponent has been designed to give close-to-
perfect transformation of the trapping beam into a Laguerre—Gaussian mode [24]. The
change in the angular momentum state of the light led to a corresponding rotation of
the micromode converter. Two-photon polymerization has also been used to fabricate
a micrometer-sized mechanical motor driven by light from an integrated waveguide
within the sample [22].

9.6 APPLICATIONS OF ROTATIONAL CONTROL
IN OPTICAL TWEEZERS

Many of the original studies on rotation within optical tweezers were motivated
by the desire to understand light’s optical angular momentum. However, the ability
to orientate and rotate micron-sized objects at rates of 100s of Hertz suggests vari-
ous applications that have been and are currently being investigated. Applications of
rotating particles in optical tweerers range from microscopic rheology, where precise
measurements of fluid viscosity can be made, to lab-on-a-chip technologies, where
optical tweezers are used as pumps and actuators.
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Figure 9.5 Applications of rotational control in optical tweezers. Leach and colleagues used counter-
rotating vaterite spheres placed in a microfluidic channel to generate an optically driven micropump.
See color insert.

Following their initial pioneering of the transfer of spin angular momentum to bire-
fringent particles, Rubinsztein-Dunlop and colleagues developed a technique for pro-
ducing near-spherical particles of birefringent vaterite and measuring precisely their
rotational speed by monitoring the polarization modulation frequency of the trans-
mitted light [23,29]. Being perfectly spherical means that the Stokes’ drag force can
be precisely calculated, and when combined with the measured rotation rate, used to
derive a highly accurate measure of the viscosity of the surrounding fluid [9]. Most
recently, this has been applied to measuring the viscosity of tear fluid, a measurement
difficult by any other means, but extremely important in the diagnosis of various eye
conditions (see Chapter 10).

The miniaturization of analytical processing is part of the lab-on-a-chip revolution
of biological and chemical measurement. Fluid manipulation on a scale of 10s micron
provides faster mixing (providing faster throughput) and creates the opportunity for
performing multiple processes in parallel. In 2002 Marr and colleagues demonstrated
a new concept for fluid pumps based on optical tweezers. Translation and rotation of
series of spheres within a microfluidic chamber or channel established a fluid flow
along the channel [41]. Holographic optical tweezers can also be used to measure the
speed of the resulting fluid flow with high accuracy, repeatedly releasing and then re-
trapping a probe particle and using a high-speed camera to record the initial movement
of the particles within the flow [13].

As an alternative to direct control of the particle position, angular momentum trans-
fer is an obvious route to creating flow in the surrounding fluid. Beyond the trapping
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of a single particle in the bright ring of a Laguerre-Gaussian mode, which that then
orbits the beam axis due to an orbital angular momentum exchange, many particles
can be added to the ring such that they all circulate around the beam axis [11]. Comb-
ing two rows of such beams circulating in opposite directions creates a net fluid flow
down the middle, leading to transport of both the fluid itself and any particles it con-
tains [25]. Similarly, the spin angular momentum of the light can be used to rotate
multiple birefringent particles. Counterrotating a pair of such particles using right and
left circularly polarized beams creates a net fluid flow between them. This is dramat-
ically enhanced by placing the rotating pair of particles within a microfluidic chan-
nel, which cuts out the backflow around the outside [26]. Even when optimized, the
fluid flow is only of order of 100s cubic microns per second. This is tiny compared
to a conventional external pump, but may be of use for delivering small controlled
amounts of reactant. In another approach, the two-photon polymerization discussed
previously has been used to created a pump chamber and rotators that are then driven
by a scanning laser beam and can pump fluid at a controlled rate of picoliters per
minute [28].

Another possibility for fabricating microcomponents from birefringent material is
to employ the fabrication process itself to create the birefringence with which the
polarization state of the light can interact. An early example of this was the trap-
ping and orientation of long glass rods by a polarized beam [8]. In one view, the
orientation occurred through the gradient force that drew the rods to align with the
high intensity axis of the beam. In an equivalent view, the elongation of the object
meant that the polarization state of the trapping light was modified by the scatter-
ing process. The rods acted as a primitive birefringent waveplate, resulting in an an-
gular momentum transfer. Micron-sized gear wheels have also been fabricated with
grooves in the flat surfaces. The microscaled grooved surface is form-birefringent,
such that the polarization state of the reflected light is again modified and an angu-
lar momentum is exchanged [31]. These cogs can be both trapped and driven with
light, and positioned to engage with other cogs to create the basis of a pump or other
devices.

Like optical tweezers themselves, rotational control within tweezers has progressed
a pace, driven by developments within many different research groups. Since the ini-
tial curiosity-based demonstration of a rotating red blood cell by Sato and colleagues
in 1992, subsequent investigations have targeted understanding the basic angular mo-
mentum properties of light [32]. In parallel with this work has been the application
of rotational control to the driving of micromachines [30], cogs, and others to form
optically actuated pumps, or in the direct measurement of physical quantities like vis-
cosity.
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10.1 INTRODUCTION

Microrheology concerns the mechanical properties of media on the microscopic
scale. Some areas of interest within this field are about viscoelasticity within bio-
logical cells [43,10] and the properties of polymer solutions where measurements of
small volumes are advantageous for high throughput screening [4]. Microrheology
techniques range from magnetic tweezers [8] to video particle tracking [28]. For a
comprehensive review of these techniques and others, refer to Waigh [44]. In this
chapter, we will consider microrheological techniques that involve the manipulation
of microscopic particles within a fluid using optical tweezers and in particular optical
traps formed by laser beams carrying angular momentum. The fluid surrounding the
particle plays a significant role in the properties of the optical trap; refractive index,
temperature, and viscosity all affect trapping. It is logical that a well-characterized
trap can, therefore, be used to study these fluid properties.

Optical tweezers apply a trapping force to a particle via transfer of linear momen-
tum, angular momentum can also be imparted from the light to the particle. In special
cases, this transfer of angular momentum can be independent of the fluid properties
that contribute to the trap strength, as the applied torque depends upon the intrinsic
properties of the particle itself and its interaction with the trapping laser beam. This
allows for fluid properties to be studied without the need for complicated optical trap
characterization.

STRUCTURED LIGHT AND ITS APPLICATIONS
Copyright © 2008 by Elsevier Inc. All rights of reproduction in any form reserved.

249



250 Rheological and Viscometric Methods

Force measurements on biological systems have probably been the most impres-
sive application of optical tweezers. Precise calibration of the optical forces within
an optical trap has allowed for the quantitative study of molecular motors [39,22,11],
the transcription of DNA [45] and protein folding [18,42]. These are just a few ex-
amples of the microbiological systems that have been studied. Polystyrene or silica
microspheres are usually used as handles for such experiments, and the force that the
optical trap exerts on these probe particles is typically calibrated prior to the exper-
iment. Either moving the particle with known velocity through the viscous medium
surrounding it or measuring the displacement of the particle caused by thermal fluctu-
ations within the optical trap allows this calibration, provided certain parameters are
known.

Viscosity is one such parameter. By combining different calibration techniques,
viscosity can be removed as a required parameter and can be measured instead [12,5].
Such methods have been used to map out viscosity gradients [26] and to measure
viscoelasticity of polymer solutions over a range of frequencies [37]. In the work by
Starrs and Bartlett [37] two-point microrheology was conducted using a dual-beam
optical trap. This allows the probe particle—fluid coupling to be studied, which is a
factor that needs to be considered in polymer solutions [25,9]. A method that com-
bines driving a sphere with a known frequency as well as measuring its displacement
due to Brownian motion is described by Toli¢-Ngrrelykke and colleagues [41]. This
allows the optical trap to be calibrated in a single step without knowledge of the sur-
rounding fluid’s viscosity. The calibrated trap could then be used to probe viscosity
provided that the dimensions of the probe particle are known precisely. Exact model-
ing of optical tweezers can also allow for experimental parameters used for calibration
to be measured instead [20].

Another approach that does not require a complicated calibration procedure is to
analyze rotational rather than translational motion in the optical trap. Chapter 9 in
this book is dedicated to a discussion of the rotation of particles in optical tweez-
ers [31], and for a further review refer to Parkin and colleagues [33]. One convenient
method is to trap a birefringent crystal, which changes the polarization state of the
trapping laser, causing angular momentum to be transferred from the laser beam to
the particle [14]. Liquid crystals form birefringent spheres that can be rotated in the
same manner [17,16], and have been used for viscosity measurements [29]. Spher-
ical particles are desirable as the viscous drag is well known provided the particle
diameter and rotation rate can be measured [24]. To eliminate complications in the
flow, ideally a rigid sphere, rather than a liquid crystal droplet, can be used as the
probe of the surrounding fluid’s viscosity [2]. This kind of microviscometer is dis-
cussed in detail in this chapter. Passive microrheology is also possible with rotational
motion by tracking the rotational Brownian motion of disk-shaped objects [6] or bire-
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fringent crystals [23]. This method has also been extended to measure viscoelastic-
ity [7].

However, we have limited this chapter to viscosity measurements with particles
actively driven by exchange of angular momentum with the laser beam. This is done
in a straightforward manner with circularly polarized light and birefringent spheres.
We will also consider the possibility of using transfer of orbital angular momentum
from the trapping laser to drive the probe particle for viscosity measurements.

10.2 OPTICAL TORQUE MEASUREMENT

The angular momentum of light is discussed elsewhere in this book. In this chapter,
we will consider in detail how angular momentum of light is transferred to an optically
trapped particle and how the resulting torque can be measured in order to measure the
rheological properties of the surrounding medium. By way of introduction, we will
briefly summarize the salient facts about optical angular momentum.

Light can carry angular momentum in two forms: spin angular momentum and/or
orbital angular momentum. Spin angular momentum is associated with the light’s po-
larization. A circularly polarized beam carries +/ of angular momentum per photon
(left or right circularly polarized) and corresponds to an electric field that rotates at
the optical frequency about the direction of propagation. A linearly polarized beam
can be thought of as containing equal numbers of left and right circularly polarized
photons and so has an average spin angular momentum of 0% per photon. Orbital
angular momentum is due to the spatial structure of the field. The angular momen-
tum resulting from this structure is apparent when considering a Laguerre—Gaussian
mode of light, an example of an orbital angular momentum carrying field provided its
azimuthal index is nonzero. The helical phase fronts demonstrate the rotation of the
energy about the center of the mode as the beam propagates. The Laguerre—Gaussian
modes have [/ per photon of orbital angular momentum associated with them (where
[ is the azimuthal index of the mode).

A distinction between spin angular momentum and orbital angular momentum is
worth pointing out at this stage. The spin angular momentum density, by definition,
is independent of the chosen origin of the coordinate system. The orbital angular mo-
mentum density, however, does depend upon the origin as the angular momentum is
about that point [36].

10.2.1 Measuring Spin Angular Momentum

We are interested in applying torques to objects trapped in optical tweezers. How-
ever, in order for this technique to be used to quantitatively study a physical system,
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the applied torque needs to be measured. The principle of such a measurement is sim-
ply that the light imparts angular momentum to the particle, therefore the difference in
angular momentum content of the incident beam and the transmitted beam will yield
the value of the torque applied to the particle. In order to find the spin angular momen-
tum carried by a beam, we consider its composition in terms of two components: left
and right circular polarizations. An arbitrary beam can be represented as the sum of
these components. The left circularly polarized component consists of photons with
+# of angular momentum, while the right component has photons with —#. The rela-
tive powers of these two components define the spin angular momentum of the beam,
which can be formalized by defining a degree of circular polarization,
_ PL—Pg

Us—T, (D

where Py and P are the powers associated with the left and right circularly polarized
components, respectively, and P is the total laser power. As the beam passes through
a birefringent particle, a change in either of these two components, Py, and Pg, results
in a change in the total angular momentum flux of the beam and the transfer of angular
momentum from the beam to the particle. The resulting reaction torque on the particle
is given by

__ Aoy P

Ty , (@)
w

where Ao; is the change in the degree of circular polarization as the beam passes
through the particle and w is the angular frequency of the light [30].

Knowledge of the torque applied to the probe particle allows the local environment
to be studied. In particular, if the particle is trapped and rotating steadily, the viscous
drag torque acting must be equal to the applied torque. Therefore, provided there exists
an expression for the drag torque in terms of measurable quantities, the viscosity of
the surrounding fluid can be determined. In experiments that will be outlined in this
chapter, a spherical probe particle is rotated by transfer of spin angular momentum,
which is possible due to the birefringence of its crystalline structure. The viscous drag
torque on a rotating sphere is well known and is given by

Ty =87na’$2, 3)

where 7 is the viscosity of the surrounding liquid, « is the radius of the sphere, and
£2 is its angular velocity [24]. This expression assumes low Reynolds number flows
and that the surrounding fluid is Newtonian, which is valid for fluids such as water
and methanol on the size scale relevant to optical tweezers. The viscous drag torque
is equal to the optically applied torque (t; = t,), which gives an expression for the
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circular polarization

elliptical polarization

Figure 10.1 An optical torque is applied to the trapped sphere by transfer of spin angular momentum
from the laser light to the sphere. Measuring how the sphere changes the polarization of the light
determines the applied torque to the particle, which allows the response of the surrounding fluid to be
quantified.

fluid’s viscosity,

_ Aoy P

T 8nalRw’
where all these quantities can be experimentally measured. Figure 10.1 shows how
torque is applied to a probe particle and how the response of the fluid can be inves-
tigated in this way. In the terms usually used in viscometry, the following is true for
a Newtonian fluid: n = §/R, where § is the shear stress and R is shear rate. In or-
der to determine viscosity, a stress is applied and the shear rate is measured. Here an

n “

applied torque causes a shear stress in the fluid, and the response of the fluid is in-
vestigated by measuring the rotation rate of the probe particle, which corresponds to
shear rate.

10.2.2 Measuring Orbital Angular Momentum

Measuring the orbital angular momentum is similar in concept to measuring the
spin angular momentum as, again, we are interested in the change of the angular mo-
mentum content of the beam after it passes through the trapped object. We can do this
once again by decomposing the beam into orthogonal components with well-defined
angular momentum. However, one important difference is that instead of having to
determine the amplitudes of just two polarization components, we have now to deter-
mine the amplitudes of a potentially very large set of Laguerre—Gaussian (LG) modes.
The LG modes are analogous to the orthogonal circular polarizations in that they form
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a basis set with well-defined angular momenta. An arbitrary beam can be decomposed
into LG modes, and the amplitudes of the modes will determine the overall orbital
angular momentum content of the beam. We can define a degree of orbital angular
momentum,

0, = (ZIPI -y |l|Pz)/P, )
=1 [=—1

where P; is the power in an LG mode with an azimuthal index of /. P is the total power,
which is equivalent to the sum of all the power in all the LG modes. The torque ap-
plied to a trapped object can now be found by using equation (2), except Ao would
instead be the change in the degree of orbital angular momentum content of the beam.

While this LG mode decomposition has been demonstrated using paraxial beams
[34], the method turns out to be problematic for the case of an arbitrary beam passed
through optical tweezers, as we will discuss later in the chapter. Therefore, another
method has been developed to measure orbital angular momentum in optical tweezers.
This method uses the relatively simple spin angular momentum measurement to infer
the amount of orbital angular momentum transferred. For a Newtonian fluid and in the
laminar flow regime, the following is true

Tiotal = Ts + Tp = K £2, (6)

where §2 is the rotation rate of the trapped particle and K is a constant. Therefore, by
varying the torque due to the spin, one can determine the constant X and the orbital
component of the torque [32]. In principle, objects that allow efficient transfer of or-
bital angular momentum can then be used to study the viscosity of the surrounding
fluid. There is a complication, as equation (3) will no longer apply because the parti-
cle is unlikely to be spherical, although computational fluid dynamics can be used to
determine the drag torque on arbitrarily shaped objects.

10.3 A ROTATING OPTICAL TWEEZERS-BASED
MICROVISCOMETER

In this section we describe a microviscometer based upon the transfer and measure-
ment of spin angular momentum to spherical birefringent particles of a material called
vaterite. Vaterite is a calcium carbonate crystal that can form spheres approximately
2—-10 pum in diameter under the right growth conditions [2]. We will also describe how
to experimentally measure orbital angular momentum transfer in optical tweezers and
discuss its potential to function as a microviscometer.
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10.3.1 Experimental Setup for a Spin-based
Microviscometer

The experimental setup we use is shown in Figure 10.2. The trapping laser is a
Nd:YAG laser, with a wavelength of 1064 nm and a power output of 800 mW. The
power is controlled using a half wave plate and a polarizing beam splitter cube. In or-
der to achieve the best convergence of the laser beam in the focus, two lenses expand
the beam so that it fills the back aperture of a high numerical aperture objective (NA
= 1.3, Olympus P100). A quarter wave plate immediately before the objective makes
the beam circularly polarized. A high numerical aperture (NA = 1.4) oil immersion
condenser collects the transmitted trapping laser light. The sample is held on a piezo
driven xyz translation stage. After the condenser, the light is directed to a circular
polarization analyzing system that consists of a quarter waveplate followed by a po-
larizing beam splitter cube with two photodetectors at the outputs of the cube. A third
photodetector is positioned to collect a tiny amount of light transmitted through a
mirror, which has been linearly polarized by the mirror.

Data is collected by digitizing the analog outputs from the three photodetectors
using a National Instruments data acquisition card. Typical signals for these detec-
tors are shown in Figure 10.2. The signal from detector 3 (Figure 10.2(b)) gives the
rotation rate of the particle. Laser light transmitted by the particle is, in general, ellip-
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Figure 10.2 An optical tweezers setup used to make viscosity measurements (left). Typical signals
from the three photodetectors used to measure the rotation rate of the particle and the optically applied
torque are shown (right).
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tically polarized. The ellipse rotates with the optical axis of the vaterite particle, which
causes the intensity variation detected by the photodiode. This variation is sinusoidal
due to the even rotation of the particle. The rotation rate of the particle is one-half the
measured frequency due to the twofold symmetry that exists between the rotating lin-
early polarized component of the beam exiting the particle and the linear polarization
detector. The signals from detectors 1 and 2 (Figure 10.2(a)) represent the magnitude
of two orthogonal circularly polarized components of the transmitted laser beam. To
find the angular momentum content of the beam, the components are most easily mea-
sured in the circular basis. A quarter waveplate aligned with its fast axis at 45° to the
axes of a polarizing beam splitter cube ensures that the two photodetectors measure
the respective left and right circularly polarized components of the beam. Thus, the
degree of circular polarization can be easily determined.

In order to measure viscosity, the parameters that need to be experimentally de-
termined, according to equation (4), are the laser power, the change in the degree of
circular polarization, as well as the particle’s radius and rotation rate. Rotation rate
and polarization are measured by the three detectors as previously described. Laser
power is measured by a photo detector that is positioned outside the microscope and
that is calibrated such that it corresponds to the laser power in the focus. For the de-
gree of accuracy required, the simplest calibration was to measure the viscosity of
liquids of known viscosity and then solve equation (4) for power. We find about 50%
of the power entering the objective reaches the focus, as expected [38]. In fact, this
is a convenient method to measure the power in the focus, which is otherwise diffi-
cult to determine directly. The particle diameter was measured by touching the sphere
against a second sphere of similar radius and measuring the center-to-center distance
of the two spheres. The simple geometry allows the radius of the sphere of interest to
be calculated precisely.

10.3.2 Results and Analysis

The viscosity of a sample of methanol, as a function of laser power, is shown in
Figure 10.3. It is clear from this plot that the measured viscosity is not constant and,
instead, decreases with increasing laser power. The form of the fit is

1

where ng is the room temperature viscosity, t is the optically applied torque (laser
power x change in polarization), and « and B are constants. The methods to deter-
mine 179, «, and B are described later in this chapter. The possible causes of such
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Figure 10.3 Viscosity of methanol, measured as a function of laser trapping power. The diameter of
the vaterite particle used here is 3.2 pm.

behavior are shear thinning or a heating effect. By increasing the laser power, the op-
tically applied torque is increased and so the shear rates within the fluid also increase.
If the fluid had a shear rate dependent viscosity, as has been reported for fluids such
as polymer solutions [1], this could explain the trend observed in the plot. However,
methanol, the fluid being measured, is Newtonian and does not exhibit such phenom-
ena as shear thinning. The other possibility is a heating effect, which would occur if
either the fluid or the probe particle absorbed slightly at the wavelength of the trap-
ping laser. Increasing the laser power would increase the energy absorbed and there-
fore would cause a temperature increase in the fluid surrounding the probe particle.
The viscosity of most fluids decreases with increasing temperature, which would fit
with the observed trend. The interpretation of Figure 10.3 becomes clear if heating
due to the trapping laser occurs. This is because localized heating due to the highly
focused laser beam means that a nonuniform temperature distribution will be set up
in the fluid, which in turn leads to a viscosity distribution, such that a single value for
viscosity no longer accurately describes the fluid. In order to analyze the results, we
will consider the experimentally measured parameters: the optically applied torque
and the rotation rate of the probe particle (Figure 10.4).

According to equation (4), the rotation rate should depend linearly on the optical
torque. However, it is evident from Figure 10.4 that there is a nonlinear component of
the response to increasing the optical torque. The form of the fit is

() =at + B12, ®)
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Figure 10.4 Rotation rate of the trapped vaterite particle as a function of the optically applied torque.

where o and B are constants. (This quadratic fit yields the parameters, «, 8 and the
room temperature viscosity, used for the fit described by equation (7).) This fit repre-
sents a first-order approximation to the nonlinearity; however, it fits the data well, sug-
gesting the approximation is valid for this range of optical powers. The linear compo-
nent of this fit yields the room temperature viscosity of the surrounding fluid, as can be
seen in equation (4). The square component is not accounted for, but it could be used
to determine the heating caused by the trapping laser. However, we find the heating di-
rectly from the optical torque and a model that accounts for the nonuniform viscosity
distribution (which arises from the temperature variation) in the surrounding fluid.

10.3.2.1 A shell model of viscosity distribution

In order to model the inhomogeneous viscosity of the fluid surrounding the probe
particle, we will use a shell model. The model works for a spherically symmetric sys-
tem, which we argue is the case in our experiments. This is because absorption must
occur mainly within the probe particle as absorption in the surrounding fluid is insuf-
ficient to explain our results [35]. Therefore, in this model the surface temperature of
the particle is uniform, and the steady state temperature of the fluid around the sphere
as a function of the distance to the center of the sphere (r) is

T(r)= % T ©)
where

Yy =71 (10)
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and the constant y can be determined by the heat flux, H, and thermal conductivity «.
The room temperature, as r — 00, is Tp. We can approximate this temperature varia-
tion, and hence viscosity variation, by setting up a series of concentric shells. Within
the layer of fluid between the shells, the viscosity is uniform. The velocity profile
between two shells is given by

R3R} 1 1 1 1

11
Vipm)=—2 | — - — )@ xr— [ — — — )@ xr|, 11
in(®) R;—R?[(IrP R;) L (|V|3 Rf) 2X:| (b

where R is the radius of the inner shell and £ is its rotation rate, and R, is the radius
of the outer shell and €2, is its rotation rate [24]. Using the velocity profile, the viscous
stress tensor on the surface of the inner shell, where » = Ry, can be found using
v v
o/, = — ==, 12

ik = Nloc Sr ; (12)
where 71oc is the viscosity of the fluid in between the shells. This tensor corresponds
to the frictional force per unit area on the surface of the inner shell due to the viscous
drag of the liquid. The drag torque on this shell can be found by integrating over the
surface of the shell [19]

RIR3
T = 87110 (22 — 21) 2. (13)
Ry — Ry
This expression holds for all the shells in this model. For an infinite number of very
closely spaced shells, the torque becomes:

7 =8mn(r)r’ (14)

k94
dr3)’
We do not have an analytical form for n(r). However, for well-characterized fluids
we have a numerical form for n(7), which yields n(r) from equation (10). The ro-
tation rate of the particle is equal to the rotation rate of the fluid at the radius of the
particle (a), which is given by

T r=a

1 3
= n(r)d(l/r ). (15)
We do not have an analytical expression for n(7), so we will calculate this integral
numerically. Both the rotation rate §2, and the optically applied torque t are mea-
sured experimentally, so a fitting algorithm is used to determine a value for y in equa-
tion (10), which gives the correct viscosity distribution, (), in equation (15). Figure
10.5 shows the effect that laser light absorption has on the temperature distribution
around the particle and the effect of this on the rotation rate of the particle.
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Figure 10.6 The viscosity of glycerol solutions, as measured by our microviscometer, as a function

of the concentration of glycerol in the solution.

10.3.2.2 Viscosity of glycerol solutions

To demonstrate the ability of our microviscometer to measure the viscosity of so-
lutions with viscosities varying by almost two orders of magnitude, we prepared a
series of solutions with different concentrations of glycerol. Glycerol was chosen as
its viscosity as a function of concentration is well characterized and has a large dy-
namic range. The results of this are shown in Figure 10.6, where excellent agreement
is demonstrated. The uncertainty largely stems from the uncertainty in the sphere di-

ameter.
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10.3.3 Orbital Angular Momentum Used
for Microviscometry

In order to produce orbital angular momentum and to measure the amount of or-
bital angular momentum transferred to an object in the optical trap, a few changes
need to be made to the setup in Figure 10.2. First, a phase hologram that generates an
LG mode needs to be inserted in the beam path before the objective. As an off-axis
hologram is typically used, the first diffracted order needs to be selected for the input
to the optical trap. Second, the circular polarizer analyzer after the microscope is re-
placed by another phase hologram followed by a camera to image the output of this
analyzing hologram. An example of the phase hologram is shown in Figure 10.7, with
different input modes and the corresponding output modes. This figure also presents
the principle of the LG modal decomposition of an arbitrary beam. If a Gaussian mode
is detected in the first diffracted order, then the input beam, or at least a component
of the beam, matches the mode of the hologram. More precisely, they both have the
same azimuthal index. A nonzero central intensity in the first diffracted order is rep-
resentative of a Gaussian mode present there. By exchanging the phase hologram for
LG mode holograms with different azimuthal index, the presence of the mode can be
detected by again measuring the central intensity. In this way, the modal composition
of the beam can be determined and thus the orbital angular momentum measured.
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In the experimental setup, the phase holograms can be generated by a spatial light
modulator [15] or can be contact printed onto a holographic plate [34]. The spa-
tial light modulator could be advantageous for this application as it allows for easy
switching between different LG holograms. To detect the Gaussian component within
the first diffracted order from the analyzing hologram, two methods have been used.
By coupling the diffracted order into a single mode fiber, and measuring the output
power from the fiber using a photodetector, one can detect the Gaussian component.
This method has been used in the field of quantum information to measure photons
with entangled LG modes [27]. A second technique is to use a CCD camera to im-
age the output of the hologram and determine the intensity measured by the single
pixels corresponding to the center of the first diffracted orders [34]. This method has
been used to measure the torque applied to an elongated phase object by a paraxial
elliptical laser beam, with the axis of the ellipse at different angles to the elongated
dimension of the phase object. However, the real test of this technique is in optical
tweezers, where orbital angular momentum of the trapping beam can be used to ac-
tually rotate an asymmetric particle. A simple asymmetric object is two polystyrene
beads trapped two dimensionally against a microscope slide. The microscope slide
prevents the two beads from aligning vertically in the trap, which world otherwise
eliminate the asymmetry with the beam axis. In an experiment carried out by the au-
thors, an LG, mode was used to trap and rotate two beads, each 2 micrometers in
diameter. The modal composition of the beam was measured without any particles
trapped (Figure 10.8(a)), and with the two beads trapped (Figure 10.8(b)). In the case
without beads trapped, one can clearly see that only an LG, mode is present in the
beam, as this is the only mode where a Gaussian beam (nonzero central intensity) is
present. However, the mode pictures become confusing when particles are present, and
just from inspection of the mode pictures, it is not obvious what modes are present.
However, by subtracting the center pixels of the modes without a particle present from
the center pixels of the modes when the particles are trapped, we can see the change
in the modal composition of the beam, which is shown in the plot in Figure 10.8.

An analysis of the results shown in Figure 10.8 reveals the problems with this
method. The mode decomposition suggests the unlikely result that the beam has
gained orbital angular momentum from the particles, as more power has coupled to
higher-order modes than to lower-order modes. If one looks carefully at the mode
pictures, it becomes apparent that if the center of the mode is shifted slightly or de-
termined inaccurately, then the reading from the chosen pixel can vary a great deal
due to the rapidly varying intensities within the center regions of the mode pictures.
Alignment of the holograms and the optical trap itself can affect the measurement, and
it is certainly a source of error in this experiment. In fact, any method that attempts to
make a direct measurement of orbital angular momentum in optical tweezers can be
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Figure 10.8 The output from the analyzing hologram placed after the optical tweezers setup that
allows the modal composition of the beam to be measured. A Gaussian present in the mode picture
means that the corresponding mode is present. For example, in the first row of mode pictures, (a), when
no trapped particles are present, the only component of the beam is an LG mode. In the second row,
(b), when two particles are trapped and rotating, it is not clear which modes are present. However,
the difference in the intensities of the center pixels (second row minus the first row ((b)—(a))) plotted
below the mode pictures clearly shows other modes present in the beam.

susceptible to alignment due to the orbital angular momentum’s dependence upon the
origin of the coordinate system, unlike the case for spin angular momentum.

The spin angular momentum measurement is relatively simple compared to the
mode decomposition, and can be used to determine orbital angular momentum transfer
in optical tweezers, as described early in this chapter. In order to find the torque due
to orbital angular momentum from equation (6), the polarization state of the trapping
light needs to be varied, and then the effect on the rotation rate needs to be measured.
The result of such an experiment is shown in Figure 10.9. In this case, an LG, mode
trapping laser was used, and the polarizations used were left circular, linear, and right
circular. In this case, the particles were trapped against a microscope slide, which
would have a significant effect on the viscous drag torque on the particle. This makes
viscosity measurements difficult. However, the situation can be improved by using



264 Rheological and Viscometric Methods

281 1

Rotation Rate (Hz)
S
~

1.8} 1

-4 =3 -2 -1 0 1 2 3 4
Torque due to Spin AM Transfer

Figure 10.9 The rotation rate of two beads trapped in an LGy mode versus the contribution from the
spin angular momentum transferred to the particle. The units of the x-axis are 1073 per photon.

photopolymerized structures, like the cross described by Knoner and colleagues [21],
which can be three dimensionally trapped.

10.4 APPLICATIONS
10.4.1 Picolitre Viscometry

The measurement of viscosity within microscopic structures is an interesting ap-
plication for microrheological techniques. Our microviscometer is well suited to such
applications in view of the very localized flow that is generated due to the rotational
motion of the probe particle [19]. An example of such a structure, whose mechanical
properties are of wide interest, is a biological cell. A first approximation to a cell is a
lipid membrane that has formed a spherical vesicle, often called a liposome. In a se-
ries of experiments, vaterite particles were added to a solution of cholesterol, hexane,
and water being used to generate liposomes, which sometimes led to a vaterite parti-
cle being engulfed by a vesicle a few microns in diameter. The viscosity of the fluid
within the very localized volume was then measured by optically applying a torque
to the vaterite and measuring its rotation rate [2], which is the method described in
this chapter. In this way the fluid within the micelle was found to be hexane, showing
that the vesicle was only a sort of micelle with a lipid monolayer rather than the de-
sired bilayer liposome. This experiment represents a measurement of the viscosity of
a picoliter volume of fluid.
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Figure 10.10 Vaterite in a micelle (left), 16.7 um in diameter, and in a macrophage cell (right), ap-
proximately 20 pm in diameter. In both cases, the left arrow points to the membrane and the right
arrow points to the vaterite particle.

We have also demonstrated a further step toward intracellular viscosity measure-
ments by inserting a vaterite particle through the cellular membrane of a macrophage
cell, as shown in Figure 10.10. In this experiment, a femtosecond laser was focused
on the membrane of the cell. This caused the cell to blister or form a bleb that is just
visible in Figure 10.10, which is a phase contrast image. The vaterite particle was then
trapped with optical tweezers and, by positioning the focus of the femtosecond laser
at the leading edge of the vaterite particle, a hole was cut in the membrane and the
vaterite was pushed inside the membrane. The hole sealed behind the vaterite particle
so that it was enclosed in the membrane. The vaterite was then spun by changing the
polarization of the trapping beam to circular polarization, and thus the viscosity could
be measured.

10.4.2 Medical Samples

Another aspect of microrheology is the study of samples where only microliter vol-
umes are available. This is in contrast to studies of cells, as although the microvisome-
ter probes a very small volume, the sample is often prepared from milliliter volumes
of cells in buffer solution. However, some medical samples such as eye fluid can only
be collected in microliter volumes. Without stimulating a tear response, about 1-5 pL
of eye fluid can be collected [40]. In a proof of principle experiment, vaterite particles
were trapped and rotated within the eye fluid remaining on a recently removed contact
lens that had been worn for a few hours beforehand. The lens was placed on a micro-
scope slide, and dried vaterite particles were then placed on the lens using the tip of a
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brass wire. A coverslip was put on top of the lens, and the sample was then put in the
optical tweezers microscope. The amount of eye fluid was estimated to be less than a
microliter, so the depth of the sample was not much larger than the vaterite particles
themselves, and viscosity measurements would be affected by the surfaces in this case
(the contact lens and the coverslip). However the fact that the vaterite could be trapped
and rotated demonstrates the potential of our microviscometer to make measurements
within microliter or less sample volumes. Microcapillaries can be used to extract eye
fluid, which, when transferred to a microscope slide, would allow for the preparation
of a deeper sample and thus a more reliable measurement of viscosity.

10.4.3 Flow Field Measurements

A rotating sphere is a convenient way to generate a steady and simple flow in a
fluid. A vaterite particle, trapped away from surfaces such as the microscope slide, can
create this ideal flow. The measurement of this flow field was the focus of the work by
Knoner and colleagues [19]. In these experiments, a dual beam optical trap was used.
The first trap was used to trap the vaterite particle and generate the flow, and the second
trap was used to map out the flow field using a polystyrene bead, 1 um in diameter, as
a probe particle. (Two methods were used to measure the flow in the equatorial plane
of the rotating vaterite.) The first was simply to release the probe particle at different
distances from the vaterite particle and track the motion of the particle, using the video
recording of the microscope image to determine its velocity and hence the velocity of
the liquid. The second method was to measure the displacement of the probe particle
in the second trap due to the viscous drag caused by the rotating vaterite particle. The
quadrant photodetector used to measure the displacement was calibrated using the
microscope stage to move the particle through the liquid at known velocities. The two
techniques were found to agree with one another.

The flow of water around a vaterite, 3.6 pm in diameter, was measured, and the
flow as a function of distance from the particle is shown in Figure 10.11. The velocity
profile is exactly as expected in this case and really demonstrates how the spinning
vaterite can be used to generate model flows. However, we see a deviation from this
model behavior in some fluids, as shown in Figure 10.12. The fluid is hyaluronic acid,
which is an example of a non-Newtonian fluid [13]. The non-Newtonian behavior of
the fluid is due to the polymers in solution that give the fluid elasticity at high driving
frequencies and also cause a decrease in viscosity at higher shear rates. However,
neither of these regimes are accessed in this experiment [19]. Instead, the authors
suggest that a depletion layer exists around the spinning particle, which is consistent
with other work [25]. By combining the optical measurement of the torque on the
spinning particle with the measurement of the flow field it generates in the surrounding
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Figure 10.11 The flow created in the equatorial plane of a vaterite particle spinning in water. The
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Figure 10.12 The flow created in the equatorial plane of a vaterite particle spinning in hyaluronic
acid. In this case, the experimental data deviates from the theoretically predicted curve. This result is
explained by a layer that forms around the vaterite particle that is depleted of the polymers within the
hyaluronic acid solution, which has a lower viscosity than the bulk of the fluid.

fluid, one can correct the viscosity measurement and characterize the properties of the
depletion layer itself.

The probe particle-fluid coupling is a factor that always needs to be considered
in microrheology experiments. One approach to this problem is to use more than one
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probe particle, which has the effect of assessing the fluid between the probe parti-
cles rather that just the fluid immediately around the particle [25,37]. The flow field
measurements achieve a similar result by measuring the flow at numerous distances
around the spinning particle. Another approach to this problem is to consider the sur-
face chemistry of the probe particle. The hydrophobicity and surface charge can be
varied to see their effect on the particle—fluid coupling.

The localized flow created by the spinning vaterite particle can also be used to
study micro-biological systems, as described by Botvinic and colleagues [3]. In these
experiments, the response of a cell to a shear flow created by a trapped vaterite particle
was observed. The optically applied torque allowed the shear forces on the cell be
characterized.

10.5 CONCLUSION

In this chapter, we have described methods to measure optical angular momentum
transfer in optical traps. Both spin angular momentum and orbital angular momen-
tum can be transferred, but we have concentrated on spin transfer, as it is more easily
implemented for viscosity measurements. Vaterite particles are suitable for this appli-
cation as they are strongly birefringent and have a simple spherical geometry, which
means significant torques can be applied to the particle and the viscous drag on the
particle follows a simple relation.

The advantage of the microviscometry technique described in this chapter over
other techniques is that a very localized region can be actively probed. The technique
does not require a complicated trap stiffness calibration as the optical torque is mea-
sured directly. The localization means that picoliter volumes can be probed, which is
on the same size scale as the interior of biological cells. The shear rate can be var-
ied in experiments by varying the trapping laser power, which could potentially allow
shear induced effects in non-Newtonian fluids to be studied. The technique could also
be extended to study the frequency response of these fluids by applying time varying
torques to the probe particle. The phase of the fluid’s response to such a driving torque
would then allow viscoelasticity to be measured.
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Light has a long tradition in serving as a model representation for quantum commu-
nication systems. Its polarization provides two orthogonal states, for example, hori-
zontal, and vertical, which can be used to encode one bit of information in a quantum
system (say, horizontal represents 0 and vertical represents 1). The system does not
necessarily need to be horizontally or vertically polarized; it could be left or right
circularly polarized or linearly polarized at some other angle. This allows the system
to be in a superposition of the orthogonal bit states and therefore to represent what
is known as a qubit. Various alternative physical qubit systems are competing in the
run toward other feasible quantum information applications, including cold trapped
ions, Bose condensates, and quantum dots. Polarized light, however, is particularly
suitable for proof of principle investigations, as its generation, manipulation, and de-
tection is comparatively simple, fast, and inexpensive. The field is advancing rapidly,
and quantum key distribution has already entered the public domain [1].

In 1992 Les Allen and colleagues showed that light can carry orbital angular mo-
mentum (OAM), and, in particular, that an azimuthal phase dependence e/¢? of a light
beam corresponds to £ units of orbital angular momentum [2]. Such phase dependence
is characteristic of either Laguerre—Gaussian or Bessel modes. Each of these mode
families provides an infinite-dimensional orthogonal basis set, and with hindsight
it seems obvious to employ OAM modes as representations of higher-dimensional
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qubits called qunits (sometimes qudits). It took about a decade until the advent of
the first quantum mechanical studies of orbital angular momentum, and Zeilinger’s
group stated in their landmark experiment on OAM entanglement [3] that ... this
approach provides a practical route to entanglement that involves many orthogonal
quantum states ... and could be of considerable importance in the field of quantum
information, enabling, for example, more efficient use of communication channels in
quantum cryptography.” The superposition principle is the first main advantage of the
quantum world over the classical in information processing. Entanglement, where the
individual parts of a multi-component quantum system do not have independent prop-
erties, is another. An entangled state of a two-component system (formally known
as a bipartite system) cannot be written as a simple product of states of the individ-
ual systems. If the two entangled components of the system are spatially separated,
something which is not difficult to arrange for light, measurement results taken on
one system will be correlated with measurement results on the other. This bipartite
entanglement is exploited heavily in experiments using OAM, as is described later in
the chapter.

For some applications, higher-dimensional systems are found to be superior. The
most immediate advantage is given by the availability of a larger “alphabet,” consist-
ing of the various OAM states. In principle, Laguerre—Gaussian (LG) beams provide
infinitely many orthogonal OAM states, although in realistic experiments the num-
ber of distinguishable OAM modes is currently limited to about 10. This still offers a
considerable increase in data capacity. Higher-dimensional quantum systems are also
known to improve the level of security in quantum cryptography under the presence of
noise [4], and are required by some quantum protocols [5] and quantum computation
schemes [6]. Maybe most intriguingly, there are tasks that can be solved more effi-
ciently using higher-dimensional systems, e.g., the Byzantine agreement problem [7]
or quantum coin tossing [8].

There are two routes to increasing the dimensionality of a system: using several en-
tangled qubit systems or increasing the dimensionality of the fundamental system, as
shown in Figure 11.1. There have been various attempts employing the first approach,
which were based on interferometric combinations of qubits. Here the dimension of
the system is provided by the individual paths of the interferometers. Early experi-
ments included the entanglement of spatial modes [9], of polarization states [10] and
notably of time and energy in time-binning experiments [11]. Multiple nested and/or
concatenated interferometers provide many experimental challenges however, espe-
cially with regard to path length stability, and so this approach seems limited in scope.
To date, OAM provides the only noninterferometric way of encoding qunits onto pho-
tons. Since 2001, the quantum mechanical study of OAM states has developed rapidly,
and several groups worldwide are involved with the production of entangled OAM
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Figure 11.1 The data capacity of quantum communication can be increased by combining many
two-bit systems as in time-binning (a), or by using a higher-dimensional base system like the OAM of

light (b). See color insert.

states, the encoding, manipulation and decoding of OAM information, and the in-
vestigation of first quantum protocols. Most of these efforts are concentrating on the
OAM of single photons, however, it is worth noting that even classical OAM modes
offer advantages in quantum communication and exhibit an intrinsic security against
eavesdropping as will be shown in later in the first section.

In this chapter, we will describe the main features of the field. In the following
section, we will summarize the production and detection of quantum states in general
and OAM states in particular. Later, we will look at the generation of superposition
states of the OAM and briefly outline concepts for storing quantum information en-
coded in OAM. The final section describes some of the many protocols that require
higher-dimensional spaces. Finally we will summarize and provide an outlook for fu-
ture developments.

11.1 SENDING AND RECEIVING QUANTUM
INFORMATION

All quantum physics experiments have the same basic form. Some kind of state
preparation device takes a quantum system and places it in an appropriate state.
This state then evolves, and subsequently the system is measured by a measuring
device.

Formally the state of the system is normally described by a density operator, p,
which encodes not only the quantum information, but any classical probabilistic in-
formation as well. The ideal preparation device will attempt to produce pure states for
which the information encoded in the state is in the complex probability amplitudes.
For pure states, we can simply write 0 = |¥) (1|, and the density operator is a simple
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projector. Otherwise, the state is mixed and can be written as a probabilistic sum of
such terms

p=Y_ Pilyj)yl. (1)
J

The quantum states generated in optics are always mixed to some degree, so in this
chapter |v;)(v;| identifies a particular OAM projector, normally informally called a
state, and P; denotes the probability with which this state is produced.

Measurements are described by probability operators, which correspond to mea-
surement results; each possible measurement result j has a corresponding probability
operator 77; [12]. If measurement result j corresponds to measuring the system in a
pure state |v;), then the appropriate probability operator can be written as

7y oY)yl (©))

Otherwise, if the measurement corresponds to a mixed state,

Ajoc Y Wikl (Wil 3)
k

where W are the weights of the particular states |1/¢) in measurement result j. The
proportionality constant is determined by the fact that the probability of all possible
measurement results must sum to unity, which means that the sum of the probability
operators (sometimes known as a probability operator measure or a positive operator-
valued measure [12]) is > j ;= 1, the identity operator for the system. The standard
probability postulate of quantum mechanics can easily be cast in terms of this formal-
izm. The probability that measurement result j is obtained is P(j) = Tr(p7;), where
the trace is taken over the full set of system space states.

Evolution between preparation and measurement can take one of two forms. It
may be unitary, and reversible, or nonunitary, and therefore cause decoherence. Uni-
tary evolution is designed into many quantum information systems, presenting one of
the main reasons for the advantages of quantum information processing over classical.
Unitary evolution allows the manipulation and transmutation of superposition states.
Nonunitary evolution typically corresponds to a loss of quantum information from the
system and therefore is normally to be avoided. One of the main benefits of quantum
optical systems is that there is very little uncontrolled interaction of the physical quan-
tum system (photons) with any external environment during propagation, especially
in free space. Photons therefore make excellent “flying” qubits and, as we shall see,
qunits.
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11.1.1 Generation of Entangled OAM States

Quantum entanglement lies at the heart of many applications in quantum commu-
nication and information. Some quantum cryptographic protocols in particular rely
upon the nonlocal nature of entangled particles, where an operation performed on the
sender particle appears to set instantaneously the state of the entangled particle at
the receiver end. Spontaneous parametric down-conversion is by now an established
source for entangled photons, generating correlations in arrival times, momentum, po-
larization, and images [13]. In 2001, entanglement of OAM was demonstrated for the
first time in spontaneous parametric down-conversion [3]. In such systems, measur-
ing the OAM of one of the down-converted photons instantaneously defines the OAM
of the remote partner photon. The entanglement is associated with the conservation
of OAM at the single-photon level in the down-conversion process. It is fair to say
that this experiment kick-started the newly emerging area of quantum information
with OAM-carrying light. In order to demonstrate the conservation of OAM, an ar-
gon ion laser with an OAM of mpymp/ per photon was used to pump a BBO type I
crystal, where mpymp = —1, 0, 1. The down-converted photons were then tested for
their OAM. This was achieved using a hologram containing a suitable fork disloca-
tion followed by on-axis intensity detection. In order to identify a photon in the m = ¢
mode, it was passed through a —¢ hologram. In the first diffraction order, the photon
is converted into the fundamental Gaussian m = 0 mode, the only mode with on-axis
intensity, which can efficiently couple into a single mode fiber and cause a detector
click. This measurement has corresponding probability operators

7o =€) (€] (€]
when the detector fires, and
Ap=1-1e) (5)

when it does not, where 1 is the identity operator for the angular momentum space.
With this technique, the OAM states m = —2, —1, 0, 1, 2 could be distinguished, and
coincidences between the two emitted photons were recorded. Coincidences were pre-
dominantly observed for cases where the OAM of the two down-converted photons
summed to that of the pump beam, deducing a two-photon wavefunction characteris-
tic for entanglement

|¥aphoton) = €0010)[0) + c11(|+1)|—1) +[—1)|+1))
+ e ([+2)1-2) + [-2)[+2)) + - -

for a pump beam with zero OAM. While these experiments confirmed conservation
of OAM for each generated photon pair, both individual down-converted beams are
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incoherent and the OAM of a classical beam is the average of the cumulated OAM.
Mathematically, this is evident from the mixed density operator of one of the down-
converted modes

pa =Trp (|w2photon> (lprhotonl)
= |cool*10) (0] + ler1 (1) (1] + [—1)(=1])
+ e P (12020 + [=2)(=2]) + -+,

where A and B denote the two different beams. In order to demonstrate that the down-
converted photons are indeed entangled, it is necessary to show that the two-photon
state is not just a mixture of OAM states but a coherent superposition. If one photon
is measured in a superposition of two or more OAM states, its partner photon will be
projected into the corresponding superposition. Different possibilities to generate su-
perpositions of OAM states will be outlined in the next section. A superposition of two
OAM states is characterized by an off-axis phase singularity associated with a local-
ized vanishing intensity. This intensity zero will occur at the position where the ampli-
tudes of the two LG modes are equal and their phases are opposite. Instead, a mixture
of OAM states would not contain an intensity zero, because in this case the intensi-
ties rather than the amplitudes are added, resulting in finite intensities throughout the
beam profile. Experimentally such superpositions of m = 0 and m = 2 were realized
by shifting the phase dislocation of an ¢ = 2 hologram away from the beam center.
The resulting mode of the partner photon was detected by scanning the corresponding
detector across the beam profile, and an intensity adequate for a superposition state
was observed.

The entanglement in OAM can be derived from the phase matching condition dur-
ing the nonlinear process [14]. For a pump beam propagating along z, momentum
conservation in the transverse plane restricts the x and y wave vector components of
the down-converted photons according to B(k)(cA) + k)(CB))S(kﬁA) + k;B) ). The corre-
sponding position representation can be obtained by Fourier transform,

§(ra —rp)
8(xa —xp)8(ya — yp) = %S(m — ¢5)
S(I”A—I’B) = impy —i
— e m Ae 1m¢3' (6)
27TI’A m=Z—oo

Here r and ¢ are the radial and azimuthal coordinates of the emitted photons, and from
this simplified argument it is clear that phase-matching forces the entangled photons
to be correlated in their radial position and into OAM eigenmodes with OAM m and
—m that sum to zero.
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11.1.2 Detection of OAM States at the Single Photon Level

The OAM of a light beam can be visualized by interference with a plane wave ref-
erence beam, generating an m-lobed intensity pattern. These methods are described
elsewhere in this book. Most applications in quantum information, however, are based
upon single photons, and therefore a method is required to detect the OAM of single
photons. The method employed in [3] obviously works on the single photon level but
is restricted to a two-valued response, as can be seen from equations (4) and (5). It
can determine whether or not the photon is in a particular OAM state (or in a par-
ticular superposition of OAM states). More generally, it is desirable to determine the
OAM of a photon by using some sort of multichannel analyzer. As the OAM basis
is in principle infinite, any real experiment will need to restrict the number of OAM
states that can be distinguished. In 2002, an interferometric mode analyzer was devel-
oped [15] that can sort photons into even and odd OAM states, or more generally in
OAM classes mod(2m). This method relies on the rotational symmetry of the OAM
modes: rotating a mode carrying an OAM of m#h by an angle o generates a phase
dependence exp(im (¢ + «)) corresponding to a phase shift of ma. The m-dependent
phase shift can be utilized to generate constructive and destructive interference. If mo
is a multiple of 27, the rotated mode is identical to the original mode; if mo is an
odd multiple of 7, the rotated mode is out of phase. The first stage of the OAM sorter
consists of a Mach—Zehnder interferometer, rotating the mode in one arm by o = 7
with respect to the other. By correctly adjusting the path lengths, modes with even m
will exit through one channel, and modes with odd m through the other, as shown in
Figure 11.2. The even modes can be sorted in the same way by imposing a rotation of
a =1 /2 into OAM classes “m mod4 = 0” and “m mod4 = 2.” The odd OAM modes
can either be converted into even modes by passage through an ¢ = 1 hologram before
entering the second stage interferometer, or an additional m-independent phase shift
of @, = —m/2 can be added in one of the interferometer arms, changing the phase
dependence to expi(m¢ + ma + @.). In the experiment, a rotation by « is imple-
mented by inserting two Dove prisms, rotated with respect to each other by /2. Each
Dove prism flips the transverse mode profile, and their combination thus produces an
m-dependent rotation. An m-independent phase shift is generated simply by a suitably
inclined glass plate. The mixed probability operator corresponding to the first level of
sorting is

Teven O [0)(0] + [2)(2] + [-2)(=2[ +-- -, )
Todd O [1) (1] + | =1 (=1 + 3} (3] + | =3)(=3] + - - . ®)

By combining rotations of modes within interferometers and addition of OAM by
holograms, one can achieve an unmixed set of probability operators (4), each corre-
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Figure 11.2 (a) The first stage of the OAM channel analyzer [15] is sorting photons in even and
odd OAM classes. Two Dove prisms at an angle /2 rotate the mode profile by « = 7. (b) Even
OAM modes with twofold symmetry remain the same under rotation by , whereas odd OAM modes
become exactly out of phase. See color insert.

sponding to a particular value of OAM, provided that the amount of angular momen-
tum in the prepared state is limited.

There are advantages and disadvantages to each of the two main methods of de-
termining the OAM of photons. The hologram method is the easier of the two exper-
imentally, but can only determine if a photon is of a particular angular momentum—
otherwise the photon is lost. This has implications for data transmission rates. The
interferometric method is in principle lossless, but precise determination of the OAM
using this method may rely on several interferometers, all of which need to be stabi-
lized. This is a considerable experimental challenge.

A different suggestion to determine the OAM of photons on the quantum level
uses the optical frequency shift [16], which is an extension of the optical frequency
shift measurement proposed in [17]. In this case, a rotating Dove prism imparts an
m-dependent frequency shift on the light beam so that photons of different OAM
will be detected at different frequencies. The probability operators corresponding to
the measurement correspond to different frequencies of single photon states, but are
effectively the same as equation (4). To our knowledge, this method has not yet been
implemented at the single photon level.
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11.1.3 Intrinsic Security

Although most quantum information applications rely on single photons, the mul-
tidimensionality provided by the OAM may also prove useful in classical commu-
nication systems. In this case, the main advantage lies in the increased “alphabet”
and the associated higher data capacity. The transfer of classical information en-
coded as eight pure OAM states was demonstrated in [18]. Both the transmitter
and receiver unit were based on computer controlled holograms implemented us-
ing spatial light modulators. The chosen “alphabet” consisted of the OAM values
{=—-16,—-12,-8,—4,4,8, 12, 16, where the separation in ¢ allowed for a smaller
overlap of the beam profiles and hence a better identification. The residual £ = 0
beam was used for alignment. The different “letters” were generated from precal-
culated holograms written on the spatial light modulator in the transmitter unit. In the
receiver unit, the analyzing hologram was designed to diffract the transmitted light
beam into 9 directions, each with a different helicity. The beams were arranged on a
3 x 3 grid and imaged with a CCD camera from which the transmitted OAM could be
discerned by a high on-axis intensity.

It is worth noting that information encoded as OAM provides some degree of in-
trinsic security. Any attempt to eavesdrop by intersecting the transmitted information
away from the beam axis will be subject to an angular restriction and misalignment.
A restriction in the angular position A® causes a spread in OAM AZ, as angle and
orbital angular momentum are linked in an uncertainty relation [14]. The distribution
of ¢ states is determined by the Fourier transform of the azimuthal dependence of
the aperture function. This means that an eavesdropper can only achieve an error-free
measurement of the transmitted data by having access to the information over the full
2m angular range. Further potential corruption of data can result from a misalign-
ment of the receiver [19]. A lateral misalignment corresponds to a measurement of
£ along an axis parallel to the beam axis, introducing an additional extrinsic angu-
lar momentum that is in measurements indistinguishable from the original intrinsic
OAM, and causes a shift of the central ¢ value in the OAM distribution. An angular
misalignment means that in the new measurement basis a pure OAM is projected onto
a superposition of OAM values centered around the original OAM. In combination,
misalignment broadens the OAM distribution and displaces the mean value, posing
huge practical difficulties on error-free eavesdropping [18]. Of course, the same po-
tential data corruption applies for all detection of information encoded as OAM, be it
an eavesdropper or the intended recipient. Although demonstrated with classical light
beams, it will still hold for single photons in the quantum regime. Optical communi-
cation via OAM states is therefore, in practice, only feasible along the line of sight
between transmitter and receiver.
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In this section, we have concentrated on entangled OAM states and detection at
the single photon level. More generally, any system that implements quantum com-
munication or processing via OAM will require the generation of and transformation
between particular OAM states—techniques that have been well established since the
first OAM experiments in the 1990s. The most convenient tool for changing the OAM
of a light beam is via holograms that allow a controlled modification of the phase
structure of a beam. Flexibility can be added by using spatial light modulators (SLMs),
which are computer-controlled refractive elements, to implement such holograms. In
the next section, we will address different methods to generate superpositions of OAM
states.

11.2 EXPLORING THE OAM STATE SPACE

The possibility of forming superpositions of states is one of the central features of
quantum mechanics. Many applications in quantum information rely on the increased
processing possibilities that result from working with superpositions, and much recent
research deals with the engineering of specific OAM states. For optical spin angular
momentum, i.e. polarization, superpositions of horizontal and vertical polarized light,
co|<>) +c413), are given by light polarized either along a rotated axis for real ampli-
tudes c, or in light that is, in various degrees, elliptically polarized. As OAM occupies
an infinite-dimensional Hilbert space, there is a far wider range of possible superpo-
sition states. Superpositions of OAM states can be prepared by various methods. In
each of these, a pure m state is passed through optical components that manipulate the
phase of the light beam.

11.2.1 Superpositions of OAM States

Probably the simplest possibility is to superimpose an LG-mode with the fun-
damental Gaussian mode, co|0) + ¢, |m), reminiscent of polarization superposition
states. A superposition of this kind will have a phase singularity at a position shifted
away from the center, at a radius where the intensity of the LG-mode matches that
of the Gaussian, and at an angle where the modes are exactly out of phase. A very
straightforward way to realize such superpositions is in an interferometer [20], where
a hologram placed into one of the arms can convert an incoming Gaussian mode into
the desired LG mode, and amplitudes and phases of the two arms can be adjusted by
attenuating elements and phase plates. For realistic experiments, however, the inter-
ferometric preparation of superposition states may not be suitable, mainly due to the
necessity to keep the phase in the different arms stable throughout the measurements.
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Il

Figure 11.3 (a) Intensities (top) and phases (bottom) of various superpositions of the fundamental

mode, LG, and a mode carrying one unit of OAM, LG . (b) Hologram generating the LG mode.
See color insert.

A more controllable scheme is offered by passing a pure m state through a holo-
gram containing a fork dislocation, where the center of the hologram is displaced from
the beam center by a variable distance d, as shown in Figure 11.3. For an ¢ = 1 holo-
gram and an incoming ¢ = 0 mode, any superposition of ¢g|0) 4+ c1|1) can be produced
[3,20]. The two extreme cases are given for perfect alignment, d = 0, when the beam
will be projected onto the mode of the hologram, |1), while for an infinitely large
displacement the mode will be left unchanged in |0). A displaced hologram of higher
optical charge will produce superpositions of more modes, however, a controlled gen-
eration of any given superposition state is no longer possible.

In 2002, Molina-Terriza and colleagues devised the first scheme that allowed the
engineering of OAM states beyond two dimensions [16], and enabled manipulation,
including addition and removal of specific vector state projections. They suggested
employing specific light distributions that yield the desired OAM superposition. For a
given light distribution, the superposition can be found by calculating the projection
into the spiral harmonics exp(im¢). From the projection into the mth harmonic, one
can compute the weight P,, of the mode with OAM ¢ = m. In the proposal, the light
fields are “vortex pancakes,” single-charged vortices nested in a Gaussian host [21].
By adequately positioning N vortices, any superposition ngv:o c¢|?) can be generated.
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Figure 11.4 Controlled preparation of specific 3-dimensional photon states with an ¢ = 2 “vortex
pancake.” (a) Equidistributed states, (b)—(d) equal populations in two out of the three OAM states
m =0, 1, 2. Reprinted from [16].

To some extent, this work can be understood as an extension of the shifted hologram
[3,20], where the control parameter is the distance of the beam axis from the core of
a single vortex. Here, instead, the light field is made up of several vortices distrib-
uted around the beam center, and the control parameter is their separation. Note that
a vortex necklace made up of N vortices prepares a superposition state of maximal
(N + 1) OAM states. The case N = 1 describes the shifted hologram approach, gen-
erating superposition states of |0) and [1). For small numbers of vortices, the mode
weighting can be analyzed analytically, and the required vortex separation for spe-
cific states can be determined, as shown in Figure 11.4. In general, light fields are
decomposed into a series of infinitely many spiral harmonics, corresponding to super-
positions of infinitely many OAM states. In principle, any infinite superposition state
could be produced by a suitable vortex pancake, determined by solving the inverse
problem. However, a general technique for this has not yet been developed.
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11.2.2 Generating Entangled Superposition States

Many quantum communication protocols rely on maximally entangled states. The
reason for this is that a maximally entangled state, when traced over one of its spatially
separated modes, leaves a maximally mixed state of the remaining modes. This prop-
erty guarantees that there is no quantum information in the remaining modes alone.
Unfortunately, experimental setups usually generate nonmaximally entangled states.
OAM entangled photons are conventionally produced via spontaneous parametric
down-conversion. The OAM is conserved [3] (strictly speaking, only for collinearly
generated photons, but to a very good degree also for emission by an angle of a few de-
grees off the pump beam). The probability to produce a photon pair with certain OAM
depends on the overlap of the pump mode and the down-converted photon modes at
the x@ crystal. For a Gaussian pump beam, higher-order LG beams are produced
with decreasing probability, and the entangled state will be

c00l0,0) +c1111, 1) +¢2212,2) +-- -, ©)

where coo > ¢11 > ¢22 - - - and the kets give the absolute values of £ of photon 1 and 2,
respectively. This has been observed experimentally [3], and the relative amplitudes
have been shown to rely on the beam waists, positions, and the crystal length [16,22,
23].

Generation of engineered entangled OAM states by shaping the pump beam of a
parametric downconversion system has been suggested [22]. If the light distribution
of the pump beam is in the shape of a vortex necklace, the weighting of its OAM con-
tributions can be controlled [16]. Phase-matching within the nonlinear crystal allows
only the generation of downconverted beams with OAM that obey angular momen-
tum conservation, i.e., the mth spiral harmonic of the pump beam generates photons
with m1 + my = m. By manipulating the vortex positions of the pump beam, both
phase and amplitude of the superposition states of the downconverted photons can be
controlled. With this technique, particular entangled states could be generated on de-
mand, e.g., maximally entangled states or other states required for optimal quantum
protocols. While the theoretical work [22] presents a powerful tool for quantum infor-
mation processing in arbitrary Hilbert dimensions, it remains to be seen how well this
approach works in practical setups where higher-order radial contributions LGf, and
matching of beam waists could play an important role.

In the method described in the previous paragraph [22], classical information is
imprinted on the pump beam in order to generate specific, e.g., maximally entan-
gled, OAM beams. However, it is also possible to “distill” specific quantum states
by manipulating the quantum information imprinted on the quantum state. In order
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Figure 11.5 Experimental setup for entanglement concentration. Shifting the two lenses modifies
the coupling efficiency of different OAM modes, allowing the postselection of maximally entangled
states. Reprinted from [24].

to concentrate the entanglement of downconversion states and ideally generate maxi-
mally entangled states, the amplitudes ¢;; have to be modified. Vaziri and colleagues
have implemented “spatial filtering” to do this for OAM states of [¢{| =0, 1,2 [24].
The waist size of LG modes grows with |£] so that efficient coupling into single mode
fiber requires different lens settings. In reverse, by changing the lens setting in the
setup shown in Figure 11.5, the coupling efficiency and therefore the detection effi-
ciency of different |£| modes can be varied, and by optimizing the coupling efficiency
of the mode with the lower emission probability, the detection efficiencies can be as-
similated. It is important to note that a lens acting as a local filter on one photon is
simultaneously acting (in coincidence detection or in postselection) as a remote fil-
ter on its partner photon. By favoring coupling of £ =2 over £ = 1 in one arm and
£ =1 over £ = 0 in the other, a state very close to the three-dimensional maximally
entangled state [¢) = f(|0 0) + 1, 1) + 12, 2)) was generated.

11.2.3 Storing OAM Information

While photons offer the most convenient system for generating engineered su-
perpositions of OAM states, and spontaneous parametric downconversion provides
a well-established method to generate entangled states, ultimately the optical quan-
tum information may need to be processed and stored. This is particularly important
as the entangled down-conversion photon pairs are produced at random times. It may
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be possible to store optical quantum information in cavities, and maybe even process
it by controlled modification of the cavity mirrors; however, to the best of our knowl-
edge, this has not been investigated in any detail. Instead, optical OAM information
could be transferred onto atoms or Bose—Einstein condensates, and much recent work
has been undertaken in this field.

A diffraction grating was written into a cloud of cold atoms, so that an incoming
Gaussian beam was diffracted into beams carrying OAM [25]. Alternatively, entan-
glement of OAM states has been demonstrated between a collective atomic excitation
and a single photon [26]. A weak Gaussian write pulse was directed at a sample of
cold Rubidium atoms, inducing the generation of an anti-Stokes photon. Measurement
of the OAM of the anti-Stokes photon projects the atomic sample into the correlated
OAM state. One could assume that the atomic sample “memorizes” the phase dif-
ference between the write pulse and the emitted anti-Stokes photon and stores this
information as atomic excitation. The information can be extracted from the atomic
sample by the reverse process: A Gaussian read pulse excites the atoms, inducing the
generation of a Stokes photon, which picks up the OAM from the atomic excitation
and can be measured to carry the correct amount of OAM. In all of these cases, the
OAM of the atoms is in the form of a mechanical angular momentum. An interesting
possibility to control the atomic OAM was presented in [27], where the OAM states
were manipulated by Larmor precession in a quadrupole magnetic field.

While these processes show possible methods of extracting OAM-carrying light
from atoms, the mechanism of how OAM is transferred between atoms and light is
not well understood, and the comparatively fast decoherence of the typical thermal
atomic samples renders them unsuitable for processing or storing quantum informa-
tion. Several schemes have been devised that transfer OAM from light beams onto
atoms, namely Bose condensates. In these theoretical ideas, vortices are generated
within a BEC via stimulated Raman processes with light that carries OAM [28]. The
first experiment demonstrating coherent transfer of OAM between light and atoms
was achieved by Phillips group at NIST. In 2006, they transferred optical OAM onto a
sodium Bose condensate via two-photon stimulated Raman scattering [29]. The con-
densate is exposed to counterpropagating LG(I) and LG(l) beams. An atom, initially
at rest, absorbs a photon with OAM and re-emits a stimulated photon without OAM,
thus acquiring a linear momentum of 27k and an OAM of 7, causing the condensate
to rotate. The OAM of the condensate was tested interferometrically by generating
one condensate fraction at 2fik with an OAM of / and one at —2/ik with an OAM
of —#, which are then interfered. The resulting interference pattern is characteristic
for an average OAM of zero, indicating a coherent process. This was confirmed by
the fact that superpositions of different OAM states could be produced. Once OAM
information is stored as vortices in a BEC it may be recovered with a “vortex sorter,”
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which extracts the weights of the various spiral harmonics by utilizing symmetries of
the differently charged vortices [30] similar to the optical OAM sorter [15].

In summary, various techniques are being developed that enable the coherent trans-
fer of OAM from light (as a carrier of quantum information) onto atoms. In combina-
tion with well-established atom optical techniques, this introduces new and exciting
possibilities to quantum processing.

11.3 QUANTUM PROTOCOLS
11.3.1 Advantages of Higher Dimensions

Higher-dimensional spaces and the qunits that are used as the alphabets increase
the information density per physical system sent between sender and receiver. This in-
formation density increase may improve quantum information processing efficiency.
Using qunits can also improve security, for example in quantum key distribution un-
der the presence of noise [4]. In 3-D quantum cryptography schemes, the noise level
may be as high as 22.5%, whereas for the 2-D BB84 [31] and Ekert [32] entangled
state schemes the maximum noise level is 14.6%. Some quantum communication pro-
tocols require higher-dimensional quantum systems [5,33], and their security may be
guaranteed by higher-dimensional Bell-type inequalities [34].

In this section, we will review the main protocols based upon angular momentum
states. Vaziri and colleagues [35] have shown that it is possible to engineer bipartite
3-D maximally entangled states suitable for quantum communication. The prepara-
tion of the states is performed using type I downconversion in BBO to produce pairs
of entangled photons. By passing each photon through a suitable combination of an
£ =1 and an £ = —1 hologram, superpositions of the form c¢|0) + c1|1) + ¢2|2) can
be produced, and coincidences measured with an arrangement similar to that shown
in Figure11.5. Ren and colleagues [36] have used a similar scheme to produce hyper-
entangled (entangled in OAM, polarization and energy-time) photons. Again these
states have three OAM basis states. Thus, the higher-alphabet protocols are experi-
mentally realizable now.

One optical primitive that can be useful for 3-D optical quantum information
schemes is the OAM analog of the polarizing beam splitter. This device has been
proposed by Zou and Mathis using two symmetric 3-D splitters and a pair of Dove
prisms [37]. It can be used for both preparing and measuring OAM states. Given a
1-photon state £ (=0, 1, 2) in spatial input mode i (=0, 1, 2), the device makes the
transformation

16)i = 1€)esi (10)
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Figure 11.6 Schematic OAM beam splitter.

where the symbol © denotes subtraction modulo 3. Schematically, the device works
as shown in Figure 11.6. Any photon of OAM ¢ input into port O of the beam splitter
appears in output £. The obvious analogous transformations occur for the other modes.
In addition to using the beam splitter for preparation and measurement, it can also be
used in a purification protocol [38].

Another method of OAM-state preparation and measurement was proposed by
Molina-Terriza and colleagues [39]. This method uses the previously described holo-
grammatic technique, extended and combined with state tomography to identify which
state has been prepared.

11.3.2 Communication Schemes

Most qunit-based quantum communication protocols are refinements of Ekert’s
2-D entanglement-based protocol [32]. In this scheme, Alice and Bob are each sent
one particle of an entangled pair. They each choose at random to measure one observ-
able of a complementary pair on their particle. Afterward, they do not communicate
their results, but merely which observable they decided to measure. The entanglement
in the system guarantees that when they measure the same observable, their results
are perfectly correlated, and any eavesdropping can be detected as a decrease in this
correlation. The classic photon-based scheme uses down-converted photons entangled
in polarization, as shown in Figure 11.7. If both Alice and Bob measure linear polar-
ization with the same axes, their results are correlated. If they choose axes oriented at
7 /4, their results should be uncorrelated, and they throw them away. By comparing
a small amount of the supposedly correlated data, they can detect eavesdropping, and
they can use the remainder to establish a secret key. The classic BB84 scheme [31]
shown in Figure 11.8 does not use entanglement; rather Alice chooses at random one
of the four possible polarization states to send to Bob, who makes the same random



288 Orbital Angular Momentum in Quantum Communication and Information

Horizontal/
Vertical
or Diagonal

Entangled photon
pair producer

Horizontal/
Vertical
or Diagonal

Figure 11.7 Schematic entangled state protocol for quantum key distribution.

Horizontal/ Horizontal/
Vertical Vertical
or Diagonal or Diagonal

LRIPAS \
ﬁliCE ———————————————— Bﬂb
> v
e N

Figure 11.8 Schematic BB84 protocol for quantum key distribution.

measurement choice as in the Ekert scheme. The remainder of the protocol is identical
to the entangled state version.

Bourennane and colleagues considered a simple extension of the BB84 protocol
to higher dimensions [33]. Similarly, Bechmann-Pasquinucci and Peres [4] utilized an
extension of the BB84-type schemes using a 3-state system. No bipartite entanglement
properties of twin-beam angular momentum were required. Implementation of such
schemes would merely require the production of pure single-beam superposition states
of at least three different angular momentum values, which could be readily achieved
by postselection in a twin-beam experiment. The postselecting measurement would
provide the random selection of one of the states sent. Indeed, for 2-D systems this
type of postselection is the basis of entangled state quantum cryptography [32].

An entanglement-based 3-D scheme has been realized by Groblacher and col-
leagues [40], who managed to send a key with almost maximally entangled states,
as shown in Figure 11.9. In this protocol, Alice and Bob each randomly select which
angular momentum measurement they will make at the detectors by the insertion of
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Figure 11.9 Key-distribution protocol of Groblacher and colleagues, from [40].

transformation holograms. When they select the same hologram, they make the same
measurement and a key is produced. Some of the data produced when they select dif-
ferent holograms can be used to violate a Bell-type inequality, and so acts as a security
check, eliminating the possibility of an eavesdropper.

A variant on the quantum key distribution theme is the scheme of Karimipour and
colleagues [5], which generalizes an earlier-proposed quantum secret sharing pro-
tocol [41]. Alice and Bob each require a generalized two-particle Bell-state (refer-
ence) of the n-level system, and each also receives one half of another entangled
pair. They both perform an entanglement-swapping operation between the general-
ized Bell-states and their half of the entangled pair. Entanglement swapping is one of
the more intriguing possibilities in quantum physics, whereby it is possible to entangle
two particles that have never interacted in the past. The two particles must initially be
part of entangled pairs, so that a joint measurement on one of each of the particles of
the entangled pair leaves the remaining two particles unentangled. In the Karimipour
scheme, after the operation has been performed, one of Alice’s particles which ini-
tially formed the Bell state is entangled with one of Bob’s. By simple communication
of experimental details, the parties can then establish a secret key.

Another slightly unusual variant is the bit commitment protocol realized by Lang-
ford and colleagues [42]. In bit commitment, Alice sends a bit of information to
Bob, over which she maintains control after he receives it in that she decides when
the information is revealed to Bob. However, once Bob has received the bit, Alice
cannot change its value—a quantum betting system. Langford and colleagues used
a hologram-based measurement scheme to record the full density matrix for qutrit
states. They then used this measurement to show that, in principle, entangled qutrits
provide a more secure way to undertake bit commitment.
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Another qutrit protocol is the quantum coin flipping scheme of Ambainis,
Spekkens and Rudolph [8,43], realized for superpositions of three different OAM
states by Zeilinger’s group [44]. Coin flipping is a means of generating random bits
shared by two parties. If these bits are generated by Alice and sent to Bob, then Alice
might have control over which bit is generated, unbeknown to Bob. Quantum coin
flipping protocols seek to minimize any possible bias that Alice can exert. Here Alice
needs to manufacture four possible states of a 3-state system: |0) + |1), |0) — |1},
|0) 4+ |2) and |0) — |2). She sends one of them to Bob, and then tells him which state
to measure. If Bob’s measurement indicates the state Alice claims to have sent, then
by simple classical communication they can generate a bit value. If Alice cheats by
sending different states, she is limited to 75% control over the bit that she sends. For
qubit schemes, Alice has greater control—over 90%. The four states that Alice sends
could be produced using postselection in a twin-beam experiment. This would not
allow Alice to have any control over the bit value; however, she could in principle find
other ways of generating “cheat” states.

The main feature of quantum communication protocols is that there is increased
security available using qunits rather than qubits. In quantum computing, the main
criterion is efficiency and not security. There are schemes to perform quantum com-
putation using qunits as the basic logical states [6,45-49], which would allow the use
of fewer physical qunits than qubits to perform the same computation. These may
prove useful in the long term if physical computational resources are limited. How-
ever, even qubit all-optical quantum computing is still far from developed, and little
of the information-processing associated with the qunit computational schemes has at
present been implemented in OAM-based schemes.

11.4 CONCLUSIONS AND OUTLOOK

Three basic elements are required for any quantum information system, the reli-
able production and identification of different quantum states, and the evolution that
provides the required processing. Quantum optical technology is relatively advanced,
having been developed for several decades before the beginning of the explosion of
interest in quantum information. Advances in OAM state production and detection
have therefore been rapid. Furthermore, the use of photons to encode quantum infor-
mation is robust. They do not interact with one another unless such an interaction is
specifically engineered. Photons also do not decohere rapidly; normally photons are
either lost, in which case they are not detected, or they appear at the detectors as or-
dered. Evolution is thus relatively easy to control and engineer with standard optical
elements.
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In this chapter, we have described the use of optical OAM in quantum information
systems. Its fundamental advantage, the possibility of using qunits rather than qubits,
has been the main driver for developments in the field. The infinite-dimensional state
space offers the immediate benefit of a larger “alphabet” and thus increased data-
capacity, and the possibility to explore higher-dimensional protocols. There have been
several proof of principle experiments in recent years, and this is likely to continue.
This means that encoding quantum information in OAM is anticipated to have a sig-
nificant future.
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12.1 BACKGROUND

The concept of using light to manipulate ensembles of, or indeed individual, atoms,
goes back a long time. From Maxwell’s theory of electromagnetism, it became clear
that light carries a momentum that can be transferred to particles [1]. Classically, a
light beam will induce forces on a dipole. These forces depend upon the shape of
the light beam—both the intensity and the phase. With the advent of the laser in the
1960s, it became possible to address in an unprecedented way the mechanical forces
on atoms where the internal level structure of the atoms was exploited. This opened
a path toward laser cooling and trapping atoms, where, in particular, the quantum
mechanical nature of the atoms needed to be taken into account [2—4].

Optical manipulation of quantum objects has come a long way since the early
attempts a century ago to manipulate the dynamics of thermal gases. In this chapter,
we will first briefly review the mechanisms for trapping ensembles of ultracold atoms.
These techniques will then be applied to neutral atoms that form a Bose—Einstein
condensate. The optical trap will form the basis for manipulating the cold atoms where
we rely on the coherent nature of the ultracold sample of atoms and the intensity of
the light.

Subsequently, we will discuss a situation where the phase and the intensity of the
incident light both play a crucial role. Here, we will consider a different kind of op-

STRUCTURED LIGHT AND ITS APPLICATIONS
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tical manipulation where the laser fields are applied to induce vector and scalar po-
tentials acting on atoms. The induced potentials have a geometric nature and depend
exclusively upon the relative intensity and relative phase of the laser beams involved
rather than on their absolute intensity. The approach relies on the ability to prepare
the atoms in superpositions of the internal energy states of the atom. Interestingly,
this technique provides a way to optically induce an effective magnetic field acting
on electrically neutral atoms. This happens if the applied laser fields have a nontriv-
ial topology, e.g., if they carry an orbital angular momentum along the propagation
direction [5-7].

12.2 OPTICAL FORCES AND ATOM TRAPS

It was known since the time of Maxwell that light exerts a force on classical
dipoles. The resulting force does indeed depend on the gradient of the amplitude and
phase of the light [8],

mR=d - (VE) =d- (V& + £VO)e @+, 0

where m is the mass of the dipole, d is the dipole moment, and E(R,?) =
eE(R)e! @ IR s the electric field with the corresponding amplitude &, polariza-
tion €, phase 6, and frequency w.

An atom can be considered as a prototype dipole. For this purpose, let us restrict
ourselves to two energy levels, as shown in Figure 12.1. Our goal is to describe the
atom quantum mechanically, but allow the light field to be classical. The Hamiltonian
for the atom is then

Pz .
H=—+Hy—d-ER,?), 2
2m

where P2 /2m is the kinetic energy associated with the center of mass motion of the
atom, If]o is the Hamiltonian for the unperturbed internal motion, and d - E(R, 7) is
the interaction between the atom and the light field, which is based upon the dipole
approximation. With the Hamiltonian from equation (2) and the Ehrenfest theorem,
we obtain the expression for the force

F=mi=(V(d-E))=(d-€)VE(r,1), (3)

where r = (R) and &(r, 1) = £(r)e' @00 _On the right side above, we have assumed
that the force is uniform across the atomic wave packet. For a thorough discussion, we
refer to references [9,10,2,8].

The two-level atom driven by a laser has been studied extensively [9-12,8]. In
order to obtain an expression for the force acting on the atom, we need to calculate
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Figure 12.1 The atom is described as a two level system with energy difference %iw( between stat |1)
and |2), and the frequency of the driving laser by w. The decay rate of the excited state |2) is given
by I'.

the response of the atom to the light, i.e., the susceptibility or polarization, (d - €). For
this, we assume a monochromatic field of the form

E(r,1) = %E(r)e"“’“)*w’), )

where E(r) is the amplitude, w is the laser frequency, and 6 is a space-dependent
phase factor. From the Schrodinger equation, we obtain the two coupled equations for
the probability amplitudes C; and C; for the atom to be in state |1) and |2), respec-
tively. By choosing a rotating frame according to

Cy = Dy 10119, )
Cr = Dze_i%(‘wre), (6)
we obtain the equations [9]
. 1 . 2
iD= =(+60)Dy — =D, N
2 2
. 1 . 2
1D2=—5(5+0)D2—?D1. ®)

In deriving the equations for D and D,, we have introduced the detuning § = w — wyp
and used the rotating wave approximation where rapidly oscillating terms are ne-
glected [12]. The dipole moment d for the transition between state 1 and 2 is given by
d = (1]d - €|2), and the Rabi frequency is defined by

o dE(t).
h

€))
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It is convenient to introduce the density matrix at this stage, which is defined as
Pnm = CyCyiy OF 04y = Dy D}, with

P11 =011, (10)
02 =022, (11
p12 = oppe' T, (12)
021 = oge OFen, (13)

From equations (7) and (8), we can see that the matrix elements of the density matrix

obey
. i
o11 = —59(012 —o21) + [on, (14)
. i
o) = 59(012—021)_F0227 (15)
. . A i 1
012=—t(8+9)012+§9(022—011)—Efmz, (16)

where we have introduced the spontaneous emission rate I” to incorporate decay
processes [12].

The density matrix now allows us to calculate the expectation value for the dipole
moment, which is given by

(d-€) =d(pr2+ pa1) = d(0126' T 4 gpp e O FeD), (17)

With this expression and again utilizing the Rotating Wave Approximation, we get
from equations (3) and (4) the force

d h
F:E(crlz—I—Gz]—i(012—021))=E(UVQ"'VQV@)’ (18)

where we have introduced the notation U = 012 + 021 and V = i(o12 —021), and used
the fact that & = VO(r) - ¥. If the atomic motion is slow, such that the phase of the
atomic state, 6, does not change much during the lifetime 1/7I" of the excited state,
we can restrict ourselves to the steady-state solution of the density matrix and put the
time derivatives of the left side equal to zero in equations (14)—(16). The solutions for
the corresponding U and V are then

T QRs+1
r
o 20)

:Es—i—l’
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where s is the saturation parameter
2
§=——"F—>—.
(6+6)2+TI?%/4
The force acting upon the atom now consists of two parts—the dipole force and the
radiation force, respectively,

21

F =Faip + Fpr, (22)
with
RS +6) Vs
o ) , 23
dip ) s+ 1 (23)
Fp— L 5 vy (24)
PE= o 541

In the case of plane waves, the latter radiation force Fy;, often referred to as the
radiation pressure, is proportional to the wave vector k = V@. For trapping purposes,
on the other hand, the former dipole force Fg;p is more important. The force Fg;p is
determined by the intensity of the laser field. If s <« 1 and || > T, £2, we get the
corresponding potential using Fgijp = VW

_h@*  dE?
T 48 T 48k

From this expression, we can see that if the intensity of the light is inhomogeneous,

(25)

we obtain a nonzero force whose direction depends upon the sign of the detuning. For
a focused Gaussian beam, this means that the atoms are attracted to the high intensity
if the laser is red-detuned (§ < 0), i.e., the atoms are the high field seekers. On the
other hand, if the laser is blue-detuned (§ > 0), the atoms are the low field seekers and
are repelled from the center of the beam.

12.3 THE QUANTUM GAS: BOSE-EINSTEIN
CONDENSATES

During recent decades, experimental techniques for trapping and cooling atoms
have developed enormously. Experimentalist reached a major goal in 1995 when they
were able to trap and cool atomic gases of 87Rb [13], 23Na [14] and Li [15] to tem-
peratures low enough to see striking effects of the quantum nature of these gases. The
atomic Bose—Einstein condensate (BEC) was born. This literally opened the flood-
gates in terms of experimental and theoretical activity. One of the main advantages
with ultracold atomic quantum gases of either bosons or fermions is the unprece-
dented possibility to change and manipulate the physical parameters such as density
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of the cloud, geometry, or even the interaction strength between the atoms [16]. In
addition, the underlying theory describing these gases is remarkably accurate, which
have resulted in a very fruitful coexistence between theory and experiments. In this
brief introduction to quantum gases, we will give an overview of the basic concepts.
In particular, we will concentrate on the theoretical tools we possess and need in order
to describe these systems.

12.3.1 Bose-Einstein Condensation in a Cloud of Atoms

There are two types of particles in Nature: Bosons which have an integer spin, and
fermions which have a half integer spin associated with them. Bosons are governed by
a symmetric multiparticle wave function and are allowed to all occupy the same quan-
tum state. Fermions, on the other hand, obey the Pauli exclusion principle, which tells
us that there cannot be two or more fermions in the same quantum state. The original
idea of Bose—Einstein condensation dates back to 1924, when S.N. Bose and A. Ein-
stein were working on a statistical description of light [17,18]. They were able to
show that there is a phase transition in a gas of noninteracting particles, where a “con-
densation” of particles into the lowest state takes place as a consequence of quantum
statistical effects. Much later, this phenomenon drew renewed interest in the context
of superfluidity when in 1938 F. London predicted that the origin of superfluidity was
in Bose-Einstein condensation [19].

Experimental techniques to trap and cool atoms where developed much later. Ex-
perimentalists made big advances in the late 1970s when they developed new tech-
niques that used laser cooling and magnetic trapping. The obvious candidate had so
far been hydrogen, since it is a light atom with consequently a relatively high critical
temperature [20]

B2 p2/3

T~ (26)

mk B ’
where kp is the Boltzmann constant, m is the mass of the atom, and p is the density.
Highly sophisticated methods were developed for cooling hydrogen [21], which fortu-
nately paved the way for future experiments. However, it turned out to be surprisingly
difficult to reach the quantum regime, which requires high densities in combination
with low temperatures. In the 1980s, another candidate(s) entered the scene. Neutral
alkali atoms turned out to be well suited for laser cooling and trapping. This is because
alkali atoms have suitable level structures and optical transitions that can be addressed
with available lasers. Eventually, using a combination of laser cooling and trapping,
weak magnetic trapping based upon the Zeeman shift, and evaporative cooling, the
experimental groups of Cornell and Wieman at Boulder, Colorado, and Wolfgang Ket-
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terle at MIT succeeded in reaching the required high densities and low temperatures
for Bose—Einstein condensation. In these two experiments, 87Rb and 23Na were used.

With these experiments, a completely new physical system had been created and
now had to be understood. The atomic cloud was trapped, which meant that the con-
densation did not only take place in momentum space, as it had been traditionally
looked at in homogeneous systems, but also in coordinate space. This was new and
has resulted in numerous remarkable experiments by groups all over the world where
the Bose—FEinstein condensate phenomenon is observed in a direct way simply by
looking at the density of the cloud and its dynamics.

12.3.2 The Condensate and Its Description

A Bose-Einstein condensate can be understood as a macroscopically occupied sin-
gle quantum state. We will now look at the weakly interacting gas. The phase transi-
tion describing the onset of BEC can be considered using an ideal gas, where the
critical temperature is readily derived (see any undergraduate textbook on statistical
mechanics [20]). In the following, we will assume zero temperature. This is indeed
a legitimate approximation. Present cooling techniques allow the experimentalist to
go far below the critical temperature. This is typically in the micro Kelvin regime,
where any contribution from the remaining thermal component can be neglected in
most cases, as shown in Figure 12.2.

For a dilute gas, only two-body collisions take place. In addition, we obviously
have a cold gas, hence we consider only s-wave scattering as the mechanism for the
interaction. The interaction potential is therefore of the form [20]

h2a

/ 4r /
Vin(r —r) = 3(r—r), 27

where the interaction is described by the single parameter a, called the s-wave scat-
tering length. This is a result of the cold collisions in the gas. For a derivation of
equation (27), we have to solve the two-body scattering problem in the limit of zero
momentum.

With these assumptions, we get a Hamiltonian of the form

2
A :/dr{tfz*(r)[—;—mw + Vm]xi/(r) n %@T(r)@*(r)@(r)@(r)’, (28)

where g = 4hi%a/m. As such, this is rather intractable and we have to succumb to
approximations. The field operators ¥ (r, ) and ¥ (r, ) destroy and creates, respec-
tively, a particle at r at time ¢, and obey the usual bosonic commutation rules

[P, ¢T(@)] =80~ (29)
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Figure 12.2 The onset of BEC is seen as a sharp peak in the density in the center of the trap. In the
figures, the temperature is lowered from left to right. To the far right, we see a pure condensate with a
negligible thermal component. The pictures are from the BEC experiment at University of Strathclyde,
Glasgow, UK [22]. See color insert.

and
[P0, n]=[F @0, ¢ @ n]=0. (30)

Using these commutation rules, we obtain the Heisenberg equation of motion for the
field operator

d . A s . . SR
ihalll=[H,W]=—2—V2l1/+Vext(r)l1/+gl1/T'1/lI/. 31
m

We now split the field operator into the operator for a lowest mode and a part repre-
senting the fluctuations and thermal excitations,
& (r) = ¥(r) + 5W (r). (32)

At zero temperature, we can as a first approximation neglect the term standing for the
fluctuations §¥ (r). In the presence of a condensate, the lowest mode is macroscopi-
cally populated, so we can write

(r) = ¥ (r)dp ~ ¥ (r)v/N. (33)
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Here we have replaced the annihilation operator do by +/N, which is often referred to
the Bogoliubov approximation (see, for instance, [4]). This is a legitimate approxima-
tion provided the number of atoms N in the condensate is sufficiently large. In other
words, we have replaced the field operator by its average

¥ (r) ~ (¥ (1)) = ¥ ()V/N. (34
The resulting equation of motion for the condensate “wavefunction” ¥ (r) then be-
comes
.. 0 hz 2 2
M W 0) = | ==V Vo) + [ W ()| [0 (). (35)

This is the celebrated Gross—Pitaevskii equation [4,3]. It is the true workhorse when
describing the dynamics of a Bose-Einstein condensate. The Gross—Pitaevskii equa-
tion is based on mean field theory, in which each atom feels the presence of all the
other atoms through the effective potential. The potential is proportional to the density
of the cloud, providing the nonlinear behavior of the condensate. The Gross—Pitaevskii
equation is a very useful tool and has been used extensively to describe the properties
of Bose—Einstein condensates.

The time-independent version of equation (35) is readily achieved by taking the
Ansatz ¥ (r, t) = p(r)e **'" where y is the chemical potential

h2
pe(r) = [—%Vz + Vext(r) + g|g0(r)|2:|<p(r). (36)

A typical density distribution is shown in Figure 12.4, where the atoms are trapped in
a harmonic external potential. Due to the interactions between the atoms, the density
is not Gaussian, but is closer to an inverse parabola. This can be understood in terms
of the Thomas—Fermi approximation [23] which neglects the kinetic energy term in
the time-independent Gross—Pitaevskii equation (36) and gives

lom]” =1 — Vex(®] /2. 37)

For harmonic traps, the Thomas—Fermi approximation does indeed give the shape of
an inverse parabola for the atomic density shown in Figure 12.4. The approximation
works well for trapping frequencies w, < w/fi, and only at the edge of the cloud it
inevitably breaks down.

12.3.3 Phase Imprinting the Quantum Gas

The trapping of a quantum gas can be achieved by a far detuned laser beam, as
shown in the previous section, where the absorption of the light is avoided. With this
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technique, it is possible to shape the density of the Bose—Einstein condensate if we
can shape the intensity of the light beam. The optical trap does not, however, affect
the phase of the quantum gas, which is well defined for every atom in the coherent
Bose-Einstein condensate. In order to be able to shape not only the density but also
the phase of the Bose—Einstein condensate, we can use the so-called phase imprinting
technique, which relies on a dynamic process, in contrast to the static optical trap.

The method of phase imprinting consists of passing a short off-resonant laser pulse
through an appropriately designed absorption plate or spatial light modulator, which
alters the intensity profile of the light beam [24,25]. The shaped light pulse is then
allowed to propagate through the Bose—Einstein condensate. In the following, we will
illustrate the mechanism by looking at a one-dimensional cloud.

The trapped Bose—Einstein condensate can be considered dynamically one-
dimensional if the radial trapping frequency is larger than the corresponding chemical
potential, w, < u/h, and the longitudinal confinement of atoms in the trapping po-
tential is much weaker than that in the transverse direction. The Gross—Pitaevskii
equation then takes the form

2 92

d
W=+ V@ + We D +e|¢Gnl’ ¥ @D,  68)
ot 2m 9z
where W (z, t) describes the interaction with the external laser, i.e., the dipole potential
generated by the far-detuned laser pulse. The static trapping potential is given by the
potential V (z) which is typically harmonic in z. The one-dimensional dynamics is

ensured with a renormalized mean field strength,

ma,

.
— 39
85 39

81D =
where o, is the transverse trapping frequency. It is important to remember that the
dynamics can indeed be one-dimensional, but the collisions are three-dimensional.
A true one-dimensional scenario can be achieved by a combination of strong transver-
sal confinement and a low density of the bosonic gas. This phenomenon has been
studied extensively both theoretically and experimentally, and is related to a phenom-
enon where the bosonic gas gets fermionic properties [26].
If the duration of the far off-resonant laser pulse is short compared to the correlation
time,

h
feorr = —, (40)
7!

the condensate does not have time to react, so the dominating term in the right side of
equation (38) is given by W(z, t). Consequently, we can write the solution of equation
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(38) after the pulse has passed through the condensate as
W(z)=e WDz, 1 =0), @1

where ¥y(z, t = 0) is the initial state of the condensate. If the incident pulse is suffi-
ciently short, we can extend the integration over time to infinity, hence the acquired
phase is given by

¢(2) = AtW(2), (42)

where At is a measure of the width of the pulse in the time domain. The potential
W (z) is, as in the case of the optical trap, given by equation (25), so the acquired
phase ¢ (z) depends on the intensity of the pulse and its duration. In other words, the
phase imprinting relies on the timing and shaping of the light beam intensity.

The phase imprinting technique offers a versatile tool for preparing a Bose—
Einstein condensate in some chosen state. Generally the prepared state is not an
eigenstate of the trapped quantum gas. Consequently, the phase imprinting can be ex-
ploited to induce coherent dynamics of the Bose—Einstein condensate. This effect was
used when creating dark solitons in Bose—FEinstein condensates [24,25]. A soliton is
a topological excitation, or kink in the wave function, which propagates in the atomic
cloud without losing its shape. The soliton is also a particular solution of the nonlinear
Gross—Pitaevskii equation. Admittedly, the imprinted state is not the exact soliton so-
Iution. But it is close. The phase imprinting procedure therefore does indeed produce
dark solitons, i.e., a density notch, in the case of repulsive interactions between the
atoms. We are, of course, not restricted to only soliton dynamics. By choosing, for
instance, a phase that has a quadratic dependence on position, we can induce focus-
ing or defocusing. Similarly, a linear dependence in position will induce a momentum
kick to the gas, which can be used as a method to coherently split a condensate. This
is shown in Figures 12.3 and 12.5.

Interestingly, there is a close analogy between optics and the phase imprinting on
a Bose—FEinstein condensate that acts as a phase plate for the atoms. This is most
clearly seen in the focusing dynamics of the cloud of atoms when a parabolically
shaped phase is imprinted onto the atoms. Such a phase acts as a lens for the atoms.
The focused matter wave, i.e., the condensate, does not, however, focus to a single
point later in time due to the interactions between the atoms, but the overall dynamics

closely resemble the focusing of light [27,28].
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/ z
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Figure 12.3 The phase imprinting technique can for instance be used for engineering a Bose—Einstein
condensate with a sharp phase slip. The resulting dynamics will give rise to dark solitons in the case
of repulsive interaction between the atoms.

Figure 12.4 The density of the Bose—Einstein condensate has a parabolic shape for iw; < . The

dashed curve indicates the harmonic external trap, %mw%zz.
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Figure 12.5 The condensate is situated in a harmonic trap. (a) and (b) An imprinted phase that is
quadratic in z induces defocusing or focusing, depending upon the sign of the phase gradient. (c) If
the phase is chosen such that it is zero for z > 0 and linear in z for z < 0, the result is a splitting of the
cloud where part of the cloud is separated and the remaining part stays stationary during a time much
smaller than 1/w;. (d) With a sharp phase slip imprinted, the result is a dark soliton that oscillates in
the cloud (see Figure 12.3). See color insert.
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12.4 LIGHT-INDUCED GAUGE POTENTIALS
FOR COLD ATOMS

12.4.1 Background

Up to now we have shown that the shaped intensity of the light beam can be used
for trapping and phase imprinting a Bose—Einstein condensate. The phase of the light
has not played a significant role so far. In this section, we will consider a situation
where both the intensity and the phase of the incident laser fields are important in
the optical manipulation of atoms. Specifically, we will show how two or more laser
fields can induce effective vector and trapping potentials for the atomic center of mass
motion. This will give us a new tool for manipulating the neutral atoms because of an
induced effective magnetic field. For this, the laser beams should act on the atoms in an
Electromagnetically Induced Transparency (EIT) [29-33] configuration. The induced
gauge potential has a geometric nature and depends upon the relative intensity and
the relative phase of the incident laser fields rather than on their absolute intensities
and phases. The technique provides a way to optically induce an effective magnetic
field acting on electrically neutral atoms. This happens if the applied laser fields have
a nontrivial topology, e.g., if they carry an orbital angular momentum along the prop-
agation direction [5-7,34,35]. The appearance of the effective vector potential is a
manifestation of the Mead-Berry connection [36,37] which is encountered in many
different areas of physics [38—43].

In passing, we note that the usual way to produce an effective magnetic field in a
cloud of electrically neutral atoms is to rotate the system such that the vector potential
will appear in the rotating frame of references [44—46]. This would correspond to
a situation where the atoms feel a uniform magnetic field. Yet stirring an ultracold
cloud of atoms in a controlled manner is a rather demanding task. There have also
been suggestions to take advantage of a discrete periodic structure of an optical lattice
to introduce asymmetric atomic transitions between the lattice sites [47-50]. Using
this approach, one can induce a nonvanishing phase for the atoms moving along a
closed path on the lattice, i.e., one can simulate a magnetic flux [51,47-50]. However,
such a way of creating the effective magnetic field is inapplicable to an atomic gas
that does not constitute a lattice. The light-induced gauge potentials are free from all
these drawbacks [5-7,34,52,53]. Furthermore, using these techniques it is possible to
induce not only the usual (Abelian) gauge potentials [5-7,34,42,43,53], but also non-
Abelian gauge potentials [52,54], whose Cartesian components do not commute. This

will be considered in detail in subsequent sections.
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12.4.2 General Formalism for the Adiabatic Motion
of Atoms in Light Fields

We will start by adapting the general theory of the adiabatic dynamics [36—40] to
the center of mass motion of atoms in stationary laser fields. For this we consider
atoms with multiple internal states. The full atomic Hamiltonian is

2
A=L2 4 fm + 7w, (43)
2m
where p = —iiV is the momentum operator for an atom positioned at r, and m is the

atomic mass. Here the Hamiltonian I:IO (r) describes the electronic degrees of freedom
of the atom, and V/(r) represents an external trapping potential. Note that the atomic
Hamiltonian I-AIO (r) accommodates effects due to external light fields in addition to the
internal dynamics.

For a fixed position r, the atomic Hamiltonian Hy(r) can be diagonalized to give
a set of, say, N dressed states |x,(r)) of the atom coupled with the light fields. The
dressed states are characterized by eigenvalues &, (r), withn =1,2,..., N. The full
quantum state of the atom describing both internal and motional degrees of freedom
can then be expanded in terms of the dressed states as

N
@) = ¥ (®)| (), (44)
n=1

where ¥, (r) = ¥, is a wave-function for the center of mass motion of the atom in the
internal state n. Substituting equation (44) into the Schrodinger equation i#0|®) /9t =
H |@), one arrives at a set of coupled equations for the components ¥, . Introducing the
N-dimensional column vector ¥ = (¥, ¥, ..., ¥x)T, it is convenient to represent
these equations in a matrix form,

d 1
ih—W=|—(—ihV — A2+ U |, (45)
ot 2m
where A and U are N x N matrices with the following elements
Anm = iR (1) |V xim (), (46)
Unn = &a(®)8n,m + (1 (0] V (0 (1) @7

The latter matrix U includes contributions from both the internal atomic energies and
also the external trapping potential. The former matrix A is the gauge potential that
appears due to the position dependence of the atomic dressed states. If the off-diagonal
elements of the matrices A and U are much smaller than the difference in the atomic
energies Uy, — Upm, the adiabatic approximation can be applied by neglecting the
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off-diagonal contributions. This leads to a separation of the dynamics in different
dressed states. Atoms in any one of the dressed states evolve according to a separate
Hamiltonian in which the gauge potential A reduces to the 1 x 1 matrix, i.e., the gauge
potential becomes Abelian. The adiabatic approximation fails if there are degenerate
(or nearly degenerate) dressed states, so that the off-diagonal (nonadiabatic) couplings
between the degenerate dressed states can no longer be ignored. In that case, the gauge
potentials no longer reduce to the 1 x 1 matrices. They are non-Abelian provided their
Cartesian components do not commute.

Let us assume that the first ¢ atomic dressed states are degenerate (or nearly de-
generate) and that these levels are well separated from the remaining N — g levels.
Neglecting transitions to the remaining states, one can project the full Hamiltonian
onto this subspace. As a result, one arrives at the closed Schrodinger equation for the

reduced column vectorlﬁ:(llll,...,lllq)-'—
L. 1 ) -
ih—V =|—(+ihiV-A)"4+U+ |V, (48)
Jt 2m

where A and U are the truncated ¢ x ¢ matrices. The projection of the term A? to the
g-dimensional subspace cannot entirely be expressed in terms of a truncated matrix A.
This gives rise to a geometric scalar potential @, which is again a ¢ X ¢ matrix,

1 X
¢n,m = 5 An,l 'Al,m
2m
I=q+1
hZ q
= —((vXn|va> + Z<xn|wk><m|m>>, (49)

2m P

with n,m € (1,...,q). The reduced g x ¢ matrix A is the Mead-Berry connection

[36,37], also known as the effective vector potential. 1t is related to a curvature (an
effective “magnetic” field) B as

Bi = %filekls Fr =0k A1 — 01 Ak — %[Ak, Al (50)
Note that the term %eikl[Ak, A;] = (A x A); does not vanish in general because the
vector components of A do not necessarily commute. In fact this term reflects the
non-Abelian character of the gauge potentials.

In the next section, we will consider a situation where two laser beams are cou-
pled to the atoms in the so-called A configuration. In this scheme, there is a single
nondegenerate electronic state (known as a dark state). Thus, the atomic center of
mass undergoes the adiabatic motion influenced by the (Abelian) vector and trapping
potentials. Later in the chapter, we will analyze a tripod scheme of laser—atom inter-
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actions that provides two degenerate dark states. In that case, one has non-Abelian
light-induced gauge potentials.

12.5 LIGHT-INDUCED GAUGE POTENTIALS
FOR THE A SCHEME

12.5.1 General

We will now consider an ensemble of cold three-level atoms in the A configuration
with two ground states |1) and |2) and an electronically excited state |0), as shown in
Figure 12.6. For example, the states |1) and |2) can be different hyperfine ground states
of an atom. The atoms interact with two resonant laser beams in the EIT configuration,
as shown in Figure 12.6. The first beam has a frequency of w; and a wave-vector of ky,
and it induces the atomic transitions |1) — |0) with Rabi frequency 21 = uo1 E1/2,
where E is the electric field strength and ¢; is the dipole moment for the transition
from the ground state |1) to the excited state |0). The second beam is characterized by
the frequency w; and wave-vector K. It causes the transition |2) — |0) with a Rabi
frequency §22 = pp E2/2.

When adopting the rotating wave approximation, the Hamiltonian for the electronic
degrees of freedom of an atom interacting with the two beams becomes

Ho(r) = e2112) (2] + €0110) (0] — 7 (£2110)(1] + $22[0)(2] + H.c.), (5D

where €71 and €g; are, respectively, the energies of the detuning from the two- and
single-photon resonances. Note that the spatial dependence of the Hamiltonian Hy(r)
emerges through the spatial dependence of the Rabi frequencies £2; = £2;(r) and
27 = §2,(r).

1)

Figure 12.6 The EIT A configuration with two laser beams §21 and §2, coupling the levels.
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Neglecting the two-photon detuning (€31 = 0), the Hamiltonian (51) has the eigen-
state

1
D) = ——(I1) — ¢12)), (52)
¢1+|c|2( )

representing a coherent superposition of both ground states, where

£

(= (53)

is the ratio of the amplitudes of the laser fields. It is characterized by a zero eigenen-
ergy: I:Io(r)|D) = 0. Since the state |D) has no contribution from the excited elec-
tronic state |0) and is not coupled to that state, it is immune to absorption and spon-
taneous emission. Therefore, the state | D) is called the dark state [29-33]. We are
interested in a situation where the atoms are kept in their dark state | D) = |D(r)), so
that the full atomic state-vector is

|®) = ¥p(r)| D(x)), (54)

where ¥p is the wave-function for the center of mass motion of the dark-state atoms.
If an atom is in the dark state |D), the laser beams induce the absorption paths
|2) — |0) and |1) — |0}, which interfere destructively, resulting in the Electromagnet-
ically Induced Transparency [29-33]. In such a situation, the transitions to the upper
atomic level |0) are suppressed. That is why the dark state has no contribution by the
excited electronic state |0).

Suppose once again that the laser fields are tuned to the two-photon resonance:
€721 = 0. The remaining two photon mismatch (if any) can be accommodated within
the trapping potential

V(r) = Vim[1) (1] + V2(r)[2) 2] + Vor)[0) (0], (55)

where V;(r) is the trapping potential for an atom in the electronic state j, with j =
0, 1, 2. Applying the treatment presented in the previous section, the center of mass
dynamics of the dark-state atoms is described by the equation of motion

a 1
ih—Wp =| —(—ihV — A)? + Veir |, (56)
ot 2m
where A and Vg are the effective vector and trapping potentials, respectively,

A =ih(D|VD), (57)

Vett =V + ¢, (58)
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with
2
y = V1O FIEF V2 (59)
I+[¢?
—hz(DVDZ VD|VD)) (60)
¢ = 5, (PIVD)"+(VDIVD)).

Since Vi(r) and V»(r) are the trapping potentials for an atom in the electronic states
1 and 2, the potential V represents the external trapping potential for an atom in the
dark state.

In this way, the effective trapping potential Vg is composed of the external trap-
ping potential V and the geometric scalar potential ¢. The former V is determined by
the shape of the trapping potentials V; (r) and V,(r), as well as the intensity ratio | |2.
The latter geometric potential ¢ is determined exclusively by the spatial dependence
of the dark state | D) emerging through the spatial dependence of the ratio of the Rabi
frequencies ¢ = £21/52,. Note that the effective vector potential A has a geometric
nature as well because it also originates from the spatial dependence of the dark state.

12.5.2 Adiabatic Condition

The separation between the energies of the dark state and the remaining dressed
atomic states of the A system is characterized by the total Rabi frequency £2 =
\/ .(212 + [222. Assuming that the laser fields are tuned to the one- and two-photon res-
onances (€o1, €21 K f152), the adiabatic approach holds if the off-diagonal matrix ele-
ments in equation (45) are much smaller than the total Rabi frequency §2. This leads
to the following condition

F <« £, (61)

where the velocity-dependent term
1
F=——|V¢ v 62
Ve (62)

reflects the two-photon Doppler detuning. Note that the condition (61) does not ac-
commodate effects due to the decay of the excited atoms. The dissipative effects can
be included by replacing the energy of the one-photon detuning €p; by €01 — ifiyp,
where yy is the excited-state decay rate. In such a situation, the dark state can be
shown to acquire a finite lifetime

™~y 2%/F? (63)

which should be large compared to other characteristic times of the system.
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The condition (61) implies that the inverse Rabi frequency £2~! should be smaller
than the time an atom travels a characteristic length over which the amplitude or the
phase of the ratio { = §2;/£2, changes considerably. The latter length exceeds the
optical wavelength, and the Rabi frequency can be of the order of 107 to 108 s~!
[55]. Consequently, the adiabatic condition (61) should hold for atomic velocities up
to the order of tens of meters per second, i.e., up to extremely large velocities in
the context of ultra-cold atomic gases. The allowed atomic velocities become lower
if the spontaneous decay of the excited atoms is taken into account. According to
equation (63), the atomic dark state acquires then a finite lifetime tp, which is equal to
yo_l times the ratio £22/ F2. The atomic decay rate y3 is typically of the order 107 s~!.
Therefore, in order to achieve long-lived dark states, the atomic velocity should not
be too large. For instance, if the atomic velocities are of the order of a centimeter per
second (a typical speed of sound in an atomic BEC), the atoms should survive in their
dark states up to a few seconds. This is comparable to the typical lifetime of an atomic
BEC.

12.5.3 Effective Vector and Trapping Potentials

Let us express the ratio of Rabi frequencies ¢ in terms of amplitude and phase as

21 is
= = . 64
¢ 2 ¢ le (64)
Using expression (52) for the dark state, the effective vector potential takes the form

acon g (65)
L+ ¢]?

The effective magnetic field is consequently

L VSx Vg2
T 0

and the geometric scalar potential reads

_ 1 (VD + 1L P(VS)?
M (A +1g)?

¢ (67)

One can easily recognize that the gauge potential A yields a nonvanishing effective
magnetic field B =V x A only if the gradients of the relative intensity and the relative
phase are both nonzero and not parallel to each other. Therefore the effective magnetic
field cannot be induced using the plane waves for the A scheme [42,43]. However,
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plane waves can indeed be used in a more complicated tripod setup [52,54], which we
will consider in the next section.

Equation (66) has a very intuitive interpretation. Here V[|¢ 12 /(1 +1¢ 12)] is a vec-
tor that connects the “center of mass” of the two light beams, and VS is proportional
to the vector of the relative momentum of the two light beams. Thus, a nonvanishing
B requires a relative orbital angular momentum of the two light beams. We will see
that this is the case for light beams with a vortex [5—7,34] or if one uses two counter-
propagating light beams of finite diameter with an axis offset [53].

12.5.4 Co-Propagating Beams with Orbital
Angular Momentum

Let us suppose that the incident laser beams can carry an orbital angular momen-
tum along the propagation axis z, as shown in Figure 12.7. In this case, the spatial
distribution of the beams is [56,57]

2 = Qfo)ei(klz+ll¢) (68)

and
2, = Qz(o)ei(kzz+lz¢) , (69)

where [21(0) and .{250) are slowly varying amplitudes, /l; and f/il, are the correspond-
ing orbital angular momenta per photon along the propagation axis z, and ¢ is the
azimuthal angle. The phase of the ratio ¢ = £21/2; then reads S = [¢. Therefore, the
effective vector potential and the magnetic field take the form

aloc”?
= —— , 70
p T+ 7
ML v, (1)
p (141227

where [ = 1| — I is the difference in the winding numbers of the laser beams, e,
is the unit vector in the azimuthal direction, and p is the cylindrical radius. Note that
although both beams are generally allowed to have nonzero orbital angular momentum
by equations (68) and (69), it is desirable for the angular momentum to be zero for
one of these beams. In fact, if both /; and I, were nonzero, the amplitudes £2; and
£2, would simultaneously go to zero at the origin where p = 0. In that situation, the
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Cloud of ultracold atoms

Figure 12.7 At least one of the two coupling beams in the EIT configuration should have an orbital
angular momentum. See color insert.

total Rabi frequency §2 =,/ .le + .(222 would also vanish, leading to the violation of
the adiabatic condition (61) at p = 0.

If the beams are cylindrically symmetric, the intensity ratio |¢|> depends upon the
cylindrical radius p only. In that case, the effective magnetic field is directed along the
Z-axis:

Bz—ézﬂ%imz. (72)
p (L4187 dp
It is evident that the effective magnetic field is nonzero only if the ratio ¢ = £21/522
contains a nonzero phase (I =1[; — I # 0) and the amplitude |¢| has a radial depen-
dence (d]¢|/dp # 0).

The light-induced magnetic field affects the atomic motion in the xy-plane.
This might lead to a number of phenomena, such as the de Haas—van Alphen ef-
fect in the cloud of atomic fermions [5], or the light-induced Meissner effect [34]
in the atomic Bose-Einstein condensates. Furthermore, the light-induced potentials
alter the expansion dynamics of the atomic cloud [35]. A more detailed analy-
sis of the light-induced gauge potentials for this geometry is presented in refer-
ences [5-7,34].
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12.5.5 Counterpropagating Beams with Shifted
Transverse Profiles

We will now consider a different scenario [53], where we will use two counterprop-
agating light beams of finite diameter with an axis offset for which £2; = Ql(o)eik‘y
and £, = .Qéo)e_ikzy, where .Ql(o) and 92(0) are real amplitudes with shifted trans-
verse profiles, as shown in Figure 12.8. The beams possess a required relative orbital
angular momentum similarly to two point particles with constant momenta passing
each other at some finite distance, hence, an effective magnetic field will be gener-
ated.

The phase of the ratio { = §21/£2, is now given by

S=ky, k=k +ka, (73)

so that VS = ke, where €, is a unit Cartesian vector. The spatial dependence of the
intensity ratio ||? = |§21/£22|% is determined by the spatial profiles of both [£2;|?
and |£2,|°. Since the light beams counterpropagate along the y-axis, their intensities
depend weakly on the propagation distance y. Furthermore, we shall disregard the
z-dependence of the intensity ratio |¢|?. This is legitimate, for instance, if the atomic
motion is confined to the x y-plane due to a strong trapping potential in the z-direction.
Using equation (66), one arrives at the following strength of the light-induced effective
magnetic field

9 IgP
ox 1+ 12

The effective magnetic field B is oriented along the z-axis. Its magnitude B depends

B = —& ik (74)

generally upon the x-coordinate, yet it has a weak y-dependence as long as the parax-
ial approximation holds.

One possible application of this technique is to study quantum Hall phenomena
and thus the possibility to enter the lowest Landau level (LLL) regime for the trapped
atoms. In doing so, we have to estimate the maximum strength of the magnetic field.

Q,
— é
Q
2

Figure 12.8 Two counterpropagating and overlapping laser beams interact with a cloud of cold atoms.
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For this we determine the minimum area needed for a magnetic flux to correspond to
a single flux quantum 27 7. From equation (74), we recognize that this area is given
by the product A xefr, where x.f is the effective separation between the two beam
centers and A = 4/ k. To reach the LLL in a two-dimensional gas, the atomic density
therefore has to be smaller than one atom per A xeft.

The above analysis holds as long as the atoms move sufficiently slow to remain
in their dark states. This is the case if the adiabatic condition given by equation (62)
holds. In the present situation, the adiabatic condition takes the form

1 a1\ >

FP=———— o — + (I¢1k 22 75

e (i) + (k)] < "

Let us assume that both beams are characterized by Gaussian profiles with the same
amplitude £2p and width o

o2

(x —x;)? .
[£2;| =2pexp| ———— ), Jj=12. (76)

In the paraxial approximation, the Gaussian beams have the width o = o (y) = op[1 +
(Ay/nog)]l/z, where og = 0 (0) is the beam waist and A is the wavelength. Since k| &
ko ~ k /2, we have A = 47/ k for both beams. We are interested mostly in distances |y|
much less than the confocal parameter of the beams b = 27r002 /A~ kag /2. For such
distances, |y| < b, the width o (y) is close to the beam waist: o (y) ~ 0y.

Suppose the beams are centered at x; = xo + Ax/2 and x» = x9 — Ax/2. The
intensity ratio then reads: |§'|2 = |.(21/.(22|2 = expl(x — xp)/al, where a = a(y) =
02 /4Ax is the relative width of the two beams. Thus we have

B= ik . 7
4a cosh”((x — x9)/2a)
21,2 212
Ak (14 1/4a°k*) (78)

Vet ) = V) o (x —x0)/2a)
where V (r) is the external trapping potential. It is evident that both B and Vg (r) are
maximum at the central point x = xo and decrease quadratically for |x — xo| < a.
The term quadratic in the displacement x — xp can be cancelled out in the effective
trapping potential (78) by taking an external potential V (r) containing the appropri-
ate quadratic term. The frequency of the external potential fulfilling such a condition
is

hk
Wext = ——+/ 1 + 1/4a%k2. (79)
dam
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Figure 12.9 Effective trapping potential V¢ and effective magnetic field Begs produced by counter-
propagating Gaussian beams. The external harmonic potential Vex¢ cancels the quadratic term in the
overall potential Vegr. The effective magnetic field is plotted in the units of B(0) = fik/4a, whereas
the effective trapping potential is plotted in the units of Aiwrec(1 + 1 /4a2k2), with wrec = hk? /2m.

With this, the overall effective trapping potential becomes constant up to terms of
the fourth order in x — xo. In the vicinity of the central point (J]x — xo| < @), the
magnetic field strength is B &~ hk/4a. The corresponding magnetic length and cy-
clotron frequency are £p ~ \/i/B = 2./a/k and w. = B/m ~ hik/4am. The mag-
netic length £p is much smaller than the relative width of the two beams, ¢{p < a,
provided the latter is much larger than the optical wave length, ak > 1. In that
case, many magnetic lengths fit within the interval |[x — xo| < a across the beams.
Furthermore, the cyclotron frequency is then approximately equal to the frequency
of the external trap: w. = wex, both of them being much less than the recoil fre-
quency.

Figure 12.9 shows the effective trapping potential and effective magnetic field cal-
culated using equations (77) and (78), where the external harmonic potential Vex; with
frequency wex¢ (equation (79)) is added to cancel the quadratic term in the overall po-
tential V (r). The magnetic field is seen to be close to its maximum value in the area
of constant potential, where |x — xo| < a. For larger distances, the effective trapping
potential forms a barrier, so the atoms can be trapped in the region of large magnetic
field.
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12.6 LIGHT-INDUCED GAUGE FIELDS FOR
A TRIPOD SCHEME

12.6.1 General

Let us now consider a more complex tripod scheme [52,58] of the atom-light cou-
pling shown in Figure 12.10, in which there is an additional third laser driving the
transitions between an extra ground state 3 and the excited state 0. Assuming exact
single- and two-photon resonances, the Hamiltonian of the tripod system reads in in-
teraction representation

Ho = —h(£2110)(1] + 22]0){2| + £23]0)(3]) + H.c. (80)

The Hamiltonian I:IO has two eigen-states | D) (j = 1, 2) characterized by zero eigen-
energies ﬂ0|D i) = 0. The eigen-states | D) are the dark states containing no excited-
state contribution, as one can see in equations (82) and (83).

Parameterizing the Rabi-frequencies £2,, with angle and phase variables according
to

21 = 25sin6 cos¢eisl,
§2) = 25sin6 sin¢>ei52,

25 = 2cosPeS?, (81)

where 2 = \/|S21 |2 4 |§22|% + |£25|2, the adiabatic dark states read
|D1) = singe’ 531 [1) — cos pe' 52 |2), (82)
|Dy) = cos B cos e 531 |1) + cos O singe532|2) — sin6|3), (83)

with §;; = §; — §; being the relative phases. As in the A scheme, the dark states are
eigen-states of the Hamiltonian Hy with zero eigen-energy: Ho|D i) = 0. The dark

|0)

/g, Q3

1) 12) 3)

Figure 12.10 The tripod configuration.
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states depend upon the atomic position through the spatial dependence of the Rabi-
frequencies §2;. This leads to the appearance of the gauge potentials A and @ consid-
ered below.

We are interested in a situation where the atoms are kept in their dark states.
This can be done neglecting transitions from the dark states to the bright state
|B) ~ £2{11) + £2512) + £25|3). The latter is coupled to the excited state |0) with the
Rabi frequency £2, so the two states |B) and |0) split into a doublet separated from the
dark states by the energies +£2. The adiabatic approximation is justified if £2 is suf-
ficiently large compared to the two-photon detuning due to the laser mismatch and/or
Doppler shift. In that case, the internal state of an atom does indeed evolve within the
dark state manifold. The atomic state-vector |@) can then be expanded in terms of the
dark states according to |®) = Z?:l ¥;(r)|D;(r)), where ¥, (r) is the wave-function
for the center of mass motion of the atom in the jth dark state. Adapting the general
treatment used is the section on light-induced gauge potentials for cold atoms, the

atomic center of mass motion is described by a two-component wave-function

— l[’]
~(3)

which obeys the Schrodinger equation

3 1
ih—W =|—(—ihV—A?+V + o |V, (85)
ot 2m

where the potentials A, @, and V are 2 x 2 matrices. The former A and @ are light-
induced gauge potentials emerging due to the spatial dependence of the atomic dark
states [52]

A= h(COS2 ¢V Sy + Sin2 ¢VS]3),
1
Ap = hcos@(i sin(2¢)V Sy — iV¢>,

Ag) = ficos? 0 (cos® 9V S13 + sin® ¢V $23), (86)

and

2
b1 = 1 gin? e(l Sin2 (2)(VS12)% + (V¢>2>,
2m 4
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2

h 1
@1y = —sind| = sin2g) VS —iVée
2m 2

1. > ) .
251n(29)(c0s PV S13 +sin” ¢V S3) —iVe |,

n (1
Pp = (Z sin?(20)(cos? $V Sy3 + sin’ ¢v523)2 + (V9)2>. (87)
m

Since the level scheme considered in Figure 12.10 corresponds to that of Alkali atoms
where |1), |2), and |3) are Zeeman components of hyperfine levels, it is natural to
assume that the external trapping potential is diagonal in these states and has the form
V=VimI|1){1]+ Va(r)|2) (2| + V3(r)|3)(3]. This still takes into account the fact that
magnetic, magneto-optical, or optical dipole forces can be different or various Zeeman
states. According to equation (47), the external potential in the adiabatic basis is then
given by a 2 x 2 matrix with elements V;; = (D;|V|Dy). Using the expressions for
the dark states (82) and (83), we arrive at the following matrix elements of the external
potential [52]

Vii = Vzcosz¢ + Vi sin2¢>,
1
Vip = E(V1 — V2) cos 6 sin(2¢),

V= (Vi cos’ ¢ + Vasin® ) cos? 0 + V3sin 6. (88)

At this point, it is instructive to consider some specific examples.

12.6.2 The Case where S =0

Let us first assume that the laser fields that couple the levels |1) and |2) are coprop-
agating and have the same frequency and the same orbital angular momentum (if any).
In this case, their relative phase is fixed and can be put to zero Si» = 0. This leads to
S13 = S23 = S, and the expressions for the vector potential simplify to

Ao ( A —icosOqu)'

= 89
icosOVe  cos2OVS (89

The components of the 2 x 2 matrix of the effective magnetic field can be easily
evaluated to be

B =0,

B, =ih sin@e~5VH x Vo — hicos0e SV S x Vq’)(l + cos? 9),

By, = —2fhicosfsinfVeO x VS. 90)



Ultra-Relativistic Behavior of Cold Atoms in Light-Induced Gauge Potentials 323

One recognizes that a large magnetic field requires large gradients of the relative in-
tensities of the fields, parametrized by the angles ¢ and 0 and a large gradient of
the relative phase S. Gradients of ¢ and 6 on the order of the wavenumber k can be
achieved by using standing-wave fields. Large gradients of S can be obtained from a
running wave §23 orthogonal to the other two or by a vortex beam with large orbital
angular momentum. In this case, magnetic fluxes as large as 1 Dirac flux quantum per
atom can be reached.

We now construct a specific field configuration that leads to a magnetic monopole.
For this we will consider two copropagating and circularly polarized fields £21 » with
opposite orbital angular momenta %/ along the propagation axis z, whereas the third
field £23 propagates in x direction and is linearly polarized along the y-axis [52]:

Ql 2 :Qoﬁei(kﬂ:(p), .Q3 :.Qoieik/x. (91)
' R R
Here p is the cylindrical radius, and ¢ is the azimuthal angle. It should be noted that
these fields have a vanishing divergence and obey the Helmholtz equation. The total
intensity of the laser fields (91) vanishes at the origin which is a singular point.

The vector potential associated with the fields can be calculated using equation

(86):

cos 0 1 h
A=—n : 2 (ke, — K8
rsinz?e"’<1 0)+2(ez &)

|:(1+coszz9)((1) (1))+(1—cos219)<(1) _01)} ©2)

The first term proportional to o, corresponds to a magnetic monopole of the unit
strength at the origin. This is easily seen by calculating the magnetic field

h 0 1
B=—4¢&
r26<1 0>+ 93)

The dots indicate nonmonopole field contributions proportional to the Pauli matrices
o7 and oy, and to the unity matrix.

12.7 ULTRA-RELATIVISTIC BEHAVIOR OF COLD
ATOMS IN LIGHT-INDUCED GAUGE POTENTIALS

12.7.1 Introduction

In this section, we will show how cold atoms can acquire properties of ultra-
relativistic fermions [54] if they are manipulated properly by light fields acting upon
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the atoms in the tripod configuration (see also references [51,59] for similar effects
with atoms in optical lattices). Specifically, we demonstrate that by choosing certain
light fields the vector potential can be made proportional to an operator of spin 1/2.
For small momenta, the atomic motion becomes then equivalent to the ultra-relativistic
motion of two-component Dirac fermions, as is the case also for electrons in graphene
near the Fermi surface [60-68]. In this section, we will discuss an experimental setup
for observing such a quasi-relativistic behavior for the cold atoms. Furthermore, we
will show that the atoms can experience negative refraction and focusing by Veselago-
type lenses [69,70].

It is important to realize that the velocity of the quasi-relativistic atoms is of the
order of a centimeter per second. This is ten orders of magnitude smaller than the
speed of light in a vacuum ¢ ~ 3 x 108 m/s. For comparison, the velocity of the
Dirac-type electrons in graphene is only two orders of magnitude smaller than ¢ [63].
Thus, the ultra-relativistic behavior of cold atoms manifests itself at extremely small
velocities.

12.7.2 Formulation

To demonstrate the ultra-relativistic behavior of cold atoms [54], we will consider
the tripod scheme where the first two lasers have the same intensities and coun-
terpropagate in the x-direction, while the third one propagates in the negative y-
direction, as shown in Figure 12.11. Specifically, we have £2; = £2 sinfe™** /+/2,
2, = 25sin0e** //2, and 23 = 2 cosfe <Y where 2 = /212 + |22/ + |2;3|2
is the total Rabi frequency and 6 is the mixing angle defining the relative intensity of
the third laser field.

The potentials A, @, and V have been considered in the previous section for ar-

bitrary light fields acting upon tripod atoms. In the present configuration of the light
fields, the potentials take the form [54]

A= rm< A COS@), (94)

—eycost ey cos2 6

7%k? sin® 6 /2m 0
@ = , 95
( 0 h2k2 sin%(20) /8m> ©3)
Vi 0
V= , 96
<0 V1c0520+V3sin29> )

with e, and e, being unit Cartesian vectors. Here the external trapping potential is
assumed to be the same for the first two atomic states, V| = V5.
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£

- 1 . - :
Figure 12.11 The three laser beams incident on the cloud of atoms in the tripod configuration.

In what follows, we take V3 — Vi = h%k2sin®>(#)/2m. This can be achieved by
detuning the third laser from the two-photon resonance by the frequency Awsz =
hic? sin? 6 /2m. Thus, the overall trapping potential simplifies to V + @ = V|1 (up
to a constant), where / is the unit matrix. In other words, both dark states are affected
by the same trapping potential V| = V/(r).

Furthermore, we take the mixing angle 6 = 6y to be such that sin 6y = 2 cos bp,
giving cosfy = V2 — 1. In that case, the vector potential can be represented in a
symmetric way in terms of the Pauli matrices oy and o,

A = hk' (—e o, + y0;) + fikoe, 1, 97)

where k&’ = k cosfy ~ 0.414« and kg = k(1 — cosbp). Although the vector potential
is constant, it cannot be eliminated via a gauge transformation, because the Cartesian
components Ay and A, do not commute. Thus, the light-induced potential A is non-
Abelian. Such a non-Abelian gauge potential can also be induced in optical lattices
using other techniques [50].

12.7.3 Quasi-Relativistic Behavior of Cold Atoms

It is convenient to introduce the new dark states:

D)) =~ (1D1) + | D))o (98)
1/ = \/5 1 2 s
ID}) = %(|Dl> — i|Dy))ei*oY. (99)

The transformed two component wave-function is related to the original one according
to ¥ = exp(—ikoy) exp(—i%oyx)¥, where oy is the Pauli spin matrix. The exponen-
tial factor exp(—ikoy) induces a shift in the origin of the momentum k — k — ke, .
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With the new set of dark states, we get the vector potential A’ = —fik’o , where
01 = ex0y + ey0) is the spin % operator in the xy-plane. The transformed equation
of the atomic motion takes the form

9 1
ih—W' = | —(—ihV + hc'e )> + V| |&'. (100)
ot 2m

In this way, the vector potential governing the atomic motion is proportional to the
spin operator o .
If the trapping potential V; is constant, we can consider plane-wave solutions,

. . v
W (r, 1) = Y KT gy = ( w;‘;) (101)

where w is the eigen-frequency. The k-dependent spinor ¥ obeys the stationary
Schrodinger equation Hy Wk = hwg W, with the following k-dependent Hamiltonian

h2
Hy=—&+«'c)>+ V. (102)
2m

For small wave-vectors (k < «”), the atomic Hamiltonian reduces to the Hamiltonian
for the 2D relativistic motion of a two-component massless particle of the Dirac type,

Hy = hvok - 01 + Vi +muvj, (103)

where vg = fik’/m is the velocity of such a quasi-relativistic particle. The velocity vy
represents the recoil velocity corresponding to the wave-vector «” and is typically of
the order of a centimeter per second.

The Hamiltonian Hx commutes with the 2D chirality operator ox =k -0 /k. The
latter is characterized by the eigenstates

q/i—i< ! ) (104)
kK — ﬁ :l:kx“'];lky ’

for which aklI/klL = :l:lllki. The eigenstates (104) are also eigenstates of the Hamil-
tonian Hy with eigen-frequencies wy = a)ljf. In the following, the atomic motion is
assumed to be confined in the xy-plane. The dispersion is then given by

hoE = hvo(K2/26" £ k) + Vi +mv, (105)

where the upper (lower) sign corresponds to the upper (lower) dispersion branch. The
atomic motion in different dispersion branches is characterized by opposite chirality if
the direction k/k is fixed. For small wave-vectors (k < k), the dispersion simplifies
to hu)lf = thvok + V1 + mv%, where the upper (lower) sign corresponds to a linear
cone with a positive (negative) group velocity, vgi = Fvg. Exactly the same dispersion
is featured for electrons near the Fermi level in graphene [60-64].
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12.7.4 Proposed Experiment

To observe the quasi-relativistic behavior of cold atoms, the following experimen-
tal situation has been proposed [54]. Suppose that initially an atom (or a dilute atomic
cloud) is in the internal state |3) with a translational motion described by a wave-
packet with a central wave-vector K;, and a wave-vector spread Ak < kin. The full
initial state-vector is then given by |Wi,) = ¥ (r)e’¥inT|3), where the envelope func-
tion ¥ (r) varies slowly within the wavelength A;, = 27 /kj,. The cold atoms can be
set in motion using various techniques, e.g., by means of the two-photon scattering
that induces a recoil momentum 7k;, = fikyphot to the atoms, where koppor is a wave-
vector of the two-photon mismatch.

Initially, all three lasers are off. Subsequently, the lasers are switched on in a coun-
terintuitive manner, switching the lasers 1 and 2 on first, followed by the laser 3. At
the beginning of this stage, the internal state |3) coincides with the dark state |D5),
so the full initial state-vector can be rewritten as |¥j,) = W(r)eiki"'r|D2). If the laser
3 is switched on sufficiently slowly, the atom remains in the dark state |D;) during
the whole switch-on stage. Yet the duration of the switching on should be sufficiently
short to prevent the dynamics of the atomic center of mass at this stage. Immediately
after the lasers reach their steady state, the multicomponent wave-function reads:

U= (?)w(r)eikin'f. (106)

Expressing |D,) as a function of |Di »), the transformed multicomponent wave-
function takes the form

w=1 <_’ >1//(r)eik"r, (107)
J2\ 1
where k = Ki, — «oe, is the central wave-vector.

Let us now consider the subsequent atomic dynamics in the laser fields. As men-
tioned earlier in this section, to have ultra-relativistically behaving atoms, the wave-
number k should be small (k < «) so that k is a small addition to k;, = «oey + K. Fur-
thermore, the wave-vector spread Ak < k, i.e., the width of the atomic wave-packet,
is much larger than the central wavelength. Hence, the dynamics is sensitive to the
direction of the central wave-vector k. To illustrate this we will consider two specific
cases.

(i) If k = £ke,, the wave-function (107) can be represented as:

W = —igEy(r)eth, qf:%(:) (108)
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The upper (lower) sign in k = Xke, corresponds to a situation where the atom is
characterized by a positive (negative) chirality, hence being in the upper (lower) dis-
persion branch. In both cases, the atomic wave-packet propagates along the y axis
with the velocity vo = eyfic’/m.

(>ii) If the wave-vector is along the x-axis (k = ke, ), the multicomponent wave-
function (107) takes the form

V' = (e Wt ey YT, wE = \%(jil) (109)
where ¢+ = (—i £ 1)/2. In this case, the initial wave-packet splits into two with equal
weights (|ci| = 1/2) and the same wave-vector k. The two wave-packets are char-
acterized by the different chiralities and thus move in opposite directions. The wave-
packet with a positive chirality (plus sign in lPki) belongs to the upper dispersion
branch and moves along the x-axis with a velocity vy = e,/ik’/m. On the other hand,
the wave-packet characterized by a negative chirality (minus sign in 'III?E) moves with
a velocity vo = —e, ik’ /m.

Suppose the time is sufficiently small (vpt < d) so the wave-packets of the width
d are not yet spatially separated. The internal atomic state will then undergo tem-
poral oscillations between the dark states |D») and | D), with a frequency equal to
a):{ — w, = 2vpk. Such an internal dynamics can be detected by switching the laser
3 off at a certain time. This transforms the dark state | D) to the physical state |3).
Subsequently, one can measure the population of the state |3) for various delay times
and various wave-vectors k. The chiral nature of the atomic motion will manifest itself
in the oscillations of the population of the atomic state |3) if k is along the x-axis, and
the absence of such oscillations if k is along the y-axis.

Furthermore, as a consequence of the constructed Hamiltonian (103), the quasi-
relativistic atoms can show negative refraction at a potential barrier and thus exhibit
focusing by Veselago-type lenses [69,70]. Consider incident atoms that are in the up-
per dispersion branch and propagate along the y-axis with a wave-vector k = ke,. Let
us place a potential barrier of a height 24vpk at an angle of incidence o, as shown
in Figure 12.12. Inside the barrier, the atoms are transferred to the lower dispersion
branch with k; = —k[cos(2ar)ey + sin(2a)e,]. This would lead to the negative refrac-
tion of cold atoms at the barrier as shown in Figure 12.12. Thus, the potential barrier
can act as a flat lens that refocuses the atomic wave-packet.

In this way, we have shown how the atomic motion can be equivalent to the dy-
namics of ultra-relativistic (massless) two-component Dirac fermions. As a result,
the ultracold atoms can experience negative refraction and focusing by Veselago-type
lenses. In addition, the chiral nature of the atomic motion is manifested through dy-
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Figure 12.12 Negative refraction of cold atoms at a potential barrier. The incoming and outgoing
atoms are in the upper dispersion branch with a wave-vector k (solid line), whereas the atoms inside
the barrier are in a lower dispersion branch with a wave-vector k; (dashed line).

namics of the population of the internal atomic states, which is highly sensitive to the
direction of the center of mass motion.

12.8 FINAL REMARKS

In this chapter, we have considered different types of manipulation of cold atoms
by light fields. We have reviewed the mechanisms for trapping ensembles of ultracold
atoms. The optical trap formed the basis for manipulating the cold atoms where we
relied upon on the coherent nature of the ultracold sample of atoms and the intensity
of the light.

Subsequently, we have discussed a situation where the phase and the intensity of
the incident light both play a crucial role, i.e., we have considered a different kind
of optical manipulation where the laser fields are applied to induce vector and scalar
potentials for the atoms. The induced potentials have a geometric nature and depend
exclusively upon the relative intensity and relative phase of the laser beams involved
rather on their absolute intensity. The approach relies on the ability to prepare the
atoms in superpositions of the internal energy states of the atom.

The technique provides a way to optically produce an effective magnetic field act-
ing upon electrically neutral atoms. This happens if the applied laser fields have a non-
trivial topology (e.g., if they carry an orbital angular momentum along the propagation
direction [5-7,34,35]) or if the atom-light system contains more than one degenerate
dark state. The latter situation appears in the tripod configuration of the light-atom
system exhibiting two degenerate dark states. Consequently, the light-induced poten-
tials are 2 x 2 matrices, whose Cartesian components generally do not commute [52,
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54], i.e., the potentials are non-Abelian. In such a situation, nontrivial light-induced
gauge potentials can be produced, even using plane waves.

Finally, we noted that the tripod scheme of the light-matter coupling can have other
important applications, e.g., it can be used to produce solitons in atomic Bose—FEinstein
condensates [71]. Using this method, it is possible to circumvent the restriction set by
the diffraction limit inherent to conventional methods, such as the phase imprinting
[24,25].
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Figure 1.1 Examples of the intensity and phase structures of Hermite—Gaussian modes (left) and
Laguerre-Gaussian modes (right), plotted at a distance from the beam waist equal to the Rayleigh
range.



Figure 1.2 Helical phase fronts corresponding to the exp(if¢) phase structure, and corresponding
intensity profiles of Laguerre—Gaussian modes.
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Figure 1.3 Cylindrical lens mode converter used to transform Hermite—Gaussian modes into La-
guerre—Gaussian modes.



Figure 1.4 The “classic” forked hologram for the production of helically phased beams.

ST

Figure 1.5 Use of a prism to compensate for the chromatic dispersion of the forked hologram allows
the creation of white-light optical vortices.

Figure 3.1 False-color image showing the interference of two collinear beams: a Laguerre—Gaussian
beam with / = 1 (at the center) with a zero-order beam. The surrounding frames correspond to the
interference patterns for phase differences in steps of /3.




Figure 3.3 False color image of the double spiral interference pattern produced by the interference of
a beam with / = 2 and an expanded beam in a zero-order (i.e., / = 0) mode.
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Figure 3.5 Composite vortex beam created by superposition of Laguerre-Gaussian beams with
| = +2 with [ = —1 at a ratio of amplitudes A;—;,/A;—_1 = 0.84. Frames (a) and (b) show the
computed phase and intensity of the composite beam. Frame (c) shows a measured interference pat-
tern of the composite beam with a reference plane-wave.
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Figure 3.7 Composite beam when /; = +3 and /, = —3 for different relative amplitudes Aj and A,.
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Figure 3.8 False-color image of a noncollinear interference pattern between an expanded fundamen-
tal mode and the field of a half-integer vortex beam with ¢ = 1.5. The arrows indicate the horizontal
positions of easily identified singly charged vortices, denoted by forks in the interference pattern. The
direction of the tines denotes the sign of the charge.
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Figure 4.8 Contour maps of optically induced pair energy. Plots of AE as a function of ¢ and kR:
(a) ¢ =0; (b) ¢ = /2. The variation of AE with kR along the abscissa, ¢ = 0, shows its first two
maxima at kR ~ 4.0, 10.5, and the first (nonproximal) minimum, at kR ~ 7.5 (compare to Figure 8.1).
The horizontal scale typically spans distances R of several hundred nanometers, depending upon the
value of k (see text). The units of the color scale are a(()A)a(()B)ZI K /(4 sg ¢). Adapted from references
[38,39].
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Figure 5.4 Top: Experimental observation of an array of colloids (approximately 2800 particles) ac-
cumulated in the presence of a surface plasmon polariton excited by attenuated total reflection. Middle:
Voronoi plot showing the Wigner—Seitz cell for each colloid in the array indicates that at the center
there is a predominantly close-packed crystalline arrangement (hexagonal). At the periphery, particles
are more fluidlike with no preferred nearest neighbor arrangement. Bottom: Reflectivity of the incident
light and mean velocity (curve is a guide to the eye) of the particles as a function of incident angle.
Copyright 2006 by the American Physical Society [39].
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Figure 5.14 Theoretical prediction of optical binding between two freestanding microphotonic
waveguides with geometry depicted in (a). The force per unit length is calculated for different guided
modes acting on the waveguides at various separations. (d) The symmetric modes produce an attrac-
tive force between the waveguides, while antisymmetric modes generate a repulsive force. Reprinted
with permission from [64]. Copyright 2005, Optical Society of America.
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Figure 7.11 Color-coded contour representation of the same data as shown in Figure 7.10. The key
represents a scale of the local director orientation angle ¥ relative to the r-axis. It spans the angular
range ¥ = 0 at the bottom (red) to ¥ = 7 /2 at the top (magenta).
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Figure 7.13 Color-coded contour representation of the same data as shown in Figure 7.12. The key
represents a scale of the local director orientation angle ¥ relative to the r-axis. It spans the angular
range ¥ = 0 at the bottom (red) to ¥ = 7 /2 at the top (magenta).
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Figure 7.15 Color-coded contour representation of the same data as shown in Figure 7.14. The key
represents a scale of the local director orientation angle ¥ relative to the r-axis. It spans the angular
range ¥ = 0 at the bottom (red) to ¥ = 7 /2 at the top (magenta).

Figure 9.1 Rotation in optical tweezers using the rotation of intensity shaped beams. Sato and col-
leagues (a) used a Hermite—Gaussian laser mode to trap and rotate a red blood cell, Paterson and
colleagues (b) used a spiral interference pattern, and O’Neil and colleagues (c) used a rotating me-
chanical aperture to shape a Gaussian beam.



Figure 9.2 Angular momentum transfer in optical tweezers. Rotation of a trapped object can be in-
duced by (a), the transfer of spin angular momentum using a circularly polarized beam or (b), the
transfer of orbital angular momentum using a beam such as a high-order Laguerre—-Gaussian or Bessel
beam.

Figure 9.3 Out of plane rotation in optical tweezers. (a) Bingelyte and colleagues used a spatial light
modulator to generated two independent optical traps that were controlled independently. (b) Sinclair
and colleagues used a similar setup to generate a diamond unit cell using silica particles. In these
examples, the rotation axis can be perpendicular to the optical axis of the trapping beams.



Figure 9.4 A helically shaped object placed in an optical tweezers will introduce orbital angular mo-
mentum to the transmitted or scattered light. The corresponding reaction torque will result in rotation
of the object.

Figure 9.5 Applications of rotational control in optical tweezers. Leach and colleagues used counter-
rotating vaterite spheres placed in a microfluidic channel to generate an optically driven micropump.



)y [2) B) j—'—%
b P %

Figure 11.1 The data capacity of quantum communication can be increased by combining many
two-bit systems as in time-binning (a), or by using higher-dimensional base system like the OAM of
light (b).
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Figure 11.2 (a) The first stage of the OAM channel analyzer [15] is sorting photons in even and
odd OAM classes. Two Dove prisms at an angle /2 rotate the mode profile by « = 7. (b) Even
OAM modes with twofold symmetry remain the same under rotation by 7, whereas odd OAM modes
become exactly out of phase.
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Figure 11.3 (a) Intensities (fop) and phases (bottom) of various superpositions of the fundamental
mode, LG, and a mode carrying one unit of OAM, LG . (b) Hologram generating the LG mode.

Figure 12.2 The onset of BEC is seen as a sharp peak in the density in the center of the trap. In the
figures, the temperature is lowered from left to right. To the far right, we see a pure condensate with a
negligible thermal component. The pictures are from the BEC experiment at University of Strathclyde,
Glasgow, UK [22].
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Figure 12.5 The condensate is situated in a harmonic trap. (a) and (b) An imprinted phase that is
quadratic in z induces defocusing or focusing, depending upon the sign of the phase gradient. (c) If
the phase is chosen such that it is zero for z > 0 and linear in z for z < 0, the result is a splitting of the
cloud where part of the cloud is separated and the remaining part stays stationary during a time much
smaller than 1/w;. (d) With a sharp phase slip imprinted, the result is a dark soliton that oscillates in
the cloud (see Figure 12.3).
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Figure 12.7 At least one of the two coupling beams in the EIT configuration should have an orbital
angular momentum.
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